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Abstract

This paper studies a strategic-investment model under endogenous entry of followers.

We extend the standard setting à la Etro by incorporating multiple heterogeneous

leaders and demand-enhancing investments directly affecting competition. Our find-

ings indicate that all leaders simultaneously restrict entry without harming each other.

Moreover, while entry accommodation never arises, a wide range of strategies is consis-

tent with aggressive behavior, including quality upgrades exclusively targeted to high-

valuation consumers. By using the tools of aggregative games, we provide conditions

over demand primitives to identify when a leader over-invests and whether it (i) raises

or lowers its price, (ii) increases or decreases its revenue, and (iii) supplies greater or

lower quantities. We illustrate the results by completely characterizing outcomes under

the Logit and CES demands.
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1 INTRODUCTION

1 Introduction

Scenarios where leading and following firms compete constitute one of the core topics in

Industrial Organization. Broadly speaking, they can be separated into two approaches:

Stackelberg-type models, where a leader directly commits to some price/quantity, and mod-

els of strategic investments, where a leader affects the nature of market competition through

investments.

While these approaches have traditionally focused on cases with only one potential en-

trant, recent studies have analyzed the leader’s behavior in industries with free entry of

followers (e.g., Etro, 2006, 2008; Anderson et al., 2020). Their main conclusion is that ac-

commodating entry is never optimal, since any attempt to soften competition is undermined

by entry of additional followers. Consequently, the leader always behaves aggressively with

the goal of limiting entry.

The scenarios considered in those papers are based on several simplifying assumptions.

While they make it possible to clearly contrast outcomes relative to setups with one follower,

they simultaneously limit the scope of industries that can be captured. In particular, there

are two assumptions worth mentioning.

First, these studies consider industries with several followers, but only one leader. Yet

there are numerous examples of industries with multiple leaders, such as Coca-Cola and

PepsiCo in carbonated beverages, Adidas and Nike in sports apparel, or McDonald’s and

Burger King in the fast-food industry. The existence of only one leader determines that

restricting entry is always beneficial for this firm. However, the existence of several leaders

behaving more aggressively could result in a Pareto-dominated situation, where each leader

ends up with lower profits. This is in fact the conclusion obtained by Gilbert and Vives

(1986) under a homogeneous-good industry with one potential entrant.

Second, these studies model investments as only impacting a firm’s own profits. While this

is reasonable as a first approximation to model cost-reducing investments, it becomes narrow

in scope for demand-enhancing investments. It determines that a firm cannot directly affect

competition (and hence the rivals’ profits) by improving features of its good. Thus, it leaves

out industries where competition occurs primarily through innovation, such as the cell phone

industry with Apple and Samsung. These firms create a tougher competitive environment by

constantly launching overhauled versions of their cell phones, even when their prices barely
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change.

This second point has strong implications for the outcomes that can be captured. In

particular, it establishes that aggressive pricing is the only possible strategy to limit entry,

which basically turns investments into commitment devices to reduce a firm’s own price. The

fact that the same strategy is predicted irrespective of the investment considered could result

in counterintuitive outcomes for some industries and types of investments. For instance, it

determines that a leader always downgrades “quality” under demand-enhancing investments

that increase a consumer’s willingness to pay, as Etro (2006) concludes.

In this paper, we revisit models of strategic investments under free entry of followers.

Our framework departs from extant models in two respects. First, we focus on demand-

enhancing investments that strengthen competition, and so directly affect the demand of all

firms. Intuitively, this captures that firms compete for the same set of customers, which can

be attracted by lowering prices or improving non-price features of goods. In addition, we

account for multiple leaders. Moreover, we allow them to be heterogeneous to capture that

each possibly has an asymmetric influence in industry conditions. Thus, for instance, we can

accommodate cases like Coca-Cola and PepsiCo, where the former has traditionally been the

firm with the greatest influence in the carbonated beverages industry.

Our results indicate that each leader strategically uses its investment to restrict entry

of the least-profitable firms, without having other leaders as a target. Moreover, while the

deployment of this strategy requires increasing competition, leaders do not inflict mutual

damage; only potential entrants are affected. Consequently, leaders do not end up trapped

in a Pareto-inferior situation and each earns greater profits.

We also show that strengthening competition can be achieved via a wide array of strate-

gies, with radically different implications for market outcomes. Given the richness of possibil-

ities, we identify conditions in terms of model primitives to characterize outcomes. Depending

on the features of the industry analyzed, we show that a leader could downgrade quality and

engage in aggressive pricing as in the standard endogenous-entry models. In other cases, a

leader could restrict entry by upgrading quality and charging higher prices. In fact, we show

that aggressive behavior is consistent with overhauling varieties to exclusively attract the

highest-valuation consumers and charge them high prices. This could reduce total quantities

and revenues of a leader; however, by making it more difficult for followers to attract the

most lucrative consumers, market profitability reduces and entry is effectively limited.
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In Section 3, we begin the analysis by describing the model setup. Our framework consid-

ers an industry with a horizontally differentiated good, where multiple heterogeneous leaders

compete with an unbounded pool of followers governed by free-entry rules. Joint with prices,

each firm makes investment decisions that enhance their own demand and involve sunk fixed

costs, as in Sutton (1991; 1998).1 These investments could either increase or decrease the

price elasticity of demand, and hence lower or raise a firm’s price.2 When in particular they

increase prices, we refer to them as investments in “quality.”

As for demand, we suppose it depends on a firm’s own price and investments, along with

a real-valued function that defines the competitive environment. Such a function depends on

all firms’ prices and investments, reflecting that a firm can strengthen competition by either

lowering its price or overhauling its good. Demands with such a functional form encompass

augmented versions of the three most common cases utilized in the literature: the CES,

Logit, and linear demand. Additionally, it covers other standard cases such as the translog

and demands derived from an additively separable indirect utility. At a formal level, it

determines that the game is aggregative.3

In Section 4, we isolate the leaders’ strategic motives to invest by utilizing the stan-

dard two-stage approach by Fudenberg and Tirole (1984; 1991). This requires comparing

the outcomes between a simultaneous- and sequential-move game. In the latter, leaders

make investments choices prior to the followers’ entry choices and the market stage. As for

the simultaneous-move games, it constitutes a non-strategic benchmark where investments

decisions are unobserved, and hence cannot be used strategically.

In Section 5, we establish the main results emerging from the comparison. First, we

show each leader always chooses its investment to strengthen competition and limit entry.

Furthermore, even when they all behave more aggressively simultaneously, leaders do not

inflict mutual damage and each garners greater profits. The results hold irrespective of

whether prices are strategic substitutes or complements, and independently of the nature of

demand-enhancing investments (i.e., price decreasing or increasing). Moreover, they could

entail deploying an under- or over-investment strategy relative to the simultaneous-move

1In Appendix E, we also extend our characterization of results for the case in which demand-enhancing
investments affect a firm’s marginal cost. The conclusions are the same as in the baseline model.

2Investments that increase the price elasticity of demand can arise when they make the good more ap-
pealing for low-valuation or price-sensitive consumers. This could change the customers’ composition and
induce a firm to reduce its price.

3Basically, the fact that the game is aggregative implies that optimal payoffs and strategies can be ex-
pressed as functions of a single sufficient statistic. For a survey on aggregative games, see Jensen (2018).
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game, with different implications regarding prices, revenues, and quantities. Nonetheless,

regardless of the situation considered, accommodating entry is never optimal by a similar

reason as in Etro’s (2006; 2008): positive profits of followers induce additional entry, thereby

undermining any attempt to weaken competition.

Second, we delve into the implications of strategic behavior for market outcomes. Unlike

the standard endogenous-entry models, the strategy deployed by each leader is now setup-

specific and can result in different market outcomes. Thus, a leader could under- or over-invest

to increase competition since investing triggers two effects on the competitive environment.

First, it directly toughens competition by making a firm’s variety more appealing. Second,

it concurrently affects a firm’s incentive to choose its price. Thus, depending on whether the

firm is induced to decrease or increase its price, this effect could make competition tougher

or softer.

In particular, over-investing always arises when demand-enhancing investments decrease

prices, since in that case both the direct and indirect effects work in the same direction.

Additionally, it also takes place when investments do not raise a leader’s price to such an

extent that it decreases competition; remarkably, this outcome arises even under pronounced

price effects that could end up reducing both the quantity and revenue of a leader.

Etro (2006) characterizes the results when a leader under-invests. This strategy generates

similar outcomes in our framework, and therefore we focus on the implications of the over-

investment case in Section 6. In contrast to the under-investment case, which always predicts

aggressive pricing, over-investing is compatible with a multiplicity of outcomes. Due to this,

we provide conditions in terms of demand primitives to identify when a leader over-invests

and whether it (i) raises or lowers its price, (ii) increases or decreases its revenue, and (iii)

supplies greater or lower quantities.

The results enable us to identify specific types of strategic behavior. In addition to

aggressive pricing, two strategies to restrict entry are worth noting. The first involves a leader

upgrading quality and charging higher prices, while simultaneously increasing its quantities

sold and revenues. The second entails a pronounced upgrade in quality targeted to the group

of consumers with the greatest willingness to pay. This provides a leader with incentives

to substantially increase its price, thereby reducing its total quantities and revenues. Yet,

this strategy would effectively reduce the market’s profitability and hence restrict entry, by

making it more difficult for followers to attract the most lucrative consumers.
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Finally, in Section 7, we apply our characterization of results. This aims to answer the

question: what kind of strategic behavior are we predicting under standard demands? We

illustrate this by analyzing two of the most common demands in applied work: quality-

augmented variants of the Logit and CES. Under these demands, each leader always over-

invests to limit entry, sets higher prices, and increases its sales. Moreover, each leader

increases its quantities under the Logit demand, whereas a leader does it under the CES

when its market share is not disproportionately large.

Also, while the multiplicity of outcomes in the general case precludes any conclusion

regarding welfare, the Logit and CES have specific implications on this matter. They can be

easily derived using the results of Anderson et al. (2020), given the particular way in which

non-price features are embedded in these demands. Specifically, we show that consumer

surplus does not vary since the opposing effects impacting it completely offset each other; on

the contrary, total industry profits increase. Consequently, consumers are always better off

when profits are passed back to them.

2 Related Literature and Contributions

Our paper is related to a vast literature studying strategic moves by leaders to gain a better

market position. The results we find are relevant for two strands of the literature: studies

with strategic use of investments and Stackelberg-type models under endogenous entry.

Regarding the literature on strategic investments, Fudenberg and Tirole (1984) constitutes

the classic reference under restricted entry.4 This paper highlights the indeterminacy of

results depending on whether competition is in strategic substitutes or complements, and the

possibility of entry accommodation. Likewise, Etro (2006) is the first study to characterize

these models under endogenous entry. He provides the important insight that accommodation

is never profitable under free entry.5 Such a conclusion is derived in a framework with one

leader, along with cost-reducing investments and investments in quality that only affect a

firm’s own profit directly.

4The literature on leaders sinking investments to affect market outcomes is initiated by Spence (1977) and
Dixit (1980). Fudenberg and Tirole (1984) provide a taxonomy of strategies for these models to identify the
key factors leading to a disparity of outcomes. For instance, Shapiro (1989) classifies different articles and
identifies 17 setups that can be explained through it. See also Gilbert (1989) and Vives (2001).

5For an up-to-date survey of free-entry models, see Polo (2018). For outcomes under Cournot competition,
see Etro (2006) and Alfaro (2020).
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Our contribution in this respect is twofold. First, we characterize models of endogenous

entry under the presence of multiple (heterogeneous) leaders. This enables us to encompass

industries dominated by a few firms, and account for possible asymmetries regarding a leader’s

relevance for industry outcomes.

Second, we obtain results under more general demand-enhancing investments than those

utilized in the literature. In particular, investments in quality à la Etro arise as a special

case of our framework. They refer to investments that increase demand and each consumer’s

willingness to pay, but do not directly affect competition. This case entails that only one

outcome is possible: the leader downgrades quality to reduce its price.

In contrast, when demand-enhancing investments directly affect competition, the strategy

to strengthen competition allows for various possibilities regarding a leader’s investment,

price, quantity, and revenue. In this context, our characterization of outcomes based on

demand primitives becomes relevant: it makes it possible to know what type of demand is

more suitable for capturing a specific type of strategic behavior.

Regarding Stackelberg games under price-leadership and endogenous entry, the closest

articles to ours are Etro (2008) and Anderson et al. (2020).6 In these games, firms do not

make investment decisions and the leader directly commits to some level of prices. Their

main conclusion is that the leader never accommodates entry, and necessarily restricts entry

by adopting an aggressive pricing strategy. However, as indicated by Tirole (1988) and Vives

(2001), Stackelberg-type games should be in principle interpreted as reduced-form models.

This is because price/quantity choices do not generally entail sunk investments, and hence

would not be irrevocable decisions.7 Our results under this interpretation indicate that a

price-leadership model replicates the outcomes of strategic-investments games when they

entail aggressive pricing. However, it also leaves out a wide range of cases arising under

investment games, since it cannot replicate outcomes where the leader charges a higher price.

Finally, our paper is related to an emerging literature utilizing the tools of Aggregative

Games to analyze oligopoly models. This has been recently put forth in the Industrial-

Organization literature by Acemoglu and Jensen (2013), Nocke and Schutz (2018), and An-

derson et al. (2020), among others. Unlike these papers, we consider firms that choose

6For a survey of Stackelberg games, see Julien (2018). Also, Kokovin et al. (2017) study a Stackelberg
model with free entry, and Tesoriere (2017) provides general results for this setup.

7Thus, for instance, these authors reinterpret quantities in Stackelberg as capacity choices, and profits as
reduced-form functions that subsume the Nash equilibrium at the market stage.
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investments in addition to prices. Furthermore, we consider demand-enhancing investments

that affect all firms’ profits, which creates more complex strategic interactions relative to

investments only impacting a firm’s own profit.

To the best of our knowledge, the only paper using an aggregative-games approach to in-

corporate demand-enhancing investments that affect all firms is Motta and Tarantino (2017).

Their goal is to study the effects of horizontal mergers with a fixed number of firms that com-

pete à la Bertrand. However, they only consider functional forms that turn investment and

price choices isomorphic to a uni-dimensional firm’s problem (e.g., demands that depend

only on a firm’s quality-price ratio). This allows them to apply the results by Anderson et al.

(2020), which exclusively deal with single-choice frameworks.

Instead, we show that the aggregative-games approach can be applied without imposing

such restrictions on investments. This can make a big difference regarding the scope of

results that could be obtained using the tools of aggregative games. For instance, if we

had exclusively focused on standard demands (e.g., quality-augmented variants of the Logit

and CES), we would have concluded that the leader’s strategy is unambiguous regarding

investments, prices, revenues, and quantities.

3 Model Setup

We consider an industry in isolation that is composed of horizontally differentiated varieties.

Each firm produces a unique variety i from the set of all conceivable varieties Ω. This set is

partitioned into subsets L and F , where a firm i ∈ L is referred to as a leader and a firm

i ∈ F as a follower.

3.1 Supply Side

Firm i has constant marginal costs given by ci. This parameter is common knowledge, and

we suppose a symmetric marginal cost cF for each i ∈ F . Moreover, any leader has a lower

marginal cost than a follower (i.e., ci < cF for each i ∈ L ) and followers have to pay a fixed

sunk cost F to produce. We show in Appendix D that similar results hold by allowing for a

subset of heterogeneous followers.

An active firm i decides on prices pi ∈ P and investments zi ∈ Z, where P and Z are non-

negative compact intervals with 0 ∈ Z. We denote a strategy for i by xi := (pi, zi). Moreover,
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investments zi entail sunk expenditures fz (zi), where fz is a smooth convex function with

fz (0) = 0. Finally, the subset of varieties served in the market is denoted by Ω, and a profile

of strategies for active firms is x := (xi)i∈Ω.

3.2 Demand Side

We suppose a demand system that depends on a firm’s own strategy and a function aggre-

gating the strategies of all firms. Demands with such a property encompass several standard

cases, including the Multinomial Logit, the CES, and a linear demand.8 This makes it pos-

sible to use the tools of Aggregative Games, which are especially suitable for models with

firm heterogeneity and multidimensional strategies. Under such games, a firm’s profits func-

tion and its derivatives can be described by the firm’s own strategy and a scalar function

capturing the strategies of all firms.

We first define the demand system and then explain its properties.

Definition DEM. The demand of a variety i, denoted qi, is a smooth real-valued function

q (xi,A) where ∂q(xi,A)
∂A < 0, ∂q(xi,A)

∂pi
< 0 and ∂q(xi,A)

∂zi
> 0. In addition, we refer to A as an

aggregator and a specific value in its range, A, as an aggregate. Formally, A is a smooth

function such that A (x) := H
[∑

i′∈Ω h (xi′)
]

where H ′ > 0,
∂h(xi′ )
∂pi′

< 0, and
∂h(xi′ )
∂zi′

> 0.

In Definition DEM, we have distinguished between A and A, following Acemoglu and

Jensen (2013). Using their terminology, A is referred to as an aggregator. This function

takes all firms’ strategies as inputs and produces a real number, A, as an output. Examples

of aggregators include the price index in a CES demand and the sum of all prices in a linear

demand. As for A, it is referred to as an aggregate, which is a value in the range of A and

acts as a statistic that summarizes market conditions. Intuitively, an aggregate constitutes

a measure of how tough the competitive environment is. This follows because decreases in

prices and greater investments increase A which, in turn, reduce the demand and profits of

any firm.

Some remarks about demands as in Definition DEM are in order. First, the definition

allows for cases where prices are strategic complements or substitutes, as we show formally

8See Appendix B for a description of these and other demands covered. For instance, we also cover
demands that derive from discrete-continuous choices (Nocke and Schutz, 2018) and from an additively
separable indirect utility (Bertoletti and Etro, 2015).
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in Appendix C.9 Thus, our results are independent of this feature.

Second, investments are demand-enhancing since ∂qi
∂zi

> 0. Nonetheless, we have not

indicated whether they increase or decrease the price elasticity of demand. Thus, we can cover

different types of demand-enhancing investments. For instance, we are able to encompass

investments that boost both demand and a consumer’s willingness to pay, as is the case with

product overhauls, after-sales services, and improvements in brand image. It also makes

it possible to cover investments that make the good more appealing for price-sensitive and

low-valuation consumers, which could change the composition of consumers and hence raise

a firm’s price elasticity.

To distinguish between these two types of investments, we define “quality” following Sut-

ton (1991; 1998): any variable that increases the quantity demanded, reduces the price elas-

ticity of demand, and requires sunk fixed costs. We extend the results for quality investments

that additionally increase marginal costs in Appendix E. All the results are qualitatively the

same.

3.2.1 Quality-Augmented CES and Logit

We close our description of demand by providing two examples whose functional forms satisfy

all the properties stated in Definition DEM. They correspond to standard quality-augmented

variants of the CES and Logit demand. These demands are frequently utilized in several

fields of Economics and enable us to illustrate our findings.

The variant of the augmented CES we present is used in, for instance, Baldwin and

Harrigan (2011), Feenstra and Romalis (2014), Hottman et al. (2016), and Redding and

Weinstein (2020). It is given by

q (xi,A) := E
(pi)

−σ (zi)
σ−1

A
, (1)

where E is the industry expenditure, σ > 1, and A is obtained through the following aggre-

gator:

A (x) :=
∑
i′∈Ω

(pi′/zi′)
1−σ .

As for the Logit model, the following variant is employed in, for instance, Anderson et al.

9There, we show that strategic complements and substitutes can be determined through the sign of
∂εp(xi,A)

∂A , where εp (xi,A) is the price elasticity of demand. Our results are consistent with any sign for this
term.
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4 EQUILIBRIUM ANALYSIS

(1992), Nocke and Schutz (2018), and Anderson et al. (2020):

q (xi,A) :=
exp

(
zi−pi
α

)
A

, (2)

where α > 0, and A is an aggregate of the following aggregator:

A (x) :=
∑
i′∈Ω

exp

(
zi′ − pi′

α

)
.

4 Equilibrium Analysis

To identify the strategic use of investments by leaders, we compare equilibrium outcomes

between a simultaneous- and a sequential-move game. These labels refer to the timing of

the leaders’ investments choices. Specifically, in the sequential-move scenario, leaders decide

on investments prior to both followers’ entry decisions and the market stage. Instead, the

simultaneous-move case acts as a non-strategic benchmark in which followers do not observe

investments, thereby removing each leader’s strategic motive when choosing investments.

For each of these scenarios, we suppose that the equilibrium exists, is unique, and interior.

Furthermore, we consider that each leader’s profit function evaluated at optimal prices is

strictly quasi-concave in investments. Finally, we consider free-entry equilibria where some

followers are always active, and ignore the integer constraint so that zero profits hold, as in

Etro (2006). All the results hold under the alternative assumption made in Anderson et al.

(2020) that followers are modeled as a continuum, which implies that zero profits arise as an

equilibrium outcome.

4.1 Simultaneous-Move Equilibrium

The timing of the simultaneous-move scenario is presented in Figure 1 and is as follows.

First, each follower decides whether to pay the entry cost F or stay inactive. After this, each

leader and each follower that paid the fixed cost F decide on prices and investments.
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4 EQUILIBRIUM ANALYSIS

Figure 1. Simultaneous-Move Scenario - Choices in Each Stage

Stage 1 Stage 2

Each Active
Follower

Each
Follower

Each
Leader

Pay F or
stay inactive

price

investments

price

investments

Solving the model by backward induction, consider a firm i that decides to serve the

market. Thus, it chooses prices and investments by maximizing its gross profits, which are

given by

πi [xi,A (x)] := q [xi,A (x)] (pi − ci)− fz (zi) . (3)

Given rivals’ strategies, i’s optimal decisions are implicitly determined by the following first-

order conditions:

∂πi (xi,A)

∂pi
+
∂πi (xi,A)

∂A
∂A (x)

∂pi
= 0, (4)

∂πi (xi,A)

∂zi
+
∂πi (xi,A)

∂A
∂A (x)

∂zi
= 0. (z-sim)

Instead of characterizing optimal strategies by best-response functions, we exploit that the

game analyzed is aggregative in the sense of Cornes and Hartley (2012). Thus, optimal strate-

gies can be characterized in terms of the so-called backward-response functions (Acemoglu

and Jensen, 2013). They express each firm’s optimal strategy as a function of the aggregate,

which includes a firm’s own strategy in addition to the strategies of all the other firms.10

Formally, the implicit solutions of (4) and (z-sim) for i determine the following backward-

response functions:

xi (A) := [pi (A) , zi (A)] ,

where the optimal strategy of followers is denoted by xF (A) := (pF (A) , zF (A)).

To characterize the Nash equilibrium at the market stage, we also exploit the aggregative-

game structure of the model. Thus, define the aggregate backward-response function by Asim,

10This becomes possible since the terms ∂A(x)
∂pi

and ∂A(x)
∂zi

are functions of (xi,A) exclusively, due to the ad-

ditive separability of the aggregator. Formally, ∂ lnA(x)
∂ ln zi

=
H′[H−1(A)]

A
∂h(xi)
∂ ln zi

and ∂ lnA(x)
∂ ln pi

=
H′[H−1(A)]

A
∂h(xi)
∂ ln pi

,
so that the first terms of these expressions are a function of A while the second ones of xi.
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4 EQUILIBRIUM ANALYSIS

which corresponds to the function A evaluated at the backward-response functions. Formally,

Asim (A,M) := H

{
Mh [xF (A)] +

∑
i∈L

h [xi (A)]

}
, (5)

where M is the number of followers that are active in the market. Since each firm’s decision

is expressed as a function of A, there is a Nash equilibrium at the market stage if and only if

A is a fixed point of Asim. Intuitively, this condition entails that the firms’ optimal decisions

self-generate the value A and is given by

Asim (A,M) = A. (NE-sim)

As for free entry, a zero-profits condition emerges. For its characterization, denote the

optimal profits of followers by πF (A), which corresponds to (3) evaluated at xF (A). Then,

this condition is defined as:

πF (A) = F. (ZP)

Overall, the equilibrium outcome for the simultaneous-move scenario can be identified

through values M sim and Asim that satisfy conditions (NE-sim) and (ZP). Given these values,

the equilibrium decisions of any firm can be determined. This includes the investments zsim
i

for each i ∈ L , which can be characterized through (z-sim).

4.2 Sequential-Move Equilibrium

The timing of the sequential-move scenario is presented in Figure 2. It is the same as in

the simultaneous-move case, except that leaders make their investments decisions at the

beginning of the game. Thus, first, each leader makes an investment choice. After this, each

follower observes these investments and decides whether to pay F or stay inactive. Finally,

each leader chooses prices, while the followers that paid the fixed cost F decide on both prices

and investments.

Figure 2. Sequential-Move Scenario - Choices in Each Stage

Stage 2 Stage 3

Each Active
Follower

Each
Follower

Each
Leader

price

investments

Pay F or
stay inactive

price

investments
Each
Leader

Stage 1
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4 EQUILIBRIUM ANALYSIS

4.2.1 Market Stage

Employing a backward-induction procedure, we begin by characterizing the optimal decisions

at the market stage. Unlike the simultaneous-move scenario, this stage defines a class of

subgames for each vector of leaders’ investments, zL := (zi)i∈L . Given the structure of the

game, the characterization of the market-stage solution is similar to that in the simultaneous-

move model.

As for leader i, its optimal price is characterized by the same first-order condition, (4).

Therefore, conditional on A, the investments made by any other rival firm in the first stage

do not affect (4), and the implicit solution to (4) determines a function pi (zi,A).

Regarding followers, the characterization of their decisions is also identical to that in the

simultaneous-move scenario. If a follower decides to serve the market, its optimal prices

and investments are described by the same vector of strategies as in the simultaneous-move

case, xF (A). This occurs because, conditional on A, the marginal profits of followers do not

depend on zL .

Given these optimal choices, the condition for a Nash equilibrium at the market stage

requires defining an aggregate backward-response function, Aseq, for given zL . This corre-

sponds to A evaluated at the optimal decisions:

Aseq
(
A,M, zL

)
:= H

{
Mh [xF (A)] +

∑
i∈L

h [pi (zi,A) , zi]

}
. (6)

Thus, there is a Nash equilibrium at the market stage when A constitutes a fixed point of

Aseq:

Aseq
(
A,M, zL

)
= A. (NE-seq)

As for free entry, a follower’s optimal profits are the same as in the simultaneous-move

scenario, i.e., πF (A). Consequently, the zero-profits condition is still given by (ZP).

All this establishes that the equilibrium of the subgame for a given zL can be identified

through values M
(
zL
)

and A∗
(
zL
)

such that (ZP) and (NE-seq) hold.

4.2.2 Equilibrium

Before deriving the optimal investments by leaders, we investigate some properties of the

subgame for a given zL . This allows us to find the solution for the leaders’ investments more

13
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easily.

Recall that active followers’ strategies are a function xF (A), so that their decisions are

independent of zL conditional on A. Additionally, leader i’s optimal price determines a

function pi (zi,A), which is also independent of zL
−i := (zi′)i′∈L \{i} conditional on A. Thus,

the optimal choices of firms at the market stage require analyzing how A is identified.

Inspection of (ZP) reveals that it completely identifies Aseq, where Aseq is the equilibrium

value of A in the sequential-move scenario. As a corollary, since equation (ZP) is not directly

affected by zL , it is determined that Aseq = Asim. Hence, the same equilibrium aggregate is

pinned down in both scenarios, which we denote by A∗.

The fact that the same aggregate holds in each equilibrium follows because variations in

zi trigger changes in the number of followers M to satisfy (NE-seq); in turn, the magnitude of

these effects are completely offset and leave the aggregate unaltered. The mechanism behind

this is that variations in a leader’s investments initially have an impact on the followers’

profits. More precisely, if changes in a leader’s investments strengthen competition, profits of

followers become lower and induce exit; on the contrary, if variations in a leader’s investments

soften competition, a follower’s profits increase and induce entry. Each case entails that,

overall, there are opposing effects of the same magnitude on the competitive environment.

From now on, when it is necessary to indicate that the derivative of a function takes A∗

as given, we use (·;A∗) as an argument rather than (·,A). Moreover, we define the solution

to (NE-seq) by M
(
zL ;A∗

)
. This ensures that, once that A∗ is identified through (ZP), any

variation in zi does not affect A∗; instead, it triggers changes in M to make (NE-seq) hold.

Incorporating M
(
zL ;A∗

)
, the relevant aggregator at the first stage can be expressed

as a function A
[
pi (zi;A∗) , zi; zL

−i,A∗
]
. Due to this, leader i’s demand becomes a function

q [pi (zi;A∗) , zi;A∗]. Thus, the problem of a leader i at the first stage is given by

max
zi

πi [pi (zi;A∗) , zi;A∗] , (7)

and its first-order condition is

∂πi [pi (zi;A∗) , zi;A∗]
∂zi

+
∂πi [pi (zi;A∗) , zi;A∗]

∂pi

∂pi (zi;A∗)
∂zi

= 0. (z-seq)

This characterizes the solution zseq
i for each leader i and enables us to find the solution of

the whole game.
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5 Results

We proceed to characterize the outcomes in the sequential-move equilibrium relative to the

simultaneous-move equilibrium. This allows us to identify the strategic motives of leaders to

choose investments and their consequences on outcomes.

Our findings indicate that each leader always increases competition and restricts entry

of followers, whereby each garners greater profits. On the contrary, accommodating entry is

never optimal. Additionally, we show that this can entail under- or over-investing relative

to the simultaneous-move game, depending on the nature of investments. All proofs of this

paper are relegated to Appendix A.

5.1 General Outcomes

The following proposition identifies the robust conclusions of the model, i.e., those that hold

without adding any further assumptions.

Proposition 5.1. Relative to the simultaneous-move equilibrium, in the sequential-move equi-

librium:

• each leader behaves more aggressively,

• each leader has greater profit, and

• the number of active followers is lower.

The proposition indicates that each leader i uses its investments to strengthen competi-

tion. Formally, this means that they choose investments to increase h (xi), which is the term

defining how i’s strategy affects the competitive environment, A. In this way, each leader

reduces the followers’ profits and induces their exit, which ultimately leaves the competitive

environment unaffected.

Since h could become greater due to increases in investments and/or a reduction in prices,

a leader could end up under- or over-investing in equilibrium. This depends on both the

nature of investments (i.e., whether they decrease or increase a leader’s own price) and the

magnitude of the effects of prices and investments on the competitive environment. Nonethe-

less, irrespective of the specific strategy chosen, leaders always find it optimal to limit entry.

On the contrary, accommodating strategies to soften competition are doomed to fail: under

free entry, they end up attracting entry of followers and sabotaging a leader’s attempt to

keep profits high.
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Furthermore, the proposition states that, also independently of the strategy chosen, each

leader earns greater profits in the sequential-move scenario. This outcome is not trivial, due

to the existence of multiple heterogeneous leaders. In such a setting, we might imagine that

more aggressive behavior by leaders could create tougher competition to the extent that they

reduce the profits of some leaders. The proposition establishes that this is not the case. This

follows because increases in investments by leaders have exit of followers as a counterpart,

thereby leaving the competitive conditions unaffected in equilibrium. As a result, leaders do

not inflict mutual damage on each other.

5.2 Investments

While we have established that each leader makes competition tougher to restrict entry, we

have yet to characterize how this is accomplished via investments. In particular, this could

entail an under- or over-investment strategy relative to the simultaneous-move game. The

reason is that an increase in investments triggers two effects on the competitive environment.

First, there is a direct effect that strengthens competition by making the good more

appealing. Additionally, there is an indirect effect that acts through a leader’s own price.

The sign of this effect depends on the nature of investments, which could provide a leader

with an incentive to either reduce or raise its own price, and hence have opposing effects

on the competitive environment. Consequently, different combinations of these two effects

determine that investing could potentially toughen or soften competition.

For the case where investments induce a leader to reduce its price, there is only one

possible outcome: strengthening competition requires over-investing, since both the direct

and indirect effects act in the same direction.

As for investments that induce a leader to increase its price, the direct and indirect effects

have opposing effects. Therefore, two possibilities arise. Over-investment occurs if the direct

effect of investments dominates the impact through prices. On the contrary, under-investment

arises when investing increases prices to such an extent that competition is reduced overall.

Based on this analysis, the condition for over-investing can be stated through an upper

bound on ∂ ln pi(zi;A∗)
∂ ln zi

, which is the impact of leader i’s investments on its own price. Formally,

∂ ln pi
(
zsim
i ;A∗

)
∂ ln zi

< −
∂ lnh

[
pi
(
zsim
i ;A∗

)
, zsim
i

]
∂ ln zi

(
∂ lnh

[
pi
(
zsim
i ;A∗

)
, zsim
i

]
∂ ln pi

)−1

, (8)
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where the right-hand side is positive. In words, (8) indicates that the impact of i’s invest-

ment on its price evaluated at the simultaneous-move equilibrium has to be negative or,

alternatively, positive but not disproportionately large. Making use of this, we establish the

following proposition.

Proposition 5.2. Relative to the simultaneous-move equilibrium, in the sequential-move equi-

librium:

• if (8) holds, then leader i over-invests,

• otherwise, if the inequality in (8) is reversed, leader i under-invests.

6 Over-Investment

One important conclusion of the previous section is that the strategy to strengthen compe-

tition is setup-specific. Such a feature determines that the model is capable of generating

a variety of results in terms of investments, prices, quantities, and revenues. This moti-

vates providing a characterization of outcomes by identifying conditions in terms of model

primitives.

A scenario with under-investment determines qualitative results akin to Etro (2006).

Specifically, under-investing only arises when investments increase consumer willingness to

pay, in which case a leader always engages in aggressive pricing. This is shown formally in

Appendix A.3. Due to this, we focus on the over-investment case.

6.1 Over-Investing and Prices

We begin by translating the condition for over-investment, (8), in terms of model primitives.

Since this condition is stated as an upper bound on ∂ ln pi(zi;A)
∂ ln zi

, it is necessary to describe

the effect on prices to obtain conclusions for investments. Due to this, we simultaneously

characterize both variables.

Specifically, the impact of leader i’s investment on its price for a given A is

∂ ln pi (zi;A)

∂ ln zi
=

∂ ln εp[pi(zi;A),zi;A]
∂ ln zi

1− εp [pi (zi;A) , zi;A]− ∂ ln εp[pi(zi;A),zi;A]
∂ ln pi

, (9)
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6 OVER-INVESTMENT

where εp (xi,A) := −d ln q[xi,A(x)]
d ln pi

is the price elasticity of i’s demand. Moreover,

sgn

(
∂pi (zi;A)

∂zi

)
= sgn

(
−∂ε

p [pi (zi;A) , zi;A]

∂zi

)
, (10)

so that the sign of ∂pi(zi;A)
∂zi

can be easily identified when the sign of ∂ ln εp(xi;A)
∂ ln zi

is the same for

any (xi,A). It simply requires determining whether investments make demand more or less

price inelastic for a given aggregate value.

Based on this, the following assumption ensures that the condition for over-investment,

(8), is satisfied.

Assumption 6.1. Either ∂ ln εp(xi;A)
∂ ln zi

> 0 or
∂ ln εp(xi;A)

∂ ln zi

1−εp(xi,A)− ∂ ln εp(xi;A)
∂ ln pi

< −∂ lnh(xi)
∂ ln zi

(
∂ lnh(xi)
∂ ln pi

)−1

holds

for any (xi,A).

To provide an interpretation of Assumption 6.1, recall that greater investments impact the

competitive environment through two channels: a direct one that makes competition tougher

and an indirect one via prices that could decrease or increase competition. Assumption 6.1

ensures that the indirect effect either reinforces or does not revert the sign of the direct effect,

so that (8) holds.

Specifically, ∂ ln εp(xi;A)
∂ ln zi

> 0 ensures that greater investments provide an incentive for

i to decrease its price, thereby reinforcing the strengthening effect on competition. If

∂ ln εp(xi;A)
∂ ln zi

< 0, greater investments by i provide it with an incentive to raises its price.

For this case, the second condition in Assumption 6.1 establishes that the effect via prices is

not disproportionately large, and so the direct effect dominates.

By making use of this assumption, we obtain the following result.

Proposition 6.1. Suppose that Assumption 6.1 holds. Then, relative to the simultaneous-move

equilibrium, in the sequential-move scenario:

• (8) is satisfied, and so leader i over-invests,

• leader i charges a higher price if ∂εp(xi;A)
∂zi

< 0 for any (xi,A), and a lower price if
∂εp(xi;A)

∂zi
> 0 for any (xi,A).

The proposition has implications for the augmented CES and Logit, (1) and (2). These

demands satisfy Assumption 6.1 and ∂εp(xi;A)
∂zi

< 0. Thus, each leader over-invests and charges

higher prices in the sequential-move equilibrium.

The fact that this outcome arises under these demands is relevant since they are fre-

quently used in several fields of Economics, particularly in empirical work. Furthermore, the
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deployment of such a strategy establishes a contrast relative to models with no direct effects

of investments on competition. In that case, a leader always under-invests and sets lower

prices.

6.2 Quantities, Revenues, and Market Share

Assumption 6.1 is relatively mild when it is assessed in terms of the restrictions that it

imposes on other outcomes: it ensures that a leader over-invests, but its impact on prices,

quantities, and revenues is not necessarily determinate.

If investments increase a firm’s price elasticity, all the results can actually be identified:

a leader always charges lower prices, obtains greater revenues, and sells more quantities. As

a consequence, they generate similar outcomes to Etro (2006).

On the contrary, investments that decrease a firm’s price elasticity are compatible with

various effects on a leader’s prices, quantities, and revenues. Thus, further assumptions are

required to characterize this case. In particular, while we have already established conditions

to identify the impact on prices, we have yet to do so for the remaining variables of interest.

6.2.1 Revenues and Market Share

The propositions we establish below encompass results for investments that decrease or in-

crease a leader’s price. Nonetheless, since the results for the former are determinate, our

explanations focus on the scenario where investments increase a leader’s price.

The total impact of greater investments on a leader’s revenue can be decomposed into

their impact on prices and quantities. On the one hand, revenue increases due to the greater

prices and the direct effect of investments on quantities. On the other hand, revenue decreases

given the reductions in quantities caused by higher prices.

To ensure that a leader’s revenue is greater when it over-invests, we state a condition

that restricts the positive effect of investments on a firm’s own price, ∂pi(zi;A∗)
∂zi

. Such a condi-

tion allows for pronounced effects via prices that decrease a leader’s equilibrium quantities,

although it precludes that their magnitude is so significant that revenue reduces.

For its statement, we respectively define i’s price and investments elasticities of demand

ignoring the effect on the aggregate by ξpi and ξzi . They are given by functions ξp (xi;A) :=

∂ ln q[xi,A(x)]
∂ ln pi

and ξz (xi;A) := ∂ ln q[xi,A(x)]
∂ ln zi

.
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Assumption 6.2. For any (xi,A), we suppose that

∂ ln εp(xi;A)
∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

<
ξz (xi,A)

ξp (xi,A)− 1
(11)

when ∂ ln εp(xi;A)
∂ ln zi

< 0.

The following proposition establishes the main results we can derive using it.

Proposition 6.2. Suppose Assumption 6.1 holds, so that leader i over-invests. Relative to the

simultaneous-move equilibrium, in the sequential-move scenario:

• if either ∂ ln εp(xi;A)
∂ ln zi

> 0 or Assumption 6.2 holds, leader i has a greater revenue,

• if Assumption 6.2 with the inequality in (11) reversed holds, leader i has a lower revenue.

The proposition establishes that a leader obtains greater revenue when Assumption 6.2

holds. In particular, this assumption is always satisfied under the quality-augmented versions

of the CES and Logit. Furthermore, since it can be shown that the revenues of followers as

a group always decrease, it triggers a reallocation of (expenditure-based) market share from

followers to leaders.11

This result is, nonetheless, silent about whether each leader increases its market share

when Assumption 6.2 holds. Moreover, general results in this regard are not possible under

heterogeneity of leaders, since these firms have different gains in terms of revenues. This

can be appreciated through a scenario where the least-productive leader slightly increases its

revenue, while the rest of leaders substantially increase them. If this is the case, the industry

expenditures may increase to such an extent that the least-productive leader’s market share

becomes lower, while the rest of leaders gain market share.

Nevertheless, we can strengthen the result for the CES case, which is a demand satisfying

constant industry expenditures. Under this demand, each leader ends up with both a greater

revenue and market share in the sequential-move scenario.

6.2.2 Quantities

The results obtained for revenues and prices do not allow us to infer what occurs with

quantities. For instance, Assumption 6.2 ensures that a leader’s revenue is greater when

prices are higher, but this allows for either lower or greater quantities. Ultimately, whether

a leader sells more or less in such a scenario depends on how marked the increase in price is.

11We formally show that this holds in the proof of Proposition 6.2.
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Due to this, more stringent conditions need to be placed on the effect of investments on

a firm’s own price to ensure that a leader sells greater quantities. This is captured by the

following condition.

Assumption 6.3. For any (xi,A), we suppose that

∂ ln εp(xi;A)
∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

<
ξz (xi,A)

ξp (xi,A)
(12)

when ∂ ln εp(xi;A)
∂ ln zi

< 0.

Based on this, we can establish the following result.

Proposition 6.3. Suppose Assumption 6.1 holds, so that leader i over-invests. Relative to the

simultaneous-move equilibrium, in the sequential-move scenario:

• if either ∂ ln εp(xi;A)
∂ ln zi

> 0 or Assumption 6.3 holds, then leader i sells more quantities,

• if Assumption 6.3 with the inequality in (12) reversed holds, then leader i sells less quan-

tities.

Assumption 6.3 implies Assumption 6.2 in equilibrium.12 In words, this means that a

leader has higher revenues if it sells greater quantities, irrespective of whether it charges a

higher or a lower price. In terms of the demands used as examples, Assumption 6.3 is always

satisfied for the quality-augmented version of Logit, (2). As for the CES variant, (1), it holds

as long as a leader’s market share is not disproportionately large.

Additionally, when a leader charges a higher price and has a lower revenue in equilibrium,

it necessarily sells less quantities. Such an outcome rationalizes scenarios where a small group

of high-valuation consumers defines the profitability of the market. In this case, restricting

entry could call for targeting these consumers by substantially upgrading quality. This, in

turn, would make it optimal to charge extremely high prices, so that the total revenues and

quantities sold reduce. In the end, such a strategy effectively reduces the followers’ profits,

since it makes it more difficult for followers to attract the most lucrative consumers.

6.3 Welfare

To analyze the welfare implications of strategic investments, we suppose that demands are

integrable (i.e., they can be derived from a representative consumer). Moreover, we consider

12This follows because ξp (xi,A) > 1 in any interior equilibrium, and so ξz(xi,A)
ξp(xi,A) <

ξz(xi,A)
ξp(xi,A)−1 .
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demand-enhancing investments that have a direct impact on utility. Thus, they can be

thought of as improving (objective or perceived) non-price features of a variety.

The first conclusion we can obtain is regarding producer surplus, which is always greater

in the sequential-move equilibrium. This arises because each leader earns greater profits by

Proposition 5.1, whereas exit of followers has no impact on it since they always garner zero

profits.

Regarding consumer surplus, it is not possible to derive conclusions without additional

structure on the model. This is because consumer welfare is subject to opposing effects. First,

there are changes in prices and non-price features of each variety, with at least one of these

channels predicting improvements in a consumer’s well being. Second, the crowding-out of

followers reduces the number of available varieties, and this always has a negative impact on

welfare given that the good is differentiated.

6.3.1 Welfare under the CES and Logit

Welfare results are ambiguous in the general case since we cannot predict what occurs with

consumer surplus. Nevertheless, there are some demands where the impact on it can be

identified. Specifically, this occurs when both the demand and indirect utility that generates

it depend on the same aggregate. Such a feature is exhibited by two demands that are

ubiquitous in empirical work: the CES and Multinomial Logit.

Under these demands, consumer surplus does not vary since the aggregate is the same

in the simultaneous- and sequential-move equilibrium. The result holds irrespective of how

the non-price characteristic is embedded into the demands, and hence regardless of whether

there is under- or over-investing.13

To provide some intuition about this outcome, consider the particular case of the quality-

adjusted variants, (1) and (2). In these cases, there are opposing effects on consumer surplus.

On the one hand, potential competition by followers makes leaders overhaul the non-price

feature of their varieties, which is welfare-improving. On the other hand, welfare decreases

due to both a lower number of varieties and each leader’s higher price. Overall, these effects

perfectly offset under both demands, which means the consumer’s well-being is unchanged.

13A linear demand is an example of a system that depends on one aggregate, but the indirect utility from
which it is derived is a function of two aggregates. In those cases, the same demand’s aggregate is consistent
with different levels of prices, investments, and number of varieties. Thus, consumer surplus depends on the
weight that consumers give to each component. See Anderson et al. (2020) for further details.
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To formalize this, we base on Nocke and Schutz (2018) and Anderson et al. (2020).

These studies characterize an indirect utility function with two properties: it depends on one

aggregate and defines a demand as in Definition DEM which depends on the same aggregate.

In particular, we consider an extension of their results by embedding an endogenous non-price

feature into the utility function, as in our framework.

Following Anderson et al. (2020), consider an economy with a representative consumer.

She offers one unit of labor inelastically, which is the only production factor. Moreover, we

unify the welfare analysis by supposing she is the owner of firms. Thus, profits are passed

back to her, and her income Y consists of wages and profits.

There is also a horizontally differentiated industry and a homogeneous outside good. The

latter is taken as the numéraire and produced under perfect competition, thereby pinning

down wages. As a result, the differentiated industry exclusively impacts the rest of the

economy through income effects triggered by variations in profits.

Furthermore, the upper-tier utility function between the differentiated and homogeneous

good is quasi-linear. Specifically, the representative consumer has an indirect utility function

V given by

V (Y,x) := Y + α ln

[∑
i∈Ω

h (xi)

]
, (13)

where α ∈ R++.

Assuming that income is high enough to have a positive consumption of both goods, we

can apply Roy’s identity. Thus, the demand of variety i is given by

q (x) = α
−∂h(xi)

∂pi∑
i∈Ω h (xi)

.

To express the indirect utility and demand of i in terms of an aggregator, let A (x) :=∑
i∈Ω h (xi). Therefore,

V [Y,A (x)] := Y + α ln [A (x)] , (14)

q [xi,A (x)] := α
−∂h(xi)

∂pi

A (x)
. (15)

By defining h appropriately, it is possible to encompass different cases. Specifically, through

h (xi) := exp
(
zi−pi
α

)
and α := 1, we can encompass the quality-augmented Logit (2). In

addition, a CES demand as in (1) corresponds to the case h (xi) := (pi/zi)
1−σ and α :=
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(σ − 1)−1.

When the indirect utility function is given by (14), agents are better off in the sequential-

move equilibrium relative to the simultaneous-move scenario. The reason is as follows. First,

consumer surplus of the differentiated good does not vary. This is because the same A∗ holds

in the simultaneous- and sequential-move equilibrium, which is now also a sufficient statistic

for consumer welfare. Second, each leader obtains greater profits, whereas followers always

earn zero profits; therefore, there are greater total industry profits in the sequential-move

equilibrium. Since agents have a quasi-linear utility function and profits are passed back to

them, their income increases and they can consume more of the outside good.

7 An Application: Quality-Variants of Logit and CES

Given the multiplicity of outcomes, it is pertinent to know the strategic behavior captured

by specific demands. In particular, we consider two demands that are especially relevant

in applied work: the quality-augmented CES and Multinomial Logit, given by (1) and (2).

We begin by indicating the assumptions that these demands satisfy, which allows us to

characterize their outcomes subsequently.

Proposition 7.1. Suppose demand is the quality-augmented CES or Multinomial Logit, given

by (1) and (2). Then,

• each satisfies ∂εp(xi;A)
∂zi

< 0 for any (xi,A), Assumption 6.1, and Assumption 6.2,

• Assumption 6.3 is satisfied by the Logit; it also holds under the CES as long as leader i’s

market share is not disproportionately large, and

• each can be generated by an indirect utility function as in (14).

The result allows us to apply Propositions 6.1, 6.2, and 6.3, along with the results regard-

ing welfare from Section 6.3.1. Thus, strategic investments by leaders generate the following

outcomes relative to the simultaneous-move game:

[1] Each leader strengthens competition to limit entry of followers and garners greater

profit.

[2] Each leader deploys an over-investment strategy and charges a higher price.

[3] Each leader increases its revenue. Furthermore, leaders as a group accrue a greater

market share, and additionally each leader increases its market share in the CES case.
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[4] Each leader sells more quantities in the Logit case, whereas in the CES this occurs as

long as each leader’s market share is not disproportionately large.

[5] The outcome is welfare-improving.

To illustrate these results, we resort to some visual aids based on the quality-augmented CES.

Figure 3 depicts the outcomes in the sequential-move scenario relative to the simultaneous-

move case. The graphs exhibit the variables of one specific leader, with results expressed as

functions of this leader’s market share in the simultaneous-move scenario, ssim
i . It exploits

that we can recover the behavior of this leader once we have a value for ssim
i .

Figure 3. Quality-Augmented CES: Outcomes in the Sequential-Move Scenario relative to
the Simultaneous-Move Case
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Note: ssimi and sseqi refer to the market share of leader i in the simultaneous- and sequential-move equilibrium, respectively.

The graph is based on the quality-augmented CES, (1), with investment outlays given by fzi (zi) := fz (zi)
β with fz , β > 0

and parameters (σ, β) := (3, 4). For details, see Appendix A.4.1.

Figure 3a captures that leaders do not inflict mutual damage, allowing each to garner

a greater profit. This result goes beyond the CES case, and holds for any demand as in

Definition DEM.

Furthermore, our framework captures Etro’s (2006) insight that entry accommodation

never arises under endogenous entry. However, the description in Figure 3 of how a leader
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limits entry starkly differs from that study.

Specifically, Etro obtains results for investments that increase demand and a consumer’s

willingness to pay, but do not directly affect the competitive environment. Through the lens

of our model, this arises as a special case where the demand is as in Definition DEM, satisfies

∂ ln εp(xi;A)
∂ ln zi

< 0, and the effect of investments on the aggregator is negligible (i.e., ∂h
∂zi′
→ 0

for each firm i′). When that is the case, a leader always downgrades quality and sets lower

prices.14 The intuition for this is that the competitive environment is only affected by prices.

Thus, each leader strengthens competition by using its investments as a commitment device

to reduce its price.

A similar outcome arises under price-leadership models with free entry, as in Etro (2008)

and Anderson et al. (2020). In that case, leaders do not make investment decisions but instead

directly commit to some level of prices. Thus, a leader is only able to increase competition

by engaging in aggressive pricing.

In contrast, Figures 3b and 3c highlight through red curves that a leader restricts entry

by upgrading quality and charging higher prices. Furthermore, although the graphs depict

the choices of one specific leader, they hold for each leader that is active in the market.

Our framework allows for this possibility since firms can attract customers through their

choices on both price and non-price attributes of the good. Thus, it captures natural scenarios

in which a leader increases the appeal of its variety to attract consumers, which can strengthen

competition despite any concurrent increase in price.

Additionally, Figure 3d reflects that each leader obtains greater revenues. In the particular

case of the CES demand, which exhibits constant expenditures, this also implies that each

active leader in the market also increases its domestic market share (Figure 3e).

Finally, Figure 3f depicts the case of a leader that increases its quantities. Nonetheless,

it is also possible that a leader decreases its quantities if it has a large market share.15

14Formally, ∂ ln εp(xi;A)
∂ ln zi

< 0 implies ∂pi(zi;A)
∂zi

> 0 by (10). In addition, ∂h
∂zi′
→ 0 implies that the right-hand

side of (8) tends to zero. Therefore, we can apply Proposition 5.2 to the case where the inequality in (8) is
reversed, so that there is under-investing. Furthermore, since investments increase a consumer’s willingness
to pay, lower investments imply that each leader charges a lower price.

15The threshold level of market share depends on the elasticity of substitution, σ, where a greater value
of this parameter increases the critical market share. In our example with σ := 3, quantities increase if the
leader’s market share is lower than 60% in the simultaneous-move scenario.
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8 Conclusions

We have revisited a recent literature on the strategic behavior of leaders under endogenous

entry. Existing studies on the topic have obtained conclusions under several simplifying

assumptions. This ended up characterizing leaders as always pursuing the same strategy to

restrict entry and thus generating the same outcomes, irrespective of the industry considered.

To address this, our analysis relaxed two of these limiting assumptions.

First, we dispensed with assuming there is only one leader, and instead considered the

potential for multiple heterogeneous leaders. This adds a layer of complexity to the model,

since a leader’s strategy now imposes an externality not only on followers but also other

leaders. However, it also makes it possible to cover more realistic settings, where several

firms with an asymmetric capacity to influence industry conditions act as leaders. There are

indeed many examples of industries where leaders coexist, such as Apple and Samsung in

the cell-phone industry, Coca-Cola and PepsiCo in the beverage industry, Adidas and Nike

in sports apparel, or Starbucks and Dunkin’ Donuts in the American coffee market.

Second, the literature on endogenous entry has obtained results for cost-reducing invest-

ments and demand-enhancing investments à la Etro. These investments do not have a direct

impact on the competitive environment and instead only directly affect a firm’s own profits.

This has strong consequences for what kind of outcomes may emerge. In particular, it en-

tails that a leader always deploys an aggressive-pricing strategy, so that investments act as a

commitment device to reduce a firm’s own price. In the particular case where industries com-

pete primarily through product improvements, this implies that a leader always downgrades

quality, since cutting prices is the only way to restrict entry.

On the contrary, our framework has incorporated the existence of multiple leaders and

demand-enhancing investments that affect competition. This makes the analysis particularly

suitable for industries where firms compete for the same set of customers through both

prices and non-price features of goods. Our results indicate that a leader always restricts

entry and, despite all leaders simultaneously behaving more aggressively, they do not inflict

mutual damage upon each other. Consequently, each leader garners a greater profit.

Our model also rationalizes a disparity of strategies to increase competition, with radically

different consequences for market outcomes. From an intuitive point of view, some of the

possible strategies deployed are difficult to distinguish from an accommodating strategy. For
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instance, we have identified that a leader could restrict entry through quality improvements,

while simultaneously charging such an extremely high price that it reduces its own quantities

and revenues. A corollary of this is that knowing the features of the industry analyzed is as

crucial as in models with barriers to entry: it is still the only way in which we can infer the

consequences of a leader’s more aggressive behavior.

Attending to the disparity of possible outcomes, we have also characterized conditions to

identify outcomes through demand primitives. They identify whether a leader over-invests

relative to a non-strategic benchmark, along with its effects on its price, revenue, and quantity.

Applying these findings, we have characterized the outcomes emerging under two standard

demands used in applied work: quality-variants of the Logit and CES. Under these demands,

each leader over-invests in quality, sets higher prices, and increases its revenues. Moreover, a

leader’s quantity increases under the Logit, whereas this occurs for the CES when a leader’s

market share is not disproportionately large. Finally, the outcome is also welfare-improving,

even when welfare is ambiguous in the general case.
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Online Appendix - not for publication

The structure of the appendices is as follows. In Appendix A we provide proofs for all the propo-

sitions included in the main body of the paper. In Appendix B, we present some examples of

demand systems that can be expressed through an additively separable aggregator. In Appendix

C, we formally prove a claim stated in the main body of the paper, which indicated that strategic

complementarity and substitutability of prices is given by whether a greater aggregate increases or

decreases the price elasticity of demand. In Appendix D, we show that all the results of this paper

follow verbatim if we incorporate a subset of followers that are heterogeneous. Finally, in Appendix

E we extend the results of our model to a scenario where investments require incurring sunk costs

and, additionally, affect a firm’s own marginal cost.

A Proofs

Throughout the proofs, for i’s variable x we use the notation xsim
i and xseq

i for its value in the

simultaneous- and sequential-move equilibrium, respectively. Also, we occasionally streamline no-

tation by omitting arguments of functions when it is clear from the context.

A.1 Lemmas

Before proving the propositions of the main part of the paper, we begin by establishing some lemmas.

Lemma 1. ∂ ln pi(zi;A)
∂ ln zi

=
∂ ln εp[pi(zi;A),zi;A]

∂ ln zi

1−εp[pi(zi;A),zi;A]− ∂ ln εp[pi(zi;A),zi;A]
∂ ln pi

Proof of Lemma 1. Define the markup of leader i by mi, which is a given by function m (xi,A) :=
εp(xi,A)
εp(xi,A)−1 . Also, directly denote the price elasticity of i’s demand by εpi . The first-order condition

for prices determines that ln pi = lnm (xi,A) + ln ci and, by totally differentiating for a given A,

d ln pi =
∂ lnmi

∂ ln εpi

∂ ln εpi
∂ ln pi

d ln pi +
∂ lnmi

∂ ln εpi

∂ ln εpi
∂ ln zi

d ln zi.

Since ∂ lnmi
∂ ln εpi

= 1−mi and working out the expression, we obtain that

∂ ln pi
∂ ln zi

=
(1−mi)

∂ ln εpi
∂ ln zi

1− (1−mi)
∂ ln εpi
∂ ln pi

. (A1)

By dividing numerator and denominator of the right-hand side in (A1) by (1−mi) and using that

(1−mi)
−1 = 1− εpi , the result follows. �

Lemma 2. sgn
{
∂ ln pi(zi;A)
∂ ln zi

}
= sgn

{
−∂ ln εp[pi(zi;A),zi;A]

∂ ln zi

}
.

Proof of Lemma 2. Leader i’s gross optimal profits are given by

πi [xi,A (xi)] := q [xi,A (xi)] (pi − ci)− fz (zi) .

Leader i chooses prices by taking into account their effect on the aggregate. Thus, after some

algebraic manipulation, i′s marginal profits of prices are:

Dpπi (xi,A) :=:
dπi (xi,A)

dpi
:= κi

[
−εp (xi,A) +

pi
pi − ci

]
,

A-1
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where κi is given by a function κ (xi,A) := q(xi,A)
pi

(pi − ci) and satisfies κi > 0 in the relevant range

where pi − ci > 0.

Suppose the equilibrium aggregate A∗, which is not affected by zi in the sequential-move sce-

nario. Then, the lemma is proved by showing how i’s marginal profits of price are affected by its

investments. Formally,

∂Dpπi (xi;A∗)
∂zi

=
∂κ (xi;A∗)

∂zi

[
−εp (xi;A∗) +

pi
pi − ci

]
− κi

(
∂εp (xi;A∗)

∂zi

)
. (A2)

For the range of optimal prices, the first-order condition of prices determines that pi = εp(xi;A∗)
εp(xi;A∗)−1ci,

which implies that pi
pi−ci = εp (xi;A∗). Thus, by restricting the domain of prices to their optimal

values, then −εp (xi;A∗) + pi
pi−ci = 0, which implies that the first term on the right-hand side of

(A2) is zero. Thus, since κi > 0,

sgn

(
∂Dpπi (xi;A∗)

∂zi

)
= sgn

(
−∂ε

p (xi;A∗)
∂zi

)
, (A3)

and the result follows. �

Lemma 3.

sgn

{
−

[
∂ ln pi (zi;A)

∂ ln zi
+
∂ lnh (p∗i , zi)

∂ ln zi

(
∂ lnh (p∗i , zi)

∂ ln pi

)−1
]}

= sgn

{
d lnh [pi (zi;A) , zi]

d ln zi

}
, (A4)

sgn

{
d lnA

[
pi (zi;A) , zi; z

L
−i,A

]
d ln zi

}
= sgn

{
d lnh [pi (zi;A) , zi]

d ln zi

}
, (A5)

where p∗i := pi (zi,A).

Proof of Lemma 3. By definition, d lnh[pi(zi;A),zi]
d ln zi

> 0 iff
∂ lnh(p∗i ,zi)

∂ ln pi

∂ ln pi(zi;A)
∂ ln zi

+
∂ lnh(p∗i ,zi)

∂ ln zi
> 0.

Besides, since
∂ lnh(p∗i ,zi)

∂ ln pi
< 0, this holds iff ∂ ln pi(zi;A)

∂ ln zi
< −∂ lnh(p∗i ,zi)

∂ ln zi

(
∂ lnh(p∗i ,zi)

∂ ln pi

)−1

. This proves

(A4).

As for (A5), by definition,

d lnA
[
pi (zi;A) , zi; z

L
−i,A

]
d ln zi

=
∂ lnA

(
p∗i , zi; z

L
−i,A

)
∂ ln zi

+
∂ lnA

(
p∗i , zi; z

L
−i,A

)
∂ ln pi

∂ ln pi (zi;A)

∂ ln zi
,

and, since ∂ lnA(x)
∂ ln zi

=
H′[H−1(A)]

A
∂h(xi)
∂ ln zi

and ∂ lnA(x)
∂ ln pi

=
H′[H−1(A)]

A
∂h(xi)
∂ ln pi

, then

d lnA
[
pi (zi;A) , zi; z

L
−i,A

]
d ln zi

=
H ′
[
H−1 (A)

]
A

[
d lnh [pi (zi;A) , zi]

d ln zi

]
.

Therefore, by using that H ′ > 0, the result follows. �

Lemma 4. Let psimi := pi
(
zsimi ;A∗

)
where A∗ is the equilibrium aggregate in both scenarios. Then:

Case i) If
∂ ln pi(zsimi ;A∗)

∂ ln zi
> −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

then zsimi > zseqi ,

Case ii) If
∂ ln pi(zsimi ;A∗)

∂ ln zi
< −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

then zseqi > zsimi .

Proof of Lemma 4. Consider leader i. The marginal profits of its investments in the simultaneous-

and sequential-move case are respectively given by

γsim
i (xi;A) :=

∂πi (xi,A)

∂zi
+
∂πi (xi,A)

∂A
∂A (x)

∂zi
, (A6)

γseq
i (xi;A) :=

∂πi (xi,A)

∂zi
+
∂πi (xi,A)

∂pi

∂pi (zi;A)

∂zi
. (A7)
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Independently of whether we consider the simultaneous- or sequential-move case, optimal prices are

characterized by (4). This implies that ∂πi(xi,A)
∂pi

= −∂πi(xi,A)
∂A

∂A(xi,A)
∂pi

and so we can reexpress (A7)

as

γseq
i (xi;A) :=

∂πi (xi,A)

∂zi
− ∂πi (xi,A)

∂A
∂A (xi,A)

∂pi

∂pi (zi;A)

∂zi
. (A8)

Let

∆i (zi;A∗) := γseq
i [pi (zi;A∗) , zi;A∗]− γsim

i [pi (zi;A∗) , zi;A∗] . (A9)

Then, using (A6) and (A8),

∆i (zi;A∗) = −∂πi (p∗i , zi;A∗)
∂A

[
∂A
(
p∗i , zi; z

L
−i,A∗

)
∂pi

∂pi (zi;A∗)
∂zi

+
∂A
(
p∗i , zi; z

L
−i,A∗

)
∂zi

]
,

where p∗i := pi (zi;A∗). Since ∂πi(·)
∂A < 0, this determines that, for each (zi,A∗),

sgn {∆i (zi;A∗)} = sgn

{
dA
[
pi (zi;A∗) , zi; zL

−i,A∗
]

dzi

}
= sgn

{
dh [pi (zi;A∗) , zi]

dzi

}
, (A10)

where the second equality follows by Lemma 3.

Define ∆sim
i := ∆i

(
zsim
i ;A∗

)
. Leader i’s profits evaluated at optimal prices are a function of zi

solely. Moreover, they are strictly quasi-concave, so that γsim
i and γseq

i are single peaked. Thus, if

∆sim
i > 0 then leader i over-invests, while if ∆sim

i < 0 then i under-invests.

We consider the two cases stated in the information of the lemma separately. Case i) es-

tablishes that
∂ ln pi(zsimi ;A)

∂ ln zi
> −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

, which can be rearranged as

d lnh[pi(zsimi ;A∗),zsimi ]
d ln zi

< 0. By Lemma 3 and (A10), this implies that ∆sim
i < 0 and so zsim

i > zseq
i .

Likewise, Case ii) establishes that
d lnh[pi(zsimi ;A∗),zsimi ]

d ln zi
> 0 and, by Lemma 3 and (A10), then

∆sim
i > 0 and so zseq

i > zsim
i . �

A.2 Proofs of Propositions

Proof of Proposition 5.1. Regarding profits, the same A∗ holds under both scenarios. Besides,

each leader chooses investments from the same choice set in each scenario. Thus, by a revealed-

preference argument, profits are greater in the sequential-move case. This follows because the leader

can always have at least the profits of the simultaneous-move scenario by choosing the investments

of that case.

Next, we prove that leader i strengthens competition through its choice of investments. Formally,

this means that ∆hi > 0 where

∆hi := h [pi (zseq
i ;A∗) , zseq

i ]− h
[
pi
(
zsim
i ;A∗

)
, zsim
i

]
. (A11)

Thus, ∆hi =

∫ zseqi

zsimi

∆i (z;A∗) dz, where we have used (A10).16 Next, we consider the two cases in

Lemma 4 separately.

Case i) is such that
∂ ln pi(zsimi ;A∗)

∂ ln zi
> −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

, where psim
i :=

16Throughout the proofs, we utilize that the functions are smooth and variables belong to a real compact
interval, so that we can always apply the Fundamental Theorem of Calculus.
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pi
(
zsim
i ;A∗

)
. For this case, we have already proved that ∆sim

i < 0 and, so, zsim
i > zseq

i . Next,

we show that ∆i (z) < 0 for any z ∈
(
zseq
i , zsim

i

)
. Using the definitions given by (A6) and (A8),

we know that γsim
i

(
zsim
i ,A∗

)
= 0, γseq

i (zseq
i ,A∗) = 0, and γseq

i

(
zsim
i ,A∗

)
< 0. Additionally, by

the strict quasi-concavity of profits evaluated at optimal prices and taking zsim
i > z > zseq

i , then

γseq
i (z;A∗) < 0 and γsim

i (z;A∗) > 0. This implies that ∆i (z;A∗) < 0 for any z ∈
(
zseq
i , zsim

i

)
. Thus,

∆hi =

∫ zseqi

zsimi

∆i (z;A∗) dz = −
∫ zsimi

zseqi

∆i (z;A∗) dz > 0.

Case ii) indicates that
∂ ln pi(zsimi ;A∗)

∂ ln zi
< −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

, where psim
i :=

pi
(
zsim
i ;A∗

)
. For this case, we have already shown that ∆sim

i > 0 and, so, zseq
i > zsim

i . More-

over, using the definitions given by (A6) and (A8), then γsim
i

(
zsim
i ,A∗

)
= 0, γseq

i (zseq
i ,A∗) = 0, and

γseq
i

(
zsim
i ,A∗

)
> 0. In addition, by the strict quasi-concavity of profits evaluated at optimal prices

and taking z such that zseq
i > z > zsim

i , then γseq
i (z;A∗) > 0 and γsim

i (z;A∗) < 0. This implies that

∆i (z) > 0 for any z ∈
(
zsim
i , zseq

i

)
, so that

∆hi =

∫ zseqi

zsimi

∆i (z;A∗) dz > 0.

Therefore, irrespective of the case considered, ∆hi > 0 and the result follows.

As for the number of followers, let M sim and M seq be the solution to (5) and (6) for a given A∗,
respectively. Thus, (NE-sim) and (NE-seq) imply

M simh [xF (A∗)] +
∑
i∈L

h
[
pi
(
zsim
i ;A∗

)
, zsim
i

]
= M seqh [xF (A∗)] +

∑
i∈L

h [pi (zseq
i ;A∗) , zseq

i ] ,

so that

M seq −M sim = −
∑

i∈L ∆hi

h [xF (A∗)]
. (A12)

Since we have shown that ∆hi > 0 for any i ∈ L and h > 0, the result follows. �

Proof of Proposition 5.2. It follows trivially by Lemma 4 once it is noticed that (8) corresponds

to Case ii) of that lemma, while the case with reversed inequality in (8) corresponds to Case i). �

Proof of Proposition 6.1. Regarding investments, Assumption 6.1 implies two possibilities. First,

if ∂ ln εp(xi;A)
∂ ln zi

> 0, then
∂ ln pi(zsimi ;A∗)

∂ ln zi
< 0 by Lemma 2. This is encompassed by Case ii) in Lemma

4, and so zseq
i > zsim

i . Second, suppose that
∂ ln εp(xi;A)

∂ ln zi

1−εp(xi,A)− ∂ ln εp(xi;A)
∂ ln pi

< −∂ lnh(xi)
∂ ln zi

(
∂ lnh(xi)
∂ ln pi

)−1
for any

(xi;A). Thus, by using Lemma 1, then
∂ ln pi(zsimi ;A∗)

∂ ln zi
< −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

, where

psim
i := pi

(
zsim
i ;A∗

)
. This is also encompassed by Case ii) in Lemma 4, and hence zseq

i > zsim
i .

As for prices, pseq
i − psim

i =

∫ zseqi

zsimi

dpi(z;A∗)
dz dz. Also, by (A3), then sgn

(
∂pi(zi;A∗)

∂zi

)
=

sgn
(
−∂εp[pi(zi;A),zi;A∗]

∂zi

)
. Thus, if ∂εp(xi;A)

∂zi
< 0 for any (xi,A) then pseq

i > psim
i , while if ∂εp(xi;A)

∂zi
> 0

for any (xi,A) then pseq
i < psim

i . �

Proof of Proposition 6.2. Since we are supposing that Assumption 6.1 holds, all the results in

Proposition 6.1 follow. In particular, zseq
i > zsim

i . Define i’s revenue as Ri := piqi. Its optimal

prices in each scenario are a function pi (zi,A), which implies that quantities are also a function of
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the same variables. Thus, given the equilibrium aggregate A∗, the revenue of leader i as a function

of its investment is

Ri (zi;A∗) := q [pi (zi;A∗) , zi;A∗] pi (zi;A∗) ,

where the equilibrium revenues in each scenario are Rsim
i := Ri

(
zsim
i ,A∗

)
and Rseq

i := Ri (zseq
i ,A∗).

Therefore,

Ri (zseq
i ;A∗)−Ri

(
zsim
i ;A∗

)
=

∫ zseqi

zsimi

dRi (z;A∗)
dz

dz.

If we show that dRi(z;A∗)
dz > 0 for z ∈

(
zsim
i , zseq

i

)
, then the result follows. The effect of investments

on revenues for a given A∗ are

d lnRi (zi;A∗)
d ln zi

=
∂ ln q (p∗i , zi;A∗)

∂ ln zi
+
∂ ln q (p∗i , zi;A∗)

∂ ln pi

∂ ln pi (zi;A∗)
∂ ln zi

+
∂ ln pi (zi;A∗)

∂ ln zi
,

= ξz (p∗i , zi;A∗)− [ξp (p∗i , zi;A∗)− 1]
∂ ln pi (zi;A∗)

∂ ln zi
,

where p∗i := pi (zi;A∗). Therefore, working out the expression, d lnRi(zi;A∗)
d ln zi

> 0 iff ∂ ln pi(zi;A∗)
∂ ln zi

<
ξz(p∗i ,zi;A∗)
ξp(p∗i ,zi;A∗)−1

. If ∂ε
p(xi;A)
∂zi

< 0 and (11) holds, then the latter inequality holds for any (xi,A), so that

Rseq
i > Rsim

i . This inequality can also be used to show that if (11) with reversed inequality holds,

then Rseq
i < Rsim

i . Finally, if ∂εp(xi;A)
∂zi

> 0 then ∂ ln pi(zi;A∗)
∂ ln zi

< 0, and moreover ξp (p∗i , zi;A∗) > 1 in

any interior equilibrium, so that Rseq
i > Rsim

i .

Next, we prove the claim made after the proposition. This indicates that, if each leader increases

its revenue, there is a reallocation of expenditure-based market share from followers towards leaders.

Denote by RF the total revenue of followers as a group, which in equilibrium is

RF (A∗,M) := Mq [xF (A∗) ;A∗] pF (A∗) .

Since A∗ is the same for both the simultaneous- and sequential-move scenarios, neither

q [xF (A∗) ;A∗] nor pF (A∗) vary. Thus, RF is only impacted by variations in M . Since M seq < M sim

by Proposition 5.1, then RF becomes lower in the sequential-move scenario. Thus, given that addi-

tionally Rseq
i > Rsim

i for each i ∈ L , the result follows. �

Proof of Proposition 6.3. Given that Assumption 6.1 holds, then zseq
i > zsim

i . We proceed in a

similar fashion to the proof for revenues. Let qi (zi;A∗) := q [pi (zi;A∗) , zi;A∗], and so

qi (zseq
i ;A∗)− qi

(
zsim
i ;A∗

)
=

∫ zseqi

zsimi

dqi (z;A∗)
dz

dz. (A13)

Furthermore,

d ln qi (zi;A∗)
d ln zi

=
∂ ln q (p∗i , zi;A∗)

∂ ln zi
+
∂ ln q (p∗i , zi;A∗)

∂ ln pi

∂ ln pi (zi;A∗)
∂ ln zi

,

= ξz (p∗i , zi;A∗)− ξp (p∗i , zi;A∗)
∂ ln pi (zi;A∗)

∂ ln zi
,

where p∗i := pi (zi;A∗). Therefore, d ln qi(zi;A∗)
d ln zi

> 0 iff ∂ ln pi(zi;A∗)
∂ ln zi

<
ξz(p∗i ,zi;A∗)
ξp(p∗i ,zi;A∗)

.

In case ∂εp(xi;A)
∂zi

< 0 and that Assumption 6.3 holds, then the inequality holds for any (xi,A),
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so that qseq
i > qsim

i . If, instead, ∂εp(xi;A)
∂zi

< 0 and Assumption 6.2 holds but with reverse inequality

of (12), then qseq
i < qsim

i . Finally, if ∂εp(xi;A)
∂zi

> 0 then ∂ ln pi(zi;A∗)
∂ ln zi

< 0, and so qseq
i > qsim

i . �

A.3 Under-Investment and Aggressive Pricing

In the main body of the paper, we have indicated that the under-investment case entails aggressive

pricing as in Etro (2006). Here, we prove this formally.

As in the over-investment case, the condition for leader i to under-invest can also be expressed

in terms of demand primitives. This requires that
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

> −∂ lnh (xi)

∂ ln zi

(
∂ lnh (xi)

∂ ln pi

)−1

(A14)

holds for any (xi,A). Making use of this, we determine the following.

Proposition A.1. Suppose that (A14) holds for any (xi,A). Then, leader i under-invests and

engages in aggressive pricing.

Proof of Proposition A.1. Regarding investments, we know by Proposition 5.2 that there

is under-investment when
∂ ln pi(zsimi ;A∗)

∂ ln zi
> −∂ lnh(psimi ,zsimi )

∂ ln zi

(
∂ lnh(psimi ,zsimi )

∂ ln pi

)−1

, where psim
i :=

pi
(
zsim
i ;A∗

)
. Moreover, we can apply Lemma 1 to show that (A14) makes that inequality hold.

Therefore, zseq
i < zsim

i .

As for prices, the RHS of (A14) is positive, and so the LHS has to be positive too. By Lemmas

1 and 2, this implies that ∂ ln pi(zi;A)
∂ ln zi

> 0 and ∂εp(xi;A)
∂zi

< 0. The fact that i engages in aggressive

pricing follows because

pseq
i − p

sim
i =

∫ zseqi

zsimi

dpi (z;A∗)
dz

dz = −
∫ zsimi

zseqi

dpi (z;A∗)
dz

dz < 0,

and so pseq
i < psim

i . �

A.4 Quality-Augmented CES and Logit

We proceed to prove Proposition 7.1. Since the proof for each demand requires several steps, the

proofs are stated as subsections. For the CES, we also show the procedure for the graphs included

in Section 7.

A.4.1 Proof for the CES Demand

Demand (1) satisfies that ∂ ln εp(xi;A)
∂ ln zi

< 0. Thus, in order to prove Assumption 6.1 and 6.2, it is

necessary to show that
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

< min

{
−∂ lnh (xi)

∂ ln zi

(
∂ lnh (xi)

∂ ln pi

)−1

,
ξz (xi,A)

ξp (xi,A)− 1

}
. (A15)
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We exploit the property of the CES that elasticities can be expressed in terms of market shares.

Formally, the market share of leader i can be expressed by

si :=
piqi
E

=
(pi/zi)

1−σ

A
,

which determines that the price elasticity of i’s demand is given by εpi := σ − si (σ − 1). Also, the

elasticities ignoring the impact of a leader’s variable on aggregate conditions are given by ξpi := σ

and ξzi := σ − 1. Using that ∂ lnh(xi)
∂ ln zi

= −∂ lnh(xi)
∂ ln pi

= 1− σ, all these results establish that

∂ lnh (xi)

∂ ln zi

(
∂ lnh (xi)

∂ ln pi

)−1

=
ξzi

ξpi − 1
= 1.

Thus, Assumption 6.2 holds if
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

< 1.

Performing the pertinent calculations, ∂ ln εp(xi;A)
∂ ln zi

= ∂ ln εp(si)
∂ ln si

∂ ln si
∂ ln zi

and ∂ ln εp(xi;A)
∂ ln pi

= ∂ ln εp(si)
∂ ln si

∂ ln si
∂ ln pi

.

Since ∂ ln εp(si)
∂ ln si

= si(1−σ)
εpi

, ∂ ln si
∂ ln zi

= − ∂ ln si
∂ ln pi

= σ − 1, and εpi − 1 = (σ − 1) (1− si), it can be shown

that
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

=
σ − εpi
σ − siεpi

, (A16)

which is always lower than 1. Therefore, Assumption 6.2 holds.

As for prices, ∂εp(si)
∂ ln si

∂ ln si
∂ ln zi

= −si (σ − 1)2 < 0, which implies that ∂εp(xi;A)
∂zi

< 0. Thus, each

leader i sets a higher price in the sequential-move equilibrium due to Lemma 2.

As for quantities, next, we show that Assumption 6.3 holds when i’s market share is not dispro-

portionately large. Specifically, since

∂ lnh (xi)

∂ ln zi

(
∂ lnh (xi)

∂ ln pi

)−1

=
ξzi

ξpi − 1
<
ξzi
ξpi

=
σ − 1

σ
,

this requires us to show that
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

=
σ − εpi
σ − siεpi

<
σ − 1

σ
,

where we have made used of (A16). Working out the expression, the condition for this inequality

to hold is

siσ < σ − siεpi , (A17)

which defines a quadratic function of σ that holds for low values of si and is violated for large

values. For instance, for σ = 3, condition (A17) holds for any market share lower than 60% in the

simultaneous-move equilibrium. Moreover, the greater σ, the greater the threshold of market share

is.

Graphical Illustrations

In this part, we indicate the procedure used for the graphical illustrations presented in Section 7

under a CES demand. The example assumes investments costs given by fzi (zi) := fz (zi)
β.

Denote i’s market shares in each equilibrium by ssim
i and sseq

i , with same superscripts for optimal

prices and investments. We have established that s (xi,A) := (pi/zi)
1−σ

A . Moreover, since A∗ is
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the same under both scenarios, we can divide the market-share functions in each equilibrium and

determine that

sseq
i

ssim
i

=
(pseq
i /zseq

i )
1−σ(

psim
i /zsim

i

)1−σ (A18)

=

(
pseq
i /psim

i

)1−σ(
zseq
i /zsim

i

)1−σ . (A19)

In turn, optimal investments in each scenario can be expressed by

zsim
i =

[
(σ − 1)

β

Essim
i

(
1− ssim

i

)
εp
(
ssim
i

)
fz

] 1
β

,

zseq
i =

[
(σ − 1)

β

Esseq
i (1− sseq

i )

εp (sseq
i ) fz

σ

σ − sseq
i εp (sseq

i )

] 1
β

,

which establishes that

zseq
i

zsim
i

=

[
sseq
i (1− sseq

i )

ssim
i

(
1− ssim

i

) εp (ssim
i

)
εp (sseq

i )

σ

σ − sseq
i εp (sseq

i )

]1/β

. (A20)

Moreover, the quotient of optimal prices in each equilibrium is

pseq
i

psim
i

=
εp (sseq

i ) / (εp (sseq
i )− 1)

εp
(
ssim
i

)
/
(
εp
(
ssim
i

)
− 1
) . (A21)

Substituting (A20) and (A21) into (A18), we derive an equation that is a function of
(
ssim
i , sseq

i

)
for given parameters

(
σ, σ−1

β

)
. Supposing some values for these parameters, we can recover sseq

i for

a given value of ssim
i .

Furthermore, once we know ssim
i and sseq

i , we can retrieve the increase in prices through (A21).

As for investments, outlays are given by fzi (zi), whose variation between scenarios is
(
zseq
i /zsim

i

)β
.

Thus, given ssim
i and sseq

i , we can make use of (A20) to compute their increase.

A.4.2 Proof for the Multinomial Logit Demand

This demand is given by (2). The price elasticity of leader i’s demand is εpi = pi
α (1− qi), which

implies that ∂ ln εp(xi;A)
∂ ln zi

= −q(xi,A)
1−q(xi,A)

zi
α < 0. Moreover, since the demand is expressed in terms of a

unit measure of agents, then qi < 1. Thus, if we show that i over-invests, then it charges higher

prices in the sequential-move equilibrium.

Next, we prove that Assumptions 6.1 and 6.3 hold, which in turn implies that Assumption 6.2

is satisfied. Formally, this requires proving that
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

< min

{
−∂ lnh (xi)

∂ ln zi

(
∂ lnh (xi)

∂ ln pi

)−1

,
ξz (xi,A)

ξp (xi,A)− 1

}
. (A22)

Given ξpi = pi
α and ξzi = zi

α , and after some calculations,

∂ lnh (xi)

∂ ln zi

(
∂ lnh (xi)

∂ ln pi

)−1

=
ξz (xi,A)

ξp (xi,A)
=
zi
pi
,

so that (A22) holds when
∂ ln εp(xi;A)

∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

<
zi
pi
. (A23)
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Given mi :=
εpi
εpi−1

=
pi
α

(1−qi)
pi
α

(1−qi)−1
> 1, ∂ ln εp(xi;A)

∂ ln pi
= 1 + pi

α
q(xi,A)

1−q(xi,A) and ∂ ln εp(xi;A)
∂ ln zi

= −q(xi,A)
1−q(xi,A)

zi
α , then

∂ ln εp(xi;A)
∂ ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

=
[mi (xi,A)− 1]

[
q(xi,A)

1−q(xi,A)
zi
α

]
1 + [mi (xi,A)− 1]

[
1 + pi

α
q(xi,A)

1−q(xi,A)

] . (A24)

After some algebra and using that mi > 1 when pi > c, it can be shown that, given (A24), then

(A23) holds and, so, the result follows.

B Examples of Demands

In this appendix, we present some examples of demands that can be encompassed by Definition

DEM. Since there are multiple ways to embed demand-enhancing investments into some of the

demand functions, we only present demands defined in terms of prices.

To express them as they are usually presented in the literature, in some cases we define demands

that are increasing in A, rather than decreasing as in Definition DEM. This is inconsequential since

what matters is that there is a monotone relation between the aggregate and demand. Such a result

follows because the aggregator is not uniquely defined, and any monotone transformation defines a

new aggregate (Acemoglu and Jensen, 2013). Thus, it is always possible to define a new aggregate

by its inverse and express the demand as in Definition DEM.

In the following, any Greek letter represents a positive parameter and E is interpreted as the

industry expenditure.

• Demands from a discrete choice model: qi := h(pi)
A with A (x) := H

(∑
i′

h (pi′)

)
. This

covers the case of a standard Multinomial Logit by defining h (pi) := exp (α− βpi).
• Demands from discrete-continuous choices model as in Nocke and Schutz (2018): qi :=

∂h(pi)/∂pi
A with A (x) := H

(∑
i′

h (pi′)

)
. It includes the Logit and the CES with normalized

expenditure as special cases.

• Constant expenditure demand systems (Vives, 2001): qi := E
pi

h(pi)
A with A (x) :=

H

(∑
i′

h (pi′)

)
. It includes the CES through h (pi) := α (pi)

−βi and the exponential demand

by h (pi) := exp (α− βpi).
• Linear demand: qi := α− βpi + A with A (x) :=

∑
i′ γpi′ .

• Translog functional form: qi := E
pi

[A− ln (pi)] where A (x) :=
∑

i′ γ ln pi′ .

• Demands from an additively separable indirect utility: given an indirect utility

V
[
(pi′)i′∈i , E

]
:=

∑
i′

v
(pi′
E

)
, the demand of i is given by qi :=

v′( piE )
A with A (x) :=∑

i′

v′
(pi′
E

) pi′
E .
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C Strategic Complements and Substitutes

In the main body of the paper, we have claimed that our results are independent of whether prices

are strategic complements or substitutes. Next, we prove that this is indeed the case. To do this,

we show that strategic complementarity of substitutability of prices can be determined through how

the aggregate affects the price elasticity of demand. Thus, the claim holds because our results do

not make any assumption in this regard.

Consider leader i. Prices are strategic complements (substitutes) when, following increases in

prices by rival firms, a firm responds optimally by increasing (decreasing) its price. Formally,

this requires characterizing i’s best-response price function, which expresses i’s optimal price as a

function of rivals’ prices rather than the aggregate. With this goal, reexpress the aggregator by

A (pi, zi, h−i) := H [h−i + h (xi)] ,

where h−i :=
∑

i′∈Ω\{i} h (xi′). By expressing A as a function of h−i, the first-order condition

for prices define i’s best-response price, pbr
i (zi, h−i). Thus, prices are strategic complements when

∂pbri (zi,h−i)
∂h−i

< 0 and strategic substitutes when
∂pbri (zi,h−i)

∂h−i
> 0.17

Next, we prove that prices are strategic complements or substitutes depending on the sign of
∂εp(xi,A)

∂A . Formally, we show that

sgn

(
∂pbr

i (zi, h−i)

∂h−i

)
= sgn

(
∂εp (xi,A)

∂A

)
. (C1)

Total profits of leader i can be expressed in terms of h−i by

πi [xi,A (xi, h−i)] := q [xi,A (xi, h−i)] (pi − ci)− fz (zi)− F.

To prove the result, we use that, if πi (xi, h−i) is supermodular in (pi, h−i) for the range of optimal

prices, then
∂pbri (zi,h−i)

∂h−i
> 0 (with the opposite sign if it is submodular). Consequently, we prove the

result by establishing that

sgn

(
∂2πi (xi, h−i)

∂pi∂h−i

)
= sgn

(
∂εp (xi,A)

∂A

)
. (C2)

Given i’s gross optimal profits and after some algebraic manipulation, it can be shown that

∂πi (xi, h−i)

∂pi
= κ (xi, h−i)

[
∂ ln q (xi, h−i)

∂ ln pi
+

pi
pi − ci

]
,

where κ (xi, h−i) := q(xi,h−i)
pi

[pi − ci] > 0 given that in equilibrium pi > ci. Since εp (xi, h−i) =

−∂ ln q(xi,h−i)
∂ ln pi

, then

∂2πi (xi, h−i)

∂pi∂h−i
=

∂κ

∂h−i

[
−εp (xi, h−i) +

pi
pi − ci

]
+ κ

(
∂εp (xi, h−i)

∂h−i

)
.

For the range of optimal prices, we know that

pi =
εp (xi, h−i)

εp (xi, h−i)− 1
ci,

which implies that pi
pi−ci = εp (xi, h−i). This determines that

[
−εp (xi, h−i) + pi

pi−ci

]
= 0 by restrict-

17Notice that, by defining the strategy “inaction” through x := (∞, 0), strategic complementarity also
reflects that exit of rival firms make i increase its prices. This follows because exit requires rivals firms to
choose a price ∞ and zero investments, which decreases h−i.
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ing the domain of prices to its equilibrium values, and so,

sgn

(
∂2πi (xi, h−i)

∂pi∂h−i

)
= sgn

(
∂εp (xi, h−i)

∂h−i

)
.

Besides, ∂εp(xi,h−i)
∂h−i

= ∂εp(xi,A)
∂A

∂A(xi,h−i)
∂h−i

and, since ∂A(xi,h−i)
∂h−i

> 0, then (C2) holds.

D Heterogeneous Followers

In the baseline model, we have considered that all followers have the same marginal cost, cF . Next,

we show that all the results still hold if we incorporate a subset of heterogeneous followers that are

active in both the simultaneous- and sequential-move game.

Formally, consider that the set of followers F can be partitioned into subsets F and F . Moreover,

each firm i ∈ F has marginal cost ci satisfying ci < cF , and there is a fixed number of firms in F .

As for a firm i ∈ F , we suppose it still has marginal cost cF . Moreover, all firms in F are active in

each scenario and the last entrant belongs to F .

The same results hold in this scenario, since (ZP) still pins down the equilibrium aggregate.

Additionally, followers in F have optimal prices and investments in each scenario that can be

characterized through (4) and (z-sim). Supposing that M refers now to the number of active

followers from the set F , the setup would only need to take into account that (5) becomes

Asim (A,M) := H

Mh [xF (A)] +
∑
i∈F

h [xi (A)] +
∑
i∈L

h [xi (A)]

 ,

while (6) becomes

Aseq
(
A,M, zL

)
:= H

Mh [xF (A)] +
∑
i∈F

h [xi (A)] +
∑
i∈L

h [pi (zi,A) , zi]

 .

E Demand-Enhancing Investments Affecting Marginal

Costs

In the main body of the paper, we have followed Sutton (1991; 1998) to model demand-enhancing

investments. Thus, we have supposed that they entail sunk fixed costs and have no impact on

marginal costs. In this appendix, we extend our results to cover investments that require fixed costs

and, additionally, affect a firm’s own marginal cost. Formally, we suppose that ci (zi) for each firm

i.

Under these types of investments, the results in Propositions 5.1 and 5.2 hold without any

modification. Thus, leaders always toughen competition, garner greater profits, and the number of

followers is lower. Furthermore, the same condition for under- or over-investing, (8), holds since it

is stated in terms
∂ ln pi(zsimi ;A)

∂ ln zi
, irrespective of how this is defined.

On the contrary, the description of outcomes in Section 6 for the over-investment case requires

getting a new expression for ∂ ln pi(zi;A)
∂ ln zi

. This occurs because now investments affect a firm’s own

marginal costs and, hence, its pricing decisions. Nonetheless, all the propositions hold verbatim

once we account for such effect.
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To establish this, we begin by stating some lemmas. They are analogous to Lemmas 1 and 2.

Lemma 5.

∂ ln pi (zi;A)

∂ ln zi
=

∂ ln εp[pi(zi;A),zi;A]
∂ ln zi

− {εp [pi (zi;A) , zi;A]− 1} d ln ci(zi)
d ln zi

1− εp [pi (zi;A) , zi;A]− ∂ ln εp[pi(zi;A),zi;A]
∂ ln pi

Proof of Lemma 5. Define leader i’s markup by mi, which is a given by function m (xi,A) :=
εp(xi,A)
εp(xi,A)−1 . Also, denote the price elasticity of demand of i by εpi , so that ∂ lnmi

∂ ln εpi
= 1 − mi. The

first-order condition for prices determines that ln pi = lnm (xi,A) + ln ci (zi) and so

d ln pi =
∂ lnmi

∂ ln pi
d ln pi +

∂ lnmi

∂ ln zi
d ln zi +

d ln ci
d ln zi

d ln zi

=
∂ lnmi

∂ ln εpi

∂ ln εpi
∂ ln pi

d ln pi +
∂ lnmi

∂ ln εpi

∂ ln εpi
∂ ln zi

d ln zi +
d ln ci
d ln zi

d ln zi,

which implies

∂ ln pi
∂ ln zi

=
(1−mi)

∂ ln εpi
∂ ln zi

+ d ln ci
d ln zi

1− (1−mi)
∂ ln εpi
∂ ln pi

.

By dividing numerator and denominator of the right-hand side by (1−mi) and using that

(1−mi)
−1 = 1− εpi , the result follows. �

Lemma 6.

sgn

{
∂ ln pi (zi;A)

∂ ln zi

}
= sgn

{
−
(
∂ ln εp [pi (zi;A) , zi;A]

∂ ln zi
− {εp [pi (zi;A) , zi;A]− 1} d ln ci (zi)

d ln zi

)}
.

Proof of Lemma 6. Leader i’s gross profits are given by

πi [xi,A (xi)] := q [xi,A (xi)] [pi − ci (zi)]− fz (zi) .

Replacing ci by ci (zi), the proof follows verbatim that of Lemma 2, with the difference that

Dpπi (xi,A) :=:
dπi (xi,A)

dpi
:= κi

[
−εp (xi,A) +

pi
pi − ci (zi)

]
,

∂Dpπi (xi;A∗)
∂zi

=
∂κ (xi;A∗)

∂zi

[
−εp (xi;A∗) +

pi
pi − ci

]
− κi

(
∂εp (xi;A∗)

∂zi
−

pi
dci(zi)

dzi

(pi − ci)2

)
.

For the range of optimal prices, the first-order condition of prices has to be satisfied, so that

pi = εp(xi;A∗)
εp(xi;A∗)−1ci, which implies that −εp (xi;A∗) + pi

pi−ci = 0. Therefore, by using that κi > 0,

sgn

(
∂Dpπi (xi;A∗)

∂zi

)
= sgn

(
−∂ε

p (xi;A∗)
∂zi

+
pi

[pi − ci]2
dci (zi)

dzi

)
,

For the range of optimal prices, it is also satisfied that (pi − ci)2 =
[

εp(xi;A∗)
εp(xi;A∗)−1 − 1

]2
[ci (zi)]

2, and

then
pi

(pi − ci)2 = [εp (xi;A∗)− 1]
εp (xi;A∗)
ci (zi)

.

Therefore,

sgn

(
∂Dpπi (xi;A∗)

∂zi

)
= sgn

(
−∂ε

p (xi;A∗)
∂zi

+ [εp (xi;A∗)− 1] εp (xi;A∗)
d ln ci (zi)

dzi

)
. (E1)

Multiplying the right-hand side of (E1) by zi
εp(xi;A∗) , which does not modify its sign, the result

follows. �
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E DEMAND-ENHANCING INVESTMENTS AFFECTING MARGINAL COSTS

By making use of these lemmas, it is possible to establish analogous assumptions to those stated

in the main body of the paper. With this goal, define

λ (xi;A) :=

∂ ln εp(xi;A)
∂ ln zi

− [εp (xi;A)− 1] d ln ci(zi)
d ln zi

1− εp (xi,A)− ∂ ln εp(xi;A)
∂ ln pi

.

Assumption E.4. Either ∂ ln εp(xi;A)
∂ ln zi

− [εp (xi;A)− 1] d ln ci(zi)
d ln zi

> 0 or λ (xi;A) <

−∂ lnh(xi)
∂ ln zi

(
∂ lnh(xi)
∂ ln pi

)−1
for any (xi,A).

Assumption E.5. For any (xi,A), we suppose that

λ (xi;A) <
ξz (xi,A)

ξp (xi,A)− 1

when ∂ ln εp(xi;A)
∂ ln zi

− [εp (xi;A)− 1] d ln ci(zi)
d ln zi

< 0.

Assumption E.6. For any (xi,A), we suppose that

λ (xi;A) <
ξz (xi,A)

ξp (xi,A)

when ∂ ln εp(xi;A)
∂ ln zi

− [εp (xi;A)− 1] d ln ci(zi)
d ln zi

< 0.

Making use of these assumptions, we determine the next proposition. The proof of each state-

ment follows verbatim those for investments that do not affect marginal costs.

Proposition E.1. Suppose a framework where investments additionally affect marginal costs.

Then:

• Propositions 5.1 and 5.2 hold.

• Proposition 6.1 holds if we replace Assumption 6.1 by Assumption E.4, where leader

i charges higher prices if ∂ ln εp(xi;A)
∂ ln zi

− [εp (xi;A)− 1] d ln ci(zi)
d ln zi

< 0 and lower prices if
∂ ln εp(xi;A)

∂ ln zi
− [εp (xi;A)− 1] d ln ci(zi)

d ln zi
> 0.

• Proposition 6.2 holds if we replace Assumption 6.2 by Assumption E.5.

• Proposition 6.3 holds if we replace Assumption 6.3 by Assumption E.6.
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