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INTRODUCTION

:H�VWDUW�E\�FRYHULQJ�WKH�HVVHQWLDO�VWHSV�WR�LQVWDOO�-XOLD�DQG�96�&RGH��7KH�ODWWHU�LV�D�FRGH�HGLWRU�WR�ZULWH

DQG�H[HFXWH�FRGH�LQ�PXOWLSOH�ODQJXDJHV��:H
OO�FRQFOXGH�E\�SURYLGLQJ�VRPH�YDOXDEOH�RQOLQH�UHVRXUFHV

IRU�-XOLD
V�XVHUV�

INSTALLING JULIA

Remark

$OO�WKH�OLQNV�PHQWLRQHG�RQ�WKH�ZHEVLWH�DUH�LQFOXGHG�LQ�Links��ORFDWHG�LQ

WKH�OHIW�QDYLJDWLRQ�EDU�

7R� GRZQORDG� -XOLD� DQG� DFFHVV� LWV� RïFLDO� GRFXPHQWDWLRQ�� YLVLW� -XOLD
V� RïFLDO� ZHEVLWH�� 1RWH� WKDW� WKH

LQVWDOODWLRQ�SURFHVV�GHSHQGV�RQ�\RXU�FRPSXWHU
V�RSHUDWLQJ�V\VWHP�

INSTALLING VS CODE

2QFH�-XOLD�LV�LQVWDOOHG��\RX
OO�QHHG�DQ�HGLWRU�WR�ZULWH�VFULSWV�DQG�YLVXDOL]H�RXWSXWV��7KHUH�DUH�QXPHURXV

DOWHUQDWLYHV�LQ�WKLV�UHVSHFW��Our website supposes that you use Visual Studio Code (aka VS Code)�

ZKLFK� LV� IUHH��RïFLDOO\�VXSSRUWHG�E\� -XOLD��DQG�UXQV�RQ�DQ\�RSHUDWLQJ�V\VWHP��L�H���:LQGRZV��PDF26�

DQG� /LQX[���2QH� RI� WKH� NH\� EHQHíWV� RI� 96� &RGH� LV� WKH� SRVVLELOLW\� RI� LQVWDOOLQJ� SOXJLQV� WR� H[WHQG� WKH

HGLWRU
V�FDSDELOLWLHV��,Q�IDFW��\RX
OO�QHHG�WR�DGG�WKH�Julia Language Support�SOXJLQ�IRU�UXQQLQJ�-XOLD�

Privacy-Oriented Version of VS Code

96�&RGH�LV�RSHQ�VRXUFH�VRIWZDUH�FUHDWHG�DQG�PDLQWDLQHG�E\�0LFURVRIW�

,I� \RX� ZDQW� D� PRUH� SULYDWH� DOWHUQDWLYH� WKDW� GLVDEOHV� WHOHPHWU\� DQG

WUDFNLQJ��VSCodium�LV�D�UHEXLOG�RI�96�&RGH�

/LQNV� WR� RWKHU� SRSXODU� HGLWRUV� FDQ� EH� IRXQG� RQ�8VHIXO� /LQNV�� LQFOXGLQJ� 9LP�� (PDFV�� 1RWH3DG�� DQG

6XEOLPH��7KHVH�HGLWRUV�DUH�RïFLDOO\�VXSSRUWHG�E\�-XOLD��H[FHSW�6XEOLPH���,�VWURQJO\�UHFRPPHQG�JHWWLQJ

SURíFLHQW� LQ�HLWKHU�96�&RGH�RU�RQH�RI�WKHVH�DOWHUQDWLYHV��7KLV�ZLOO�DOORZ�\RX�to master a single tool

for coding in multiple programming languages�

Warning!



$YRLG� JHWWLQJ� XVHG� WR� VSHFLDOL]HG� HGLWRUV� EXLOW� IRU� RQH� SDUWLFXODU

ODQJXDJH��VXFK�DV�56WXGLR�IRU�5��RU�LWV�QHZHU�YHUVLRQ�3RVLW���7KH�HGLWRUV�,

PHQWLRQHG� ZHUH� GHVLJQHG� IRU� FRGLQJ�� UHJDUGOHVV� RI� WKH� SURJUDPPLQJ

ODQJXDJH�\RX�FKRRVH��0DVWHULQJ�D�JHQHUDO�FRGH�HGLWRU�ZLOO�HQKDQFH�\RXU

FRGLQJ� VNLOOVÌ\RX
OO� EH� DEOH� WR� DSSO\� WKH� VDPH� WRROV� DQG� NH\ERDUG

VKRUWFXWV�WR�HYHU\�ODQJXDJH�\RX�ZRUN�ZLWK�

JULIA'S RESOURCES FOR HELP

7KHUH�DUH�WZR�RïFLDO�UHVRXUFHV�IRU�OHDUQLQJ�-XOLD�

1. -XOLD
V�RïFLDO�GRFXPHQWDWLRQ��:ULWWHQ�E\�-XOLD
V�GHYHORSHUV�

2. -XOLD�'LVFRXUVH��2ïFLDO�IRUXP�IRU�DVNLQJ�TXHVWLRQV�

INSTALLING R AND PYTHON (OPTIONAL)

-XOLD�RìHUV�D�VHDPOHVV�LQWHJUDWLRQ�ZLWK�RWKHU�SURJUDPPLQJ�ODQJXDJHV�OLNH�5�DQG�3\WKRQ��DOORZLQJ�\RX

WR�H[SRUW�GDWD�IURP�-XOLD��SHUIRUP�VSHFLíF�RSHUDWLRQV��DQG�WKHQ�LPSRUW�WKH�UHVXOWV�EDFN�LQWR�-XOLD��7KLV

LQWHURSHUDELOLW\� LV� SDUWLFXODUO\� XVHIXO� ZKHQ� D� GHVLUHG� IXQFWLRQ� LV� RQO\� DYDLODEOH� LQ� RQH� RI� WKHVH

ODQJXDJHV�

)RU�WKRVH�IDPLOLDU�ZLWK�5�DQG�3\WKRQ��WKLV�QRWH�RXWOLQHV�VRPH�QRWHZRUWK\�GLìHUHQFHV�ZLWK�UHVSHFW�WR

-XOLD��$GGLWLRQDOO\�� WKLV�FKHDW� VKHHW�SURYLGHV�D�TXLFN� UHIHUHQFH�RQ�V\QWD[�GLìHUHQFHV�DPRQJ�0DWODE�

3\WKRQ��DQG�-XOLD�



1b. Running Julia
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INTRODUCTION

,Q�WKH�IROORZLQJ��ZH�FRYHU�WKH�EDVLF�VWHSV�IRU�JHWWLQJ�VWDUWHG�ZLWK�-XOLD��$V�ZH�KDYHQ
W�LQWURGXFHG�DQ\

WRROV�DYDLODEOH�LQ�-XOLD��H�J���IXQFWLRQV���ZH
OO�NHHS�WKH�GLVFXVVLRQ�WR�D�EDUH�PLQLPXP��6SHFLíFDOO\��ZH
OO

OLPLW�RXUVHOYHV�WR�VHWWLQJ�XS�-XOLD�LQ�96�&RGH�DQG�SUHVHQWLQJ�PHWKRGV�WR�DGG�FRPPHQWV�DQG�íOH�SDWKV�

USING JULIA IN VS CODE

7KH� 5(3/� �5HDG�(YDO�3ULQW� /RRS�� LV� DQ� LQWHUDFWLYH� SURJUDPPLQJ� HQYLURQPHQW� WKDW� OHWV� XVHUV� LQSXW

FRPPDQGV� DQG� LPPHGLDWHO\� REWDLQ� RXWSXWV� WKURXJK� D� FRPPDQG�OLQH� LQWHUIDFH�� :KHQ� \RX� UXQ

julia.exe ��WKH�5(3/�LV�DXWRPDWLFDOO\�DFWLYDWHG�DQG�GLVSOD\V�WKH� julia> �SURPSW��ZKHUH�\RX�FDQ�HQWHU

FRPPDQGV�

6FUHHQVKRW

7KURXJKRXW�WKLV�ZHEVLWH��ZH
OO�DVVXPH�WKDW�\RX
UH�ZRUNLQJ�ZLWK�D�FRGH�HGLWRU��UDWKHU�WKDQ�LQWHUDFWLQJ

GLUHFWO\�ZLWK�WKH�5(3/��,Q�SDUWLFXODU��96�&RGH�ZLOO�EH�RXU�FRGH�HGLWRU�RI�FKRLFH��7R�JHW�VWDUWHG�ZLWK�-XOLD

LQ�96�&RGH��\RX
OO�QHHG�WR�LQVWDOO�LWV�-XOLD�H[WHQVLRQ��7KLV�FDQ�EH�IRXQG�E\�QDYLJDWLQJ�WR�WKH�([WHQVLRQV

WDE��DV�LQGLFDWHG�EHORZ�E\�WKH�EOXH�FLUFOH�

6FUHHQVKRW

https://alfaromartino.github.io/


7KH�OD\RXW�RI�96�&RGH�GLVSOD\V�WKH�5(3/�DW�WKH�ERWWRP�RI�WKH�VFUHHQ��ZKHUH�WKH�FRGH�PXVW�EH�ZULWWHQ

LQ�WKH�DUHD�DERYH�LW��7R�H[HFXWH�WKH�FRGH��\RX
OO�DOVR�QHHG�WR�VSHFLI\�WKH�SURJUDPPLQJ�ODQJXDJH�\RX
UH

XVLQJ�� 7KLV� FDQ�EH�DFKLHYHG�E\� FOLFNLQJ�RQ� WKH� ODQJXDJH�RSWLRQ� ORFDWHG�DW� WKH�ERWWRP�FRUQHU�RI� WKH

VFUHHQ��RU�E\�XVLQJ�WKH�NH\ERDUG�VKRUWFXW� Ctrl+k ��� M �DQG�W\SLQJ��MXOLD���$OO�WKLV� LV�GHPRQVWUDWHG�LQ

WKH�VFUHHQVKRW�EHORZ�

6FUHHQVKRW

ADDING COMMENTS IN A SCRIPT

,Q�-XOLD��OLNH�LQ�DQ\�RWKHU�SURJUDPPLQJ�ODQJXDJH��\RX�FDQ�LQFOXGH�FRPPHQWV�LQ�\RXU�FRGH��&RPPHQWV

DUH�WH[W�DQQRWDWLRQV�LJQRUHG�GXULQJ�H[HFXWLRQ��VHUYLQJ�DV�D�PHDQV�WR�GRFXPHQW�\RXU�FRGH�

7R�DGG�D�single-line comment��VLPSO\�SUHFHGH�WKH�WH[W�ZLWK�WKH� # �V\PERO��7KLV�V\PERO�FDQ�EH�SODFHG

DQ\ZKHUH�RQ�D�OLQH��ZLWK�DQ\�WH[W�WKDW�IROORZV�GLVUHJDUGHG�E\�-XOLD��$OWHUQDWLYHO\��\RX�FDQ�DGG�multi-line

comments�E\�GHOLPLWLQJ�WKH�WH[W�ZLWK� #= �DW�WKH�EHJLQQLQJ�DQG� =# �DW�WKH�HQG�

# This is an example of a comment

x = 2   # `x=2` is run, but anything after `#` won't

#=  This is an example of a longer comment.
    It can be split into several lines, and
    can have any length. =#



PATHS OF FILES AND FOLDERS

)LOH�PDQDJHPHQW� V\VWHPV�YDU\�DFURVV�RSHUDWLQJ� V\VWHPV��GHWHUPLQLQJ� WKDW� WKH� V\QWD[� IRU�íOH�SDWKV

DOVR�GLìHUV��7R�DFFRPPRGDWH�WKLV��-XOLD�SURYLGHV�WZR�DSSURDFKHV��7KH�íUVW�RQH�SURYLGHV�DQ�RSHUDWLQJ

V\VWHP�VSHFLíF�V\QWD[��%HORZ��ZH�LOOXVWUDWH�LWV�DSSOLFDWLRQ�IRU�D�íOH� C:\user\file.jl �RQ�:LQGRZV�DQG

/user/file.jl �RQ�/LQX[�PDF26��7KHUH
V�DOVR�D�SODWIRUP�DJQRVWLF�DOWHUQDWLYH�WR�PDNH�\RXU�FRGH�PRUH

SRUWDEOH��SURYLGHG�E\�WKH� joinpath �IXQFWLRQ��7KLV�LV�WKH�SUHIHUUHG�RSWLRQ��DV�LW�FDQ�EH�XVHG�ZLWK�DQ\

RSHUDWLQJ�V\VWHP�

7ZR�VSHFLDO�SDWKV�KDYH�FRQYHQLHQW�VKRUWFXWV�WKDW�DUH�ZRUWK�PHQWLRQLQJ�

@__DIR__ �LGHQWLíHV�WKH�GLUHFWRU\�ZKHUH�\RXU�VFULSW�LV�VDYHG�

)RU�LQVWDQFH��LI�\RXU�VFULSW�LV�LQ� C:\user\julia ��WKHQ� joinpath(@__DIR__, "graphs") �UHIHUV

WR� C:/user/julia/graphs �

homedir() �LQGLFDWHV�WKH�XVHU
V�KRPH�GLUHFWRU\�

7KLV�UHIHUV�WR� C:\Users\username �RQ�:LQGRZV��ZKHUH��XVHUQDPH��LV�\RXU�DFWXDO�XVHU���DQG

LV� WKH�HTXLYDOHQW�RI� ~ � RQ�/LQX[�� )RU� LQVWDQFH�� \RX� FRXOG�DFFHVV� \RXU�*RRJOH�'ULYH
V� IROGHU

ORFDWHG�RQ�HLWKHU� C:\Users\username\GoogleDrive �RU� \home\username\GoogleDrive �E\�WKH

FRPPDQG� joinpath(homedir(), "GoogleDrive") �

EXECUTING CODE FROM A FILE

<RX�FDQ�DOVR�ZRUN�non-interactively�ZLWK� -XOLD�E\�H[HFXWLQJ�FRGH� IURP�D�VFULSW�VWRUHG� LQ�D�íOH��7KH

IROORZLQJ�H[DPSOH�LOOXVWUDWHV�LWV� LPSOHPHQWDWLRQ��UXQQLQJ�D�íOH�ORFDWHG�DW� C:\user\julia\graphs.jl

RQ�:LQGRZV�DQG�DW� /users/julia/graphs.jl �RQ�PDF26�/LQX[�V\VWHPV�

# On Windows (note the double \\)
"C:\\user\\file.jl"

# On Unix-based systems (e.g., macOS or Linux)
"/user/file.jl"

# on any operating system
joinpath("/", "user", "file.jl")

include(joinpath("/", "user", "julia", "graphs.jl"))



1c. VS Code (OPTIONAL)

Martin Alfaro
PhD in Economics

FEATURES AND KEYBOARD SHORTCUTS

We present a few keyboard shortcuts and handy features for VS Code. They also apply to its privacy-

focused alternative VS Codium. Remarkably, these features are largely language-agnostic, holding

regardless of the programming language you're working with.

For visual illustration, the features discussed are accompanied by GIFs. To view these GIFs, simply click

"Example", or alternatively press Alt+🠙  or Alt+🠛  to open and close all of them simultaneously.

TO RUN A SCRIPT

Select the script to be executed and press Ctrl+Enter

Example

TO FORMAT EXPRESSIONS AND MAKE THEM MORE LEGIBLE

Select the script to be formatted and press Ctrl+k  + Ctrl+f . Sometimes, activating this tool requires

running it twice.

Example

TO ALIGN EQUAL SIGNS

This feature requires the VS Code Extension "Better Align". It aligns consecutive lines by using the

equal sign and other symbols as a reference. It's implemented by pressing Alt  + a .

Example

See also the extension "Cursor Align", which aligns code by clicking the position on each line.

TO EXTEND THE CURSOR VERTICALLY

Hold down Alt+Ctrl  + press 🠙  or 🠛

Example

TO SEE THE DOCUMENTATION OF A FUNCTION

It requires hovering over the function.

Example

Alternatively, you can go to the REPL, press ? , and then type the function's name you want to search

for.

Example

TO AUTOCOMPLETE A WORD

https://alfaromartino.github.io/
https://code.visualstudio.com/
https://vscodium.com/


Start typing a word + press Tab  when you see the option list.

Example

TO INTRODUCE UNICODE CHARACTERS (TAB COMPLETION)

Type a unicode character/command, press Ctrl  + Space  to open an option list, and then choose the

option and press Tab .

Example

In Julia, Greek letters and math have the same syntax as Latex. To add them, you need to start with \

(e.g., \eq  for ≠ ) and use Tab completion.

TO SELECT THE SAME WORD MULTIPLE TIMES

Select the word and then press Ctrl+d  for selecting each additional time it appears. This is useful when

you want to change part of the expression.

Example

TO HIDE PART OF THE SCRIPT

Given a code block, add #region  at the beginning and #endregion  at the end.

Example

When you have several lines indented, VS Code allows you to hide the block automatically. The

following example shows this for a function.

Example

TO TURN MULTIPLE LINES INTO A COMMENT

Select all the lines you want to interpret as a comment rather than code. Then, press Ctrl  + / .

Example



1d. A Minimal Set of Good Practices
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REMARKS

:H�FRQFOXGH�WKLV�FKDSWHU�E\�UHYLHZLQJ�YDULRXV�SULQFLSOHV�WR�ZULWH�FRGH��7KH\�UHSUHVHQW�D�PLQLPXP�VHW

RI� JRRG� SUDFWLFHV� WKDW� DSSO\� UHJDUGOHVV� RI� WKH� SURJUDPPLQJ� ODQJXDJH� XVHG�� %\� DGKHULQJ� WR� WKHVH

JXLGHOLQHV�� \RX
OO� EH� DEOH� WR� ZULWH� FOHDU� DQG� PDLQWDLQDEOH� FRGH�� ,� VXJJHVW� LQFRUSRUDWLQJ� WKHVH

VXJJHVWLRQV�LQWR�\RXU�ZRUNîRZ�IURP�WKH�YHU\�EHJLQQLQJ��DV�LW
OO�UHQGHU�WKH�OHDUQLQJ�SURFHVV�VPRRWKHU�

6HYHUDO� RI� WKH� VXJJHVWLRQV�ZH�SUHVHQW�PLJKW� VHHP� LQFRQVHTXHQWLDO� WR� \RX�DW� WKLV�SRLQW�� RU� JLYH� WKH

LPSUHVVLRQ�WKDW�WKHLU�LPSRUWDQFH�LV�H[DJJHUDWHG��)RU�VPDOO�SURMHFWV��WKHUH
V�VRPH�WUXWK�WR�WKLVÌWKH\

ZRQ
W� KDYH� D� VXEVWDQWLDO� LPSDFW��+RZHYHU�� DV� SURMHFWV� JURZ� LQ� VL]H� DQG� FRPSOH[LW\�� IROORZLQJ� WKHVH

SULQFLSOHV�EHFRPHV�FUXFLDO�� �,W
V�QRW�XQFRPPRQ�WR�UHYLVLW�\RXU�RZQ�FRGH�DIWHU�D�IHZ�PRQWKV��RU�HYHQ

GD\V���DQG�VWUXJJOH�WR�XQGHUVWDQG�LW��:KHQ�WKLV�RFFXUV��H[WHQGLQJ�WKH�FRGH�EHFRPHV�D�GDXQWLQJ�WDVN�

RIWHQ�UHVXOWLQJ�LQ�QRQ�UHXVDEOH�FRGH�

$V�XVXDO�� WKH�GHYLO� LV� LQ� WKH�GHWDLOV�� 7KXV�� WKH� FKDOOHQJH� OLHV� LQ� LQWHUSUHWLQJ�DQG� LPSOHPHQWLQJ� WKHVH

VXJJHVWLRQV� HìHFWLYHO\�� 0DQ\� RI� WKHP� UHO\� RQ� WKH� UHDGHU
V� MXGJPHQW�� DV� WKH\� UHTXLUH� D� VXEMHFWLYH

DVVHVVPHQW�RI�ZKHQ�DQG�KRZ�WR�DSSO\�WKHP��)RU�H[DPSOH��RQH�VXJJHVWLRQ�ZH
OO�SUHVHQW�LV�WR�XVH�FOHDU

DQG� GHVFULSWLYH� QDPHV�� +RZHYHU�� GHWHUPLQLQJ� ZKDW� FRQVWLWXWHV� �FOHDU�� RU� �XQFOHDU�� LV� XOWLPDWHO\� D

PDWWHU� RI� SHUVRQDO� LQWHUSUHWDWLRQ�� +RSHIXOO\�� WKH� LPSOHPHQWDWLRQ� RI� WKH� VXJJHVWLRQV� ZLOO� EHFRPH

DSSDUHQW�DV�ZH�PRYH�IRUZDUG�DQG�DSSO\�WKHVH�FRQFHSWV�

WRITE EASY-TO-READ CODE

Code is read more often than it's written��,�FDQ
W�VWUHVV�HQRXJK�WKH�LPSRUWDQFH�RI�WKLV�VWDWHPHQW��,W

KDV�D�VWDUN�LPSOLFDWLRQ��ZULWH�FRGH�WKDW�LV�HDV\�WR�UHDG��HYHQ�LI�WKLV�UHTXLUHV�DGGLWLRQDO�HìRUW�RU�VRPH

H[WUD�YHUERVLW\�

,I� \RX�HQG�XS�FRGLQJ�H[WHQVLYHO\� LQ� \RXU� IXWXUH� FDUHHU�� \RX
OO� OLNHO\� OHDUQ� WKLV� OHVVRQ� WKH�KDUG�ZD\�� ,

FHUWDLQO\�GLG��2QH�RI� WKH�íUVW� WLPHV� ,�KDG�WR�UHXVH�DQ�ROG�VFULSW�� ,�ZDV�FRPSOHWHO\�FOXHOHVV�DERXW�P\

RZQ�FRGH��$V�D�FRQVHTXHQFH�� ,�KDG�WR�UHZULWH�WKH�HQWLUH�VFULSW�IURP�VFUDWFK��DV�PDNLQJ�VHQVH�RI�WKH

ROG�FRGH�ZRXOG
YH�WDNHQ�ORQJHU�

,I�\RX�HQG�XS�FRGLQJ�H[WHQVLYHO\�LQ�\RXU�IXWXUH�FDUHHU��\RX
OO�OLNHO\�OHDUQ�WKLV�OHVVRQ�WKH�KDUG�ZD\��MXVW

DV�,�GLG��2QH�RI�P\�HDUOLHVW�H[SHULHQFHV�ZLWK�UHXVLQJ�ROG�FRGH�ZDV�D�KXPEOLQJ�RQH���,�ZDV�FRPSOHWHO\

EDðHG�E\�P\�RZQ�VFULSW��DQG�UHZULWLQJ�LW�IURP�VFUDWFK�SURYHG�WR�EH�IDVWHU�WKDQ�WU\LQJ�WR�GHFLSKHU�WKH

RULJLQDO�FRGH�

Remark

1

https://alfaromartino.github.io/


,I�\RX
UH�FRQFHUQHG�WKDW�PRUH�UHDGDEOH�FRGH�UHTXLUHV�H[FHVVLYH�W\SLQJ�

UHPHPEHU� WKDW� \RX� FDQ� XVH� 7DE� &RPSOHWLRQ� WR� DXWRFRPSOHWH� QDPHV�

$GGLWLRQDOO\�� $,� WRROV� OLNH� *LW+XE� &RSLORW� ZLOO� VXJJHVW� FRGH� ZKLOH� \RX

W\SH��WKHUHE\�DOVR�PLWLJDWLQJ�WKH�LQFRQYHQLHQFH�

7R� LOOXVWUDWH� WKLV�SRLQW�� VXSSRVH�\RX
UH� UHDGLQJ�D�VFULSW� WKDW�FOHDQV�VRPH�GDWD�� ,PDJLQH� LQ�SDUWLFXODU

WKDW�\RX�FRPH�DFURVV�D�OLQH�WKDW�KDV�WZR�SRVVLEOH�H[SUHVVLRQV�� na.rm=TRUE �DQG� dropmissing=true �

(YHQ� LI�\RX
UH�XQIDPLOLDU�ZLWK� WKH� ODQJXDJH
V�V\QWD[�RU� WKH�FRQFHSW�RI�PLVVLQJ�GDWD��\RX�FRXOG� OLNHO\

LQIHU� WKH�PHDQLQJ� RI� dropmissing=true �� GLVFDUG� HQWULHV�ZLWK� QR� YDOXHV� SURYLGHG��2Q� WKH� FRQWUDU\�

na.rm=TRUE � RìHUV� QR� FOXH�� $OWKRXJK� WKLV� H[DPSOH� PD\� DSSHDU� VRPHZKDW� DEVWUDFW�� LW� DFWXDOO\

KLJKOLJKWV� KRZ� WR� GLVFDUG� PLVVLQJ� REVHUYDWLRQV� LQ� 5� DQG� -XOLD�� na.rm=TRUE � FRUUHVSRQGV� WR� 5� DQG

dropmissing=true �WR�-XOLD��

7KH� H[DPSOH� DOVR� UHYHDOV� ZK\� W\SLQJ� na.rm=TRUE � PLJKW� EH� WHPSWLQJ�� LW
V� VKRUW� DQG� UHTXLUHV� OHVV

W\SLQJ��+RZHYHU��LW
V�HVVHQWLDO�WR�ZHLJK�WKH�ORQJ�WHUP�EHQHíWV�RI�UHDGDEOH�FRGH��$OWKRXJK�W\SLQJ�PRUH

PLJKW� VHHP� LQFRQYHQLHQW� LQ� WKH� VKRUW� WHUP�� LW� UHSUHVHQWV� D�PLQLPDO� HìRUW� FRPSDUHG� WR� WKH� IXWXUH

FRVWV�RI�DPELJXRXV�FRGH��0RUHRYHU��\RX�PD\�IHHO�FRQíGHQW�WKDW�\RX
OO�UHPHPEHU�ZKDW�\RX�LQWHQGHG

WR�ZULWH��EXW�LW
V�FRPPRQ�WR�EH�SX]]OHG�E\�FRGH�\RX�ZURWH�MXVW�GD\V�EHIRUH�

7KH� EHQHíWV� RI� FOHDU� FRGH� EHFRPH� DSSDUHQW� ZKHQ� \RX� UHDG� D� VFULSW� ZULWWHQ� LQ� DQ� XQIDPLOLDU

SURJUDPPLQJ� ODQJXDJH�� LI� WKH� FRGH� LV�ZHOO�ZULWWHQ�DQG� FOHDUO\� VWUXFWXUHG�� \RX�PLJKW� JUDVS� WKH� ORJLF

DQG�WDVNV�EHLQJ�SHUIRUPHG��

6HYHUDO�WLSV�DULVH�DV�D�FRQVHTXHQFH�RI�WKLV��:H�OLVW�WKHP�EHORZ�

USE NAMES WITH A CLEAR MEANING

&OHDU� QDPHV� GRQ
W� RQO\� UHIHU� WR� YDULDEOHV� DQG� IXQFWLRQV�� EXW� íOHV� DV�ZHOO�� ,Q� SDUWLFXODU�� \RX� VKRXOG

DYRLG�DEEUHYLDWLQJ��&RGH�HGLWRUV�FDQ�EH�YHU\�KHOSIXO�LQ�WKLV�UHJDUG��E\�RìHULQJ�ZRUG�DXWR�FRPSOHWLRQ�

7KLV�IHDWXUH�UHTXLUHV�W\SLQJ�WKH�íUVW�OHWWHUV�RI�HDFK�ZRUG�DQG�WKHQ�SUHVVLQJ� Tab ��

$YRLGLQJ� DEEUHYLDWLRQV� KDV� WKH� DGGLWLRQDO� EHQHíW� RI�PDNLQJ� LW� HDVLHU� WR� VXEVWLWXWH� H[SUHVVLRQV�� )RU

LQVWDQFH��VXSSRVH�\RX�QDPH�D�YDULDEOH� re ��DQG�ODWHU�GHFLGH�WR�UHSODFH�LW�ZLWK�D�GLìHUHQW�QDPH��7KHQ�

WKH� VXEVWLWXWLRQ� SURFHVV� EHFRPHV� PRUH� FKDOOHQJLQJ�� DV� WKH� VHDUFK� ZLOO� DOVR� FDSWXUH� IXQFWLRQV� OLNH

replace �DQG� repeat �

)LQDOO\�� XVLQJ� GHVFULSWLYH� QDPHV� UHGXFHV� WKH� QHHG� IRU� FRPPHQWV�� ,I� WKH� FRGH� LV� VHOI�H[SODQDWRU\�

FRPPHQWV� EHFRPH� RQO\� QHFHVVDU\� IRU� H[FHSWLRQDOO\� FRPSOH[� FRGH� RU� FODULíFDWLRQV� WKDW� JR� EH\RQG

ZKDW
V�ZULWWHQ�

INDENT AND ALIGN YOUR CODE

7KH�LPSOHPHQWDWLRQ�GHWDLOV�RI�WKLV�VXJJHVWLRQ�KDYH�DOUHDG\�EHHQ�FRYHUHG�LQ�WKH�previous section��)RU

IXUWKHU�GHWDLOV��SOHDVH�UHIHU�WR�WKDW�VHFWLRQ�

:KHQ�ZULWLQJ� FRGH� VHTXHQWLDOO\�� 96�&RGH�DXWRPDWLFDOO\�SURYLGHV� LQGHQWDWLRQ�� <RX� FDQ�DOVR� IRUPDW�D

VHOHFWHG�SRUWLRQ� RI� FRGH�E\� SUHVVLQJ� Ctrl � �� k �� IROORZHG�E\� f �� $OWHUQDWLYHO\�� WR� IRUPDW� WKH� HQWLUH

VFULSW��XVH�WKH�VKRUWFXW� Alt ��� Shift ��� L ��

2

3

4

5

http://localhost:8000/PAGES/01c_vscode/#features_and_keyboard_shortcuts


7R� LOOXVWUDWH� KRZ� WKLV� IHDWXUH� LPSURYHV� UHDGDELOLW\�� FRQVLGHU� WKH� IROORZLQJ� �VRPHZKDW� H[DJJHUDWHG�

H[DPSOH�

7R� IXUWKHU� LPSURYH� UHDGDELOLW\�� ,� VXJJHVW� DOVR� DOLJQLQJ� FRGH� EORFNV�� 6HYHUDO� SOXJLQV� LQ� 96� &RGH� FDQ

DVVLVW�ZLWK�WKLV�WDVN��VXFK�DV��%HWWHU�$OLJQ��DQG��&XUVRU�$OLJQ���7KHLU�XVH�LV�GHPRQVWUDWHG�EHORZ�

if x>0 display("x is a positive number") else display("x is a non-positive number") end

function example(a,b)
x=a/10#rescaling x 
output=2*b+x
return output
end

if x > 0
    display("x is a positive number")
else
    display("x is a non-positive number")
end

function example(a, b)
    x      = a / 10               # rescaling x
    output = 2 * b +  x

    return output
end

this_is_a_variable = 1
x = 3
another_var = 2

computations_here = x + another_var
more_calcs = this_is_a_variable * another_var

this_is_a_variable = 1
x                  = 3
another_var        = 2

computations_here  = x + another_var
more_calcs         = this_is_a_variable * another_var



FOOTNOTES

�)RU�UHDO�ZRUOG�H[DPSOHV��UHDG��%ULHI�6WRU\��RQ�WKLV�link�RU�the perspective of a former worker from Oracle�

�3\WKRQ�DOVR�WHQGV�WR�HPSOR\�DEEUHYLDWLRQV�WKDW�FDQ�KLQGHU�UHDGDELOLW\��)RU�LQVWDQFH��WR�FRXQW�WKH�QXPEHU�RI

FKDUDFWHUV�RI�D�YDULDEOH� x ��3\WKRQ�FDOOV� len(str(x)) �ZKLOH�-XOLD�FDOOV� length(string(x)) �

�2QH�ZD\�WR�OHDUQ�KRZ�WR�ZULWH�FOHDU�FRGH�LV�WKURXJK�$,�FKDWERWV��ZKLFK�DUH�SUHWW\�JRRG�DW�SURYLGLQJ�KLJKO\

UHDGDEOH�H[DPSOHV�

�<RX�FRXOG�HYHQWXDOO\�XVH�WKH�RSWLRQ�RI��íQG�DQG�UHSODFH���ZKHUHE\�\RX�VXEVWLWXWH�DEEUHYLDWLRQV�IRU�WKHLU�IXOO

QDPH��+RZHYHU��WKLV�LV�HUURU�SURQH��DQG�\RX�PD\�HQG�XS�UHSODFLQJ�XQUHODWHG�H[SUHVVLRQV�E\�VXEVWLWXWLQJ�DOO�ZRUGV

DW�RQFH�

�8QOLNH�3\WKRQ��-XOLD�RQO\�XVHV�LQGHQWDWLRQ�IRU�UHDGDELOLW\�SXUSRVHV��,W�GRHVQ
W�DìHFW�KRZ�FRGH�LV�H[HFXWHG�

1.

2.

3.

4.

5.

https://blog.unosquare.com/10-tips-for-writing-cleaner-code-in-any-programming-language
https://news.ycombinator.com/item?id=18442941


2a. Overview and Goals

Martin Alfaro
3K'�LQ�(FRQRPLFV

Remark

7KURXJKRXW� WKH� ERRN�� ,� PDGH� VRPH� GHOLEHUDWH� FKRLFHV� UHJDUGLQJ

ZKHWKHU� DQG� ZKHQ� WR� LQWURGXFH� FHUWDLQ� VXEMHFWV�� &RQVLGHULQJ� WKLV�� ,
OO

LQFOXGH� D� VHFWLRQ� FDOOHG� �2YHUYLHZ� DQG� *RDOV�� SULRU� WR� HDFK� FKDSWHU�

ZKLFK� HOXFLGDWHV� P\� UDWLRQDOH� IRU� WKHVH� FKRLFHV�� 7KH� JRDO� LV� WR

FRQWH[WXDOL]H�WKH�ERRN
V�DSSURDFK��RìHULQJ�UHDGHUV�VRPH�JXLGDQFH�RQ

WKH�EHVW�ZD\�WR�HQJDJH�ZLWK�WKH�PDWHULDO�

7KH� FXUUHQW� FKDSWHU� LQWURGXFHV� WKH� FRQFHSW� RI� YDULDEOHV� DQG� W\SHV�� FRYHULQJ� VLQJOH�HOHPHQW� REMHFWV

�QXPEHUV�DQG�FKDUDFWHUV��DQG�FROOHFWLRQV� �SULPDULO\�YHFWRUV�DQG�WXSOHV���$W� WKLV�HDUO\�VWDJH��we only

scratch the surface of the topics�� ,Q�SDUWLFXODU��WKH�FKDSWHU�GRHVQ
W�FRYHU�DQ\�REMHFW� LQ�GHSWK��DQG

HYHQ�H[FOXGHV�LPSRUWDQW�RQHV�OLNH�GLFWLRQDULHV��7KH�UHDVRQ�LV�SHGDJRJLFDO��,�GLGQ
W�ZDQW�WR�RYHUZKHOP

UHDGHUV� ZLWK� GHWDLOV� DERXW� REMHFWV� RU� W\SHV�� FRQVLGHULQJ� WKDW� FRUH� SURJUDPPDWLF� FRQFHSWV� OLNH

IXQFWLRQV�DQG�IRU�ORRSV�KDYHQ
W�\HW�EHHQ�LQWURGXFHG�

,Q� OLJKW�RI� WKLV�� &KDSWHU� �� VKRXOG�EH�XQGHUVWRRG�DV� D�PLQLPDO�EDFNJURXQG�RQ�REMHFWV�� VXïFLHQW� IRU

SURJUHVVLQJ�LQWR�WKH�EDVLFV�RI�ZRUNLQJ�SURJUDPPDWLFDOO\�

7KH�PDLQ�VNLOOV�\RX�VKRXOG�JDLQ�IURP�&KDSWHU���DUH�

IDPLOLDUL]LQJ�\RXUVHOI�ZLWK�-XOLD
V�V\QWD[��DQG

GLVWLQJXLVKLQJ�EHWZHHQ�VFDODUV��VLQJOH�HOHPHQW�REMHFWV��DQG�FROOHFWLRQV�

https://alfaromartino.github.io/


2b. Variables, Types, and Operators

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� LQWURGXFHV� WKH� FRQFHSWV� RI� variables� DQG� types�� :H
OO� DOVR� SUHVHQW� WKH� QRWLRQ� RI

operators�� IRFXVLQJ� RQ� WKHLU� V\QWD[�� 7R� HQVXUH� D� VPRRWK� OHDUQLQJ� H[SHULHQFH�� ,
YH� PLQLPL]HG� WKH

UHOLDQFH�RQ�REMHFWV�WKDW�ZH�KDYHQ
W�FRYHUHG�\HW��7KH�RQO\�RQH�LQWURGXFHG�LV�YHFWRUV��ZKRVH�HOHPHQWV

DUH�HQFORVHG�LQ�EUDFNHWV��H�J��� [1,2,3] ��

VARIABLES

:KHQ�D�SURJUDP�LV�H[HFXWHG��WKH�FRPSXWHU�VWRUHV�GDWD�LQ�5$0��5DQGRP�$FFHVV�0HPRU\���(DFK�SLHFH

RI�GDWD�LQ�5$0�LV�UHIHUUHG�WR�DV�DQ�object�DQG�LV�DVVLJQHG�D�XQLTXH�PHPRU\�DGGUHVV��7KHVH�DGGUHVVHV

DUH�W\SLFDOO\�UHSUHVHQWHG�LQ�KH[DGHFLPDO�IRUPDW��H�J��� 0x00007e0966dc0dd0 ��

)XUWKHUPRUH�� HYHU\� REMHFW� LV� DVVRFLDWHG�ZLWK� D� YDOXH� DQG� D� W\SH��Values� UHSUHVHQW� WKH� DFWXDO� GDWD

FRQWDLQHG� ZLWKLQ� WKH� REMHFW�� ,Q� WXUQ�� types� GHíQH� WKH� QDWXUH� RI� WKH� GDWD� VWRUHG�� SURYLGLQJ� WKH

FRPSXWHU�ZLWK�FULWLFDO�LQIRUPDWLRQ�IRU�KDQGOLQJ�WKH�REMHFW�LQWHUQDOO\�

6LQFH�GLUHFWO\�UHIHUHQFLQJ�PHPRU\�DGGUHVVHV�ZRXOG�EH�LPSUDFWLFDO��ZH�LQVWHDG�GHíQH�variables��7KH\

DFW� DV� KXPDQ�UHDGDEOH� labels� IRU� REMHFWV�� VLPSOLI\LQJ� RXU� LQWHUDFWLRQ�ZLWK� WKH� GDWD�� /LQNLQJ� REMHFWV

ZLWK�D�YDULDEOH�UHOLHV�RQ�WKH�VR�FDOOHG�assignment operator = ��ZKLFK�FUHDWHV�D�ELQGLQJ�EHWZHHQ�WKH

YDULDEOH� QDPH� DQG� WKH� REMHFW
V� PHPRU\� ORFDWLRQ�� � 7KLV� DOORZV� GHYHORSHUV� WR� LQWHUDFW� ZLWK� GDWD

WKURXJK�V\PEROLF�LGHQWLíHUV��UDWKHU�WKDQ�UDZ�PHPRU\�ORFDWLRQV�

VARIABLES

7R�LOOXVWUDWH�WKLV�SURFHVV��OHW
V�FRQVLGHU�H[HFXWLQJ� x = "Hello" ��:KHQ�WKLV�LV�UXQ��VHYHUDO�DFWLRQV�WDNH

SODFH��)LUVW�� WKH�FRPSXWHU�UHVHUYHV�D�PHPRU\� ORFDWLRQ� �H�J���DW�DGGUHVV� 0x1234 �� WR�VWRUH� WKH�REMHFW�

7KLV� REMHFW� LV� WKHQ� DVVLJQHG� WKH� VSHFLíF� YDOXH� "Hello" �� ZKLFK� LQ� -XOLD� LV� DQ� LQVWDQFH� RI� WKH� W\SH

String �

1
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$W�WKH�VDPH�WLPH��ZH
UH�DVVLJQLQJ�WKH�ODEHO� x � WR�WKLV�REMHFW��PHDQLQJ�WKDW� x �SRLQWV�WR�WKH�PHPRU\

DGGUHVV� 0x1234 �� 7KLV�PHDQV� WKDW�� HYHU\� WLPH�ZH� XVH� x � LQ� RXU� FRGH�� ZH
UH� DFWXDOO\� DFFHVVLQJ� WKH

REMHFW�VWRUHG�DW�PHPRU\�DGGUHVV� 0x1234 �� ,WÎV�LPSRUWDQW�WR�QRWH�WKDW� x � LVQ
W�WKH�REMHFW�RU�WKH�YDOXH

LWVHOI�� EXW� UDWKHU� D� UHIHUHQFH� WR� WKH� PHPRU\� DOORFDWLRQ� 0x1234 �� 7KLV� H[SODLQV� ZK\� ZH� FDQ� GHíQH

PXOWLSOH�ODEHOV�WR�UHIHUHQFH�H[DFWO\�WKH�VDPH�REMHFW��L�H���WKH�VDPH�PHPRU\�DGGUHVV��

CLASSIFICATION OF OBJECTS

2EMHFWV� DUH� W\SLFDOO\� FKDUDFWHUL]HG� DFFRUGLQJ� WR� WKH�QXPEHU� RI� HOHPHQWV� WKH\� FRQWDLQ��ZLWK� scalars

UHIHUULQJ�WR�VLQJOH�HOHPHQW�REMHFWV��DQG�collections�UHIHUULQJ�WR�REMHFWV�FRQWDLQLQJ�PXOWLSOH�HOHPHQWV�

%HORZ��ZH�RXWOLQH�VRPH�REMHFWV�HQFRPSDVVHG�LQ�HDFK�FDWHJRU\�

NAMES FOR VARIABLES

9DULDEOH� QDPHV� LQ� -XOLD� FDQ� EH� GHíQHG� XVLQJ� 8QLFRGH� FKDUDFWHUV�� WKXV� RìHULQJ� D� ZLGH� UDQJH� RI

SRVVLELOLWLHV�� 7KLV� IHDWXUH� HQDEOHV� \RX� WR� XVH� *UHHN� OHWWHUV�� &KLQHVH� FKDUDFWHUV�� V\PEROV�� DQG� HYHQ

HPRWLFRQV�� � 8QGHUVFRUHV� _ � DUH� DOVR� SHUPLWWHG��ZKLFK� FDQ� EH� KHOSIXO� IRU� VHSDUDWLQJ�ZRUGV�ZLWKLQ

YDULDEOH� QDPHV� �H�J��� intermediate_result ��� � ,PSRUWDQWO\�� QDPHV� DUH� FDVH�VHQVLWLYH�� VR� WKDW� bar

DQG� Bar �DUH�WUHDWHG�DV�WZR�GLVWLQFW�YDULDEOHV�

Warning!

2

3

a         = 2
A         = 2               # variable `A` is different from `a`

new_value = 2               # underscores allowed

β         = 2               # Greek letters allowed

中國       = 2               # Chinese characters allowed   

x̄          = 2               # decorations allowed
x₁        = 2
ẋ          = 2

ÿ        = 2               # emoticons allowed



Julia doesn't let you delete variables�� 2QFH� D� YDULDEOH� LV� FUHDWHG�� LW

UHPDLQV�LQ�PHPRU\�XQWLO�WKH�SURJUDP�WHUPLQDWHV��,I�D�YDULDEOH�LV�WDNLQJ

XS� WRR� PXFK� PHPRU\�� \RX� FDQ� IUHH� XS� VSDFH� E\� UHDVVLJQLQJ� LW� WR� D

VPDOOHU�REMHFW�

Notation for Variable Names

-XOLD
V� GHYHORSHUV� DGRSW� WKH� FRQYHQWLRQ� RI� XVLQJ� snake-case� QRWDWLRQ

IRU� YDULDEOH� QDPHV�� 7KLV� IRUPDW� FRQVLVWV� RI� ORZHUFDVH� OHWWHUV� DQG

QXPEHUV�� ZLWK� ZRUGV� VHSDUDWHG� E\� XQGHUVFRUHV�� �H�J��

snake_case_var1 ���1RWH�WKDW�WKLV�LV�RQO\�D�FRQYHQWLRQ��QRW�D�ODQJXDJH
V

UHTXLUHPHQW�

UPDATING VARIABLES

,W
V�SRVVLEOH�WR�DVVLJQ�D�QHZ�YDOXH�WR�D�YDULDEOH�XVLQJ�WKH�YDULDEOH�LWVHOI��7KLV�DSSURDFK�LV�UHIHUUHG�WR�DV

updating a variable�

-XOLD�RìHUV�D� FRQFLVH� V\QWD[� IRU�XSGDWLQJ�YDOXHV��EDVHG�RQ� WKH�VR�FDOOHG�update operators�� 7KH\
UH

LPSOHPHQWHG� E\� SUHí[LQJ� WKH� DVVLJQPHQW� RSHUDWRU� = � ZLWK� WKH� RSHUDWRU� WR� EH� DSSOLHG�� DV

GHPRQVWUDWHG�EHORZ�

TYPES

%HIRUH�GLYLQJ�LQWR�WKH�LQWULFDFLHV�RI�-XOLD��LW
V�HVVHQWLDO�WR�IDPLOLDUL]H�\RXUVHOI�ZLWK�WKH�EDVLFV�RI�LWV�W\SH

V\VWHP��7KLV� LQLWLDO�RYHUYLHZ�ZLOO�RQO\�SURYLGH� WKH�PLQLPXP�QHFHVVDU\� IRU� WKH�XSFRPLQJ�FKDSWHUV��$

FRPSUHKHQVLYH�WUHDWPHQW�RI�W\SHV��LQFOXGLQJ�WKHLU�UROH�LQ�SHUIRUPDQFH�RSWLPL]DWLRQ��ZLOO�EH�GHIHUUHG

WR�3DUW�,,�RI�WKLV�ZHEVLWH��)RU�QRZ��WKH�IRFXV�LV�RQ�FRUH�GHíQLWLRQ�DQG�QRWDWLRQ�

x  = 2

x  = x + 3    # 'x' now equals 5

x  = 2

x  = x + 3
x += 3        # equivalent

x  = x * 3
x *= 3        # equivalent

x  = x - 3
x -= 3        # equivalent



Notation for Types

-XOLD
V� GHYHORSHUV� DGRSW� WKH� FRQYHQWLRQ� RI� XVLQJ�CamelCase� QRWDWLRQ

IRU�GHQRWLQJ�W\SHV��ZKHUH�HYHU\�íUVW�OHWWHU�LV�FDSLWDOL]HG��H�J��� MyType ��

1RWH�WKDW�WKLV�LV�RQO\�D�FRQYHQWLRQ��QRW�D�ODQJXDJH
V�UHTXLUHPHQW�

$V� SUHYLRXVO\� PHQWLRQHG�� W\SHV� GHíQH� WKH� QDWXUH� RI� YDOXHV�� VSHFLI\LQJ� DOO� WKH� LQIRUPDWLRQ� WKH

FRPSXWHU�QHHGV�IRU�WKHLU�VWRUDJH�DQG�PDQLSXODWLRQ��7R�EHWWHU�LOOXVWUDWH�W\SHV��OHW
V�VSOLW�WKH�GLVFXVVLRQ

LQ�WHUPV�RI�VFDODUV�DQG�FROOHFWLRQV�

&RPPRQ�QXPHULF� W\SHV� IRU�VFDODUV� LQFOXGH� Int64 � IRU� LQWHJHUV�� Float64 � IRU�GHFLPDO�QXPEHUV��DQG

Bool � IRU�ELQDU\� YDOXHV� � true � DQG� false � YDOXHV��� � /LNHZLVH�� WKH� W\SH� Char � UHSUHVHQWV� LQGLYLGXDO

FKDUDFWHUV��VHUYLQJ�DV�WKH�EXLOGLQJ�EORFN�IRU�WKH� String �W\SH�� String �LV�WKH�VWDQGDUG�W\SH�LQ�-XOLD�IRU

UHSUHVHQWLQJ�WH[W��DQG�LWV�YDOXHV�FRQVLVW�RI�VHTXHQFHV�RI�FKDUDFWHUV�

&ROOHFWLRQV�� RQ� WKH� RWKHU� KDQG�� RIWHQ� UHTXLUH� type parameters� IRU� D� IXOO� FKDUDFWHUL]DWLRQ� RI� WKHLU

W\SHV��7KHVH�SDUDPHWHUV�FDQ�EH�LQFRUSRUDWHG�LQWR�DQ\�W\SH��DQG�KDYH�WKH�JRDO�RI�SURYLGLQJ�DGGLWLRQDO

LQIRUPDWLRQ�DERXW�LWV�FRQWHQWV�

7\SH�SDUDPHWHUV�DUH�GHQRWHG�XVLQJ� {} �DIWHU�WKH�W\SH
V�QDPH��)RU�LQVWDQFH��WKH�W\SH� Vector{Int64}

LQGLFDWHV�WKDW�WKH�FROOHFWLRQ�UHSUHVHQWV�D�YHFWRU�H[FOXVLYHO\�FRQWDLQLQJ�HOHPHQWV�RI�W\SH� Int64 � �H�J��

[2, 4, 6] ���+HUH�� Int64 � VHUYHV�DV�D� W\SH�SDUDPHWHU��1RWH� WKDW� W\SH�SDUDPHWHUV�DUH�RSWLRQDO�DQG

WKHUHIRUH� FDQ� EH� RPLWWHG� ZKHQ� QRW� QHHGHG�� ,QGHHG�� WKLV� LV� WKH� FDVH� ZLWK� WKH� W\SHV� IRU� VFDODUV

PHQWLRQHG�DERYH�

Type Annotations

<RX� FDQ� H[SOLFLWO\� GHFODUH� WKH� W\SH� RI� D� YDULDEOH� E\� XVLQJ� type

annotations�� YLD� WKH� :: � RSHUDWRU�� )RU� H[DPSOH�� x::String � HQVXUHV

WKDW� x � FDQ�RQO\�VWRUH�VWULQJ�YDOXHV� WKURXJKRXW� WKH�SURJUDP��UHVXOWLQJ

LQ�DQ�HUURU�LI�\RX�DWWHPSW�WR�UHDVVLJQ� x �ZLWK�D�YDOXH�RI�D�GLìHUHQW�W\SH�

CONCRETE TYPES AND ABSTRACT TYPES

,Q� -XOLD�� types are organized hierarchically�� FUHDWLQJ� UHODWLRQV� RI� VXSHUW\SHV� DQG� VXEW\SHV�� 7KLV

KLHUDUFK\�JLYHV�ULVH�WR�WKH�QRWLRQV�RI�DEVWUDFW�DQG�FRQFUHWH�W\SHV�

$Q�abstract type� LV�D� VHW�RI� W\SHV� WKDW� VHUYH�DV�D�SDUHQW� WR�RWKHU� W\SHV��7KH� Any � W\SH� LQ� -XOLD� LV�D

SULPH� H[DPSOH� RI� DEVWUDFW� W\SH�� ,W� DFWV� DV� WKH� URRW� RI� WKH� KLHUDUFK\�� WKXV� FRPSULVLQJ� DOO� SRVVLEOH

VXEW\SHVÌE\�GHíQLWLRQ��HYHU\�W\SH�LQ�-XOLD�LV�D�VXEW\SH�RI� Any �

,Q�FRQWUDVW��D�concrete type�LV�DQ�LUUHGXFLEOH�XQLW��UHSUHVHQWLQJ�D�WHUPLQDO�QRGH�LQ�WKH�KLHUDUFK\�DQG

WKHUHIRUH� ODFNLQJ�VXEW\SHV��&RQFUHWH�W\SHV� LQFOXGH� LQ�SDUWLFXODU�SULPLWLYH�W\SHV��ZKLFK�UHSUHVHQW� WKH

PRVW�IXQGDPHQWDO�W\SHV�WKDW�FRPSXWHUV�XVH�WR�SHUIRUP�FDOFXODWLRQV��([DPSOHV�RI�SULPLWLYH�W\SHV�DUH

Int64 �DQG� Float64 ��ZKLFK�GLUHFWO\�PDS�WR�ORZ�OHYHO�KDUGZDUH�UHSUHVHQWDWLRQV�

4



$EVWUDFW�W\SHV�SURYLGH�JUHDW�îH[LELOLW\�IRU�ZULWLQJ�FRGH��)RU�H[DPSOH��WKH�DEVWUDFW�W\SH� Number �GHíQHG

LQ� -XOLD� HQFRPSDVVHV� DOO� SRVVLEOH� QXPHULF� W\SHV� �H�J��� Float64 �� Int64 �� Float32 ��� %\� GHFODULQJ� D

YDULDEOH�DV� Number ��SURJUDPPHUV�DYRLG�XQQHFHVVDULO\�FRQVWUDLQLQJ�WKHLU�SURJUDPV�WR�VSHFLíF�QXPHULF

UHSUHVHQWDWLRQV�RU�SUHFLVLRQ�

7R� GHPRQVWUDWH� WKLV� KLHUDUFK\�� ZH� FRQVLGHU� WKH� FRQFUHWH� W\SHV� FRPSULVHG� E\� Number �� 7KH� QDPHV

LQFOXGHG�LQ�WKH�WDEOH�PDWFK�WKH�H[DFW�QDPHV�LQ�-XOLD��1RWH��QRQHWKHOHVV��WKDW�WKH�IXOO�VXEW\SH�KLHUDUFK\

RI� Number �LV�EURDGHU�WKDQ�WKH�VLPSOLíHG�UHSUHVHQWDWLRQ�SUHVHQWHG��

EXAMPLE OF THE ABSTRACT TYPE "NUMBER"

Note��'DVKHG�UHG�ERUGHUV�LQGLFDWH� DEVWUDFW�W\SHV ��ZKLOH�VROLG�EOXH�ERUGHUV�LQGLFDWH

FRQFUHWH�W\SHV �

OPERATORS

,Q�SURJUDPPLQJ��operators�DUH�V\PEROV�WKDW�UHSUHVHQW�RSHUDWLRQV�SHUIRUPHG�RQ�REMHFWV��7KH\�FDQ�EH

WKRXJKW� RI� DV� V\QWDFWLF� VXJDU� IRU� IXQFWLRQV�� DV� ZH
OO� VHH� LQ� WKH� QH[W� FKDSWHUV�� ,Q� IDFW�� DOPRVW� DOO

RSHUDWRUV�LQ�-XOLD�FDQ�EH�HPSOR\HG�DV�IXQFWLRQV�

)RU�LQVWDQFH��WKH�V\PERO� + �LQ� x + y �LV�DQ�RSHUDWRU�WKDW�SHUIRUPV�WKH�DGGLWLRQ�RI� x �DQG� y ��/LNHZLVH�

WKH�V\PEROV� x �DQG� y �DUH�UHIHUUHG�WR�DV�WKH�operands��UHSUHVHQWLQJ�WKH�RSHUDWRU
V�LQSXWV�WR�SHUIRUP

LWV� FDOFXODWLRQ�� 2SHUDWRUV� IROORZ� VSHFLïF� V\QWD[� UXOHV� EDVHG� RQ� WKH� QXPEHU� RI� RSHUDQGV� WKH\� UHTXLUH�

8QGHUVWDQGLQJ�WKLV�V\QWD[�ZLOO�SURYH�XVHIXO�IRU�VHYHUDO�WRSLFV�FRYHUHG�ODWHU�RQ�WKH�ZHEVLWH��1H[W��ZH

GHíQH�DQG�LOOXVWUDWH�WKH�V\QWD[�WKURXJK�VHYHUDO�H[DPSOHV��$W�WKLV�SRLQW�� MXVW�IRFXV�RQ�KRZ�RSHUDWRUV

DUH�ZULWWHQ��HYHQ�LI�WKHLU�VSHFLíF�IXQFWLRQV�DUH�QRW�\HW�FOHDU�

Unary operators�� 7KH\� WDNH� RQH� RSHUDQG�� ZLWK� WKH� RSHUDWRU� ZULWWHQ� WR� WKH� OHIW� RI� LW��

)RUPDOO\��WKHLU�V\QWD[�LV� <operator>x ��VXFK�DV� √x �RU� -x �

Binary operators�� 7KH\� WDNH� WZR� RSHUDQGV�� DQG� WKH� RSHUDWRU� LV� ZULWWHQ� EHWZHHQ� WKHP��

)RUPDOO\��WKHLU�V\QWD[�LV� x <operator> y ��VXFK�DV� x + y �RU� x^y �IRU� �

5

6

7

xy



Ternary operators�� 7KH\� WDNH� WKUHH� RSHUDQGV�� )RUPDOO\�� WKHLU� V\QWD[� LV� x <operator1> y

<operator2> z ��7HUQDU\�RSHUDWRUV�DUH�UDUH��ZKLFK�LV�ZK\�WKH�VSHFLíF�RSHUDWRU� x ? y : z �LV

GLUHFWO\� UHIHUUHG� WR� DV� WKH� WHUQDU\� RSHUDWRU�� :H
OO� VHH� WKDW� WKLV� RSHUDWRU� SHUIRUPV� D

FRQGLWLRQDO�HYDOXDWLRQ��UHWXUQLQJ� y �LI� x �LV�WUXH�DQG� z �UHWXUQHG�RWKHUZLVH�

FOOTNOTES

�:KLOH�LW
V�FRPPRQ�WR�VD\�WKDW��D�YDULDEOH�KDV�D�VSHFLíF�W\SH���WKLV�LV�D�VLPSOLíFDWLRQ��7HFKQLFDOO\��LW
V�WKH�YDOXH�RI

WKH�YDULDEOH�WKDW�KDV�D�VSHFLíF�W\SH��QRW�WKH�YDULDEOH�LWVHOI�

�<RX�FDQ�LQVHUW�8QLFRGH�FKDUDFWHUV�E\�FRS\LQJ�DQG�SDVWLQJ�WKHP�IURP�D�OLVW�OLNH�this one��$OWHUQDWLYHO\��\RX�FDQ�XVH

WDE�FRPSOHWLRQ�ZLWK�WKH�FRPPDQGV�OLVWHG�LQ�the Julia documentation�

�1RW�DOO�V\PEROV�DUH�DOORZHG��)RU�LQVWDQFH��QDPHV�ZLWK�FRPPRQ�PDWKHPDWLFDO�V\PEROV�OLNH� x^ �RU� %x �DUHQ
W

SHUPLWWHG��$GGLWLRQDOO\��QXPEHUV�DUH�DOORZHG��EXW�WKH\�FDQ
W�EH�LQFOXGHG�DV�WKH�íUVW�FKDUDFWHU��H�J��� 2x �LV�LQYDOLG��

�7KH�VXï[� 64 �LQ�WKHVH�W\SHV�UHSUHVHQWV�WKH�SUHFLVLRQ�RI�WKH�QXPEHU��7KLV�UHSUHVHQWV�WKH�PD[LPXP�QXPEHU�RI

VLJQLíFDQW�GLJLWV�RU�GHFLPDOV�WKDW�D�W\SH�FDQ�DFFXUDWHO\�UHSUHVHQW�

�7KH�VXEW\SH� Signed �IURP� Integers �UHSUHVHQWV�SRVLWLYH�RU�QHJDWLYH�LQWHJHUV��$OWKRXJK�QRW�LQFOXGHG�LQ�WKH�JUDSK�

WKHUH
V�DOVR�D�W\SH�FDOOHG� Unsigned ��ZKLFK�RQO\�DFFHSWV�SRVLWLYH�LQWHJHUV�

�2SHUDWRUV�WR�WKH�OHIW�RI�WKH�RSHUDQG�DUH�NQRZQ�DV�SUHí[�RSHUDWRUV��&RQYHUVHO\��RSHUDWRUV�ZULWWHQ�WR�WKH�ULJKW�RI

WKH�RSHUDQG�DUH�NQRZQ�DV�SRVWí[�RSHUDWRUV��DQG�-XOLD�KDV�D�IHZ�RI�WKHP��H�J��� ' �WR�WUDQVSRVH�D�YHFWRU�RU�PDWUL[

x ��ZKLFK�LV�ZULWWHQ�DV� x' ���'HVSLWH�WKLV��ZH�ZRQ
W�XVH�SRVWí[�RSHUDWRUV�RQ�WKLV�ZHEVLWH�

�2SHUDWRUV�ZLWK�WKLV�V\QWD[�DUH�FDOOHG�LQí[�RSHUDWRUV�

1.

2.

3.

4.

5.

6.

7.

https://www.vertex42.com/ExcelTips/unicode-symbols.html
https://docs.julialang.org/en/v1/manual/unicode-input/


2c. Numbers

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KH�SUHYLRXV�VHFWLRQ� LQWURGXFHG�WKH�FRQFHSW�RI�YDULDEOHV��GLVWLQJXLVKLQJ�EHWZHHQ�WKRVH�FRQWDLQLQJ�D

VLQJOH�HOHPHQW��VFDODUV��DQG�FROOHFWLRQV��7KLV�VHFWLRQ�H[SDQGV�RQ�VFDODUV��H[FOXVLYHO\�IRFXVLQJ�RQ�WKRVH

KROGLQJ�QXPHULF�YDOXHV�

NUMBERS

&RPSXWHUV� VWRUH� QXPEHUV� LQ� YDULRXV� IRUPDWV�� WUHDWLQJ� LQWHJHUV� DQG� GHFLPDO� QXPEHUV� DV� VHSDUDWH

HQWLWLHV�� (YHQ�ZLWKLQ�HDFK� FDWHJRU\�RI�QXPEHUV��PXOWLSOH� UHSUHVHQWDWLRQV�HPHUJH�GHSHQGLQJ�RQ� WKH

LQWHQGHG� OHYHO� RI� SUHFLVLRQ�� 7KLV� SUHFLVLRQ� LV� GHWHUPLQHG� E\� WKH� QXPEHU� RI� ELWV� DOORFDWHG� WR� VWRUH

YDOXHV� LQ�PHPRU\��ZKLFK� LQ� WXUQ�GHíQHV� WKH�PD[LPXP�UDQJH�RI�YDOXHV� WKDW�D�GDWD� W\SH�VXSSRUWV��

7KH�UHSUHVHQWDWLRQ�MXVW�GHVFULEHG�H[WHQGV�ZHOO�EH\RQG�-XOLD��DQG�LV�LQWULQVLF�WR�KRZ�FRPSXWHUV�RSHUDWH

DW�D�IXQGDPHQWDO�OHYHO�

,Q�PRGHUQ� FRPSXWHUV�� QXPEHUV� W\SLFDOO\�KDYH�D�GHIDXOW� VL]H�RI� ���ELWV�� DQG� -XOLD
V�GHIDXOW� W\SHV� IRU

QXPEHUV�DUH�

Int64 �IRU�LQWHJHUV�

Float64 �IRU�GHFLPDO�QXPEHUV��

Remark

-XOLD� SURYLGHV� WKH� W\SH� Int � DV� D� PRUH� YHUVDWLOH� RSWLRQ� WKDQ� Int64 �

ZKLFK�DGDSWV�WR�\RXU�FRPSXWHU
V�DUFKLWHFWXUH�� Int �GHIDXOWV� WR� Int64

RQ� ���ELW� V\VWHPV� DQG� Int32 � RQ� ���ELW� V\VWHPV�� 6LQFH�PRVW�PRGHUQ

PDFKLQHV� RSHUDWH� RQ� D� ���ELW� DUFKLWHFWXUH�� Int � W\SLFDOO\� GHIDXOWV� WR

Int64 �� 1RWH� WKDW� WKHUH
V� QR� HTXLYDOHQW� W\SH� Float � IRU� îRDWLQJ�SRLQW

QXPEHUV��ZLWK�-XOLD�DOZD\V�GHIDXOWLQJ�WR� Float64 �

,W
V�ZRUWK�HPSKDVL]LQJ�WKDW� Int64 �DQG� Float64 �DUH�WZR�GLìHUHQW�GDWD�W\SHV��7KXV��ZKLOH� 1 �LV�D�YDOXH

ZLWK�W\SH� Int64 ��WKH�VDPH�YDOXH�EHFRPHV� 1.0 �DV�D� Float64 �W\SH�

NUMBERS

1

2

x = 1       # `Int64`

y = 1.0     # `Float64`
z = 1.      # alternative notation for `1.0`



Remark

7R� HQKDQFH� FRGH� UHDGDELOLW\�� \RX� FDQ� EUHDN� XS� ORQJ� QXPEHUV� E\

LQVHUWLQJ�XQGHUVFRUHV� _ �

NOTATION FOR NUMBERS

7KH� W\SH� Float64 � HQFRPSDVVHV� QRW� RQO\� GHFLPDO� QXPEHUV�� EXW� DOVR� WZR� VSHFLDO� YDOXHV�� Inf � IRU

LQíQLW\� DQG� NaN � IRU� LQGHWHUPLQDWH� H[SUHVVLRQV� VXFK� DV� ���� � NaN � VWDQGV� IRU� �QRW� D� QXPEHU���

&RQVLGHULQJ�WKLV��DOO�WKH�IROORZLQJ�YDULDEOHV�KDYH�W\SH� Float64 �

FLOAT64

julia> x

2.5

julia> y

Inf

julia> z

NaN

BOOLEAN VARIABLES

$� GLVWLQFW� QXPHULF� W\SH� LV� Bool �� ZKLFK� IDFLOLWDWHV� WKH� UHSUHVHQWDWLRQ� RI�Boolean variables�� 7KHVH

YDULDEOHV�FDQ�RQO\�WDNH�RQ�WKH�YDOXHV� true �DQG� false �� ,QWHUQDOO\�� WKH\
UH� LPSOHPHQWHG�DV� LQWHJHUV�

ZLWK� true � FRUUHVSRQGLQJ� WR� 1 � DQG� false � WR� 0 ��%HFDXVH�RI� WKLV� LPSOHPHQWDWLRQ�� -XOLD�DFFHSWV� 1

DQG� 0 �LQWHUFKDQJHDEO\�ZLWK� true �DQG� false �

%RROHDQ�H[SUHVVLRQV�FRPH�LQWR�SOD\�ZKHQ�HYDOXDWLQJ�FRQGLWLRQV��VXFK�DV�FKHFNLQJ�ZKHWKHU�D�QXPEHU

H[FHHGV�D�FHUWDLQ�YDOXH�RU�ZKHWKHU�D�VWULQJ�PDWFKHV�D�VSHFLíF�SDWWHUQ��7KHVH�FRQGLWLRQDO�HYDOXDWLRQV

\LHOG�%RROHDQ�YDOXHV��DQG�FDQ�WKHQ�EH�HPSOR\HG�WR�FRQWURO�WKH�îRZ�RI�WKH�SURJUDP��6RPH�H[DPSOHV�RI

%RROHDQ�YDOXHV�DUH�SUHVHQWHG�EHORZ�

x = 1000000
y = 1_000_000             # equivalent to `x` and more readable

x = 1000000.24            
y = 1_000_000.24          # '_' can be used with decimal
numbers

x = 2.5

y = 10/0

z = 0/0



NOTATION FOR BOOLEAN

julia> z

true

ARITHMETIC OPERATORS

1XPEHUV� FDQ� EH� PDQLSXODWHG� WKURXJK� D� YDULHW\� RI� arithmetic operators�� 7KHVH� RSHUDWRUV� DUH

UHSUHVHQWHG�E\�V\PEROV�DNLQ�WR�WKRVH�LQ�RWKHU�SURJUDPPLQJ�ODQJXDJHV�

Julia's Arithmetic Operator Meaning

x + y DGGLWLRQ

x - y VXEWUDFWLRQ

x * y SURGXFW

x / y GLYLVLRQ

x^y SRZHU�� �

,W
V� ZRUWK� QRWLQJ� WKDW� DOO� WKH� RSHUDWRUV� SUHVHQWHG� DERYH� DUH� binary�� &RQVHTXHQWO\�� WKH\� IROORZ� WKH

V\QWD[� x <symbol> y ��DV�LQGLFDWHG�LQ�RXU�discussion�DERXW�WKH�V\QWD[�RI�RSHUDWRUV�

FOOTNOTES

�)RU�LQVWDQFH����ELW�LQWHJHUV�FDQ�RQO\�UHSUHVHQW�YDOXHV�IURP������WR������/LNHZLVH�����ELW�îRDWLQJ�SRLQW�QXPEHUV�

XVHG�IRU�GHFLPDO�QXPEHUV��FDQ�UHSUHVHQW�XS�WR���VLJQLíFDQW�GLJLWV�RI�SUHFLVLRQ�

�7KH�WHUP��)ORDW��VWDQGV�IRU��îRDWLQJ�SRLQW��DQG�LV�KRZ�FRPSXWHUV�UHSUHVHQW�GHFLPDO�QXPEHUV�

x = 2
y = 1

z = (x > y)       # is `x` greater than `y` ?
z = x > y         # same operation (don't interpreted it as 'z = x')

xy

1.

2.



2d. Strings

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV�VHFWLRQ�SUHVHQWV�W\SHV�IRU�WH[W�UHSUHVHQWDWLRQ��GLVWLQJXLVKLQJ�EHWZHHQ�FKDUDFWHUV�DQG�VWULQJV��7KH

FRYHUDJH�ZLOO�EH�FRQFLVH��DV�WKH�ZHEVLWH�ZRQ
W�IRFXV�RQ�VWULQJ�DQDO\VLV��+RZHYHU��D�PLQLPDO�FRYHUDJH�LV

QHFHVVDU\�DV�VWULQJ�YDULDEOHV�DUH�LPSRUWDQW�IRU�WDVNV�OLNH�VSHFLI\LQJ�SDWKV��VDYLQJ�íOHV��DQG�RWKHU�FRUH

IXQFWLRQDOLWLHV�

CHARACTERS

,Q� -XOLD��WKH� Char � W\SH�LV�XVHG�WR�UHSUHVHQW� LQGLYLGXDO�FKDUDFWHUV��$�FKDUDFWHU� x � LV�GHíQHG�E\�XVLQJ

VLQJOH� TXRWHV�� DV� LQ� 'x' �� *LYHQ� LWV� VXSSRUW� IRU� 8QLFRGH� FKDUDFWHUV�� Char � HQFRPSDVVHV� QRW� RQO\

QXPEHUV�DQG�OHWWHUV��EXW�DOVR�D�ZLGH�UDQJH�RI�V\PEROV��7KLV�LV�VKRZQ�EHORZ�

1RWLFH�WKDW�FKDUDFWHUV�PXVW�EH�HQFORVHG�LQ�VLQJOH�TXRWHV� ' ' ��HYHQ�IRU�V\PEROV�OLNH�ÿ ��2WKHUZLVH�

-XOLD�ZLOO�LQWHUSUHW�WKH�H[SUHVVLRQ�DV�D�YDULDEOH�

STRINGS

:H
OO�UDUHO\�XVH�WKH�W\SH� Char �GLUHFWO\��,QVWHDG��ZH
OO�ZRUN�ZLWK�WKH�VR�FDOOHG�W\SH� String ��7KLV�LV�DQ

RUGHUHG�FROOHFWLRQ�RI�FKDUDFWHUV��PDNLQJ�LW�SRVVLEOH�WR�UHSUHVHQW�WH[W�

6WULQJV� FDQ� EH� GHíQHG� WKURXJK� HLWKHU� GRXEOH� TXRWHV� " " � RU� WULSOH� TXRWHV� """ """ �� 7KH� ODWWHU� LV

SDUWLFXODUO\�FRQYHQLHQW�IRU�KDQGOLQJ�QHZOLQHV��VXFK�DV�ZKHQ�WKH�WH[W�KDV�WR�VSDQ�PXOWLSOH�OLQHV��

# x equals the character 'a'
x = 'a'

# 'Char' allows for Unicode characters
x = 'β'
y = 'ÿ'

# any character is allowed for defining a variable
ÿ = 2          # ÿ represents a variable, just like if we had defined x = 2

y  = ÿ         # y equals 2
z  = 'ÿ'       # z equals the character ÿ

1

https://alfaromartino.github.io/


STRING INTERPOLATION

String interpolation� DOORZV� \RX� WR� HPEHG� -XOLD� FRGH� ZLWKLQ� D� VWULQJ�� ZKLFK� LV� WKHQ� HYDOXDWHG� DQG

UHSODFHG�LQ�WKH�VWULQJ�ZLWK�LWV�YDOXH�

7R�LQWHUSRODWH�DQ�H[SUHVVLRQ��\RX�PXVW�VLPSO\�SUHí[�WKH�VWULQJ�ZLWK�WKH� $ �V\PERO��,I�WKH�H[SUHVVLRQ

FRQWDLQV�VSDFHV��\RX
OO�QHHG�WR�HQFORVH�LW�LQ�FXUO\�EUDFHV��OLNH� $() ��%RWK�FDVHV�DUH�H[HPSOLíHG�EHORZ�

julia> x

"There are 10 students in the course"

julia> x

"Last year, Messi scored 100 goals"

FOOTNOTES

�)RU�PRUH�RQ�WKH�GLìHUHQFHV�EHWZHHQ�GRXEOH�DQG�WULSOH�TXRWHV��VHH�here

x = "Hello, beautiful world"

x = """Hello, beautiful world"""

number_students = 10

output_text     = "There are $(number_students) students in the course"

number_matches  = 50
goals_per_match = 2

output_text     = "Last year, Messi scored $(number_matches * goals_per_match) goals"

1.

https://docs.julialang.org/en/v1/manual/strings/#Triple-Quoted-String-Literals


2e. Arrays (Vectors and Matrices)

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

6R� IDU�� ZH
YH� H[SORUHG� YDULDEOHV� UHSUHVHQWLQJ� VLQJOH�HOHPHQW� REMHFWV�� 1RZ�� ZH
OO� VKLIW� RXU� IRFXV� WR

collections�� GHíQHG� DV� YDULDEOHV� FRPSULVLQJ� PXOWLSOH� HOHPHQWV�� -XOLD� SURYLGHV� VHYHUDO� IRUPV� RI

FROOHFWLRQV��LQFOXGLQJ�

$UUD\V��LQFOXGLQJ�YHFWRUV�DQG�PDWULFHV�

7XSOHV�DQG�1DPHG�7XSOHV

'LFWLRQDULHV

6HWV

Arrays�UHSUHVHQW�RQH�RI�WKH�PRVW�FRPPRQ�GDWD�VWUXFWXUHV�IRU�FROOHFWLRQV��7KH\�DUH�IRUPDOO\�GHíQHG

DV�REMHFWV�ZLWK�W\SH� Array{T,d} ��ZKHUH� d �LV�WKH�DUUD\
V�GLPHQVLRQ�DQG� T �LV�LWV�HOHPHQWV
�W\SH��H�J��

Int64 �RU� Float64 ��

7ZR� VSHFLDO� FDWHJRULHV� RI� DUUD\V� DUH� vectors� ���GLPHQVLRQDO� DUUD\V�� DQG�matrices� ���GLPHQVLRQDO

DUUD\V���9HFWRUV�DUH�UHSUHVHQWHG�E\�WKH�W\SH� Vector{T} ��ZKLFK�LV�DQ�DOLDV�IRU� Array{T,1} ��)RU�LWV�SDUW�

PDWULFHV�XVH�WKH�W\SH� Matrix{T} ��ZKLFK�LV�DQ�DOLDV�IRU� Array{T,2} ��$OWKRXJK�ZH�SURYLGH�D�VXEVHFWLRQ

DERXW�PDWULFHV� DW� WKH� HQG�� WKLV� LV� ODEHOHG� DV� RSWLRQDO�� 7KH� UHDVRQ� LV� WKDW� YHFWRUV� DUH� VXïFLHQW� IRU

FRQYH\LQJ�WKH�WRSLFV�RI�WKLV�ZHEVLWH�

5HPDUN

-XOLD�XVHV���DV�DQ�DUUD\
V�íUVW� LQGH[��7KLV�FRQWUDVWV�ZLWK�PDQ\�RWKHU

ODQJXDJHV��H�J���3\WKRQ���ZKHUH���LV�XVHG�DV�WKH�íUVW�LQGH[�

VECTORS

9HFWRUV� LQ� -XOLD� DUH� GHíQHG� DV� column-vectors�� DQG� WKHLU� HOHPHQWV� DUH� VHSDUDWHG� E\� D� FRPPD� RU� D

VHPLFRORQ�

https://alfaromartino.github.io/


julia> x

3-element Vector{Int64}:
 1
 2
 3

5HPDUN

$UUD\V�FDQ�KROG�HOHPHQWV�RI�YDULRXV�W\SHV��VXFK�DV�QXPEHUV�DQG�VWULQJV�

)RU�H[DPSOH�� [1, 2.5, "Hello"] �LV�D�YDOLG�YHFWRU�LQ�-XOLD��LGHQWLI\LQJ�LWV

HOHPHQWV� DV� KDYLQJ� W\SH� Any � �UHFDOO� WKDW� Any � HQFRPSDVVHV� DOO� WKH

SRVVLEOH� W\SHV� VXSSRUWHG� E\� -XOLD��� :KLOH� DUUD\V� PL[LQJ� W\SHV� FDQ� EH

FUHDWHG�� WKH\
UH� KLJKO\� GLVFRXUDJHG� IRU� VHYHUDO� UHDVRQV�� LQFOXGLQJ

SHUIRUPDQFH�

ACCESSING A VECTOR'S ELEMENTS

*LYHQ�D�YHFWRU� x ��ZH�FDQ�DFFHVV�LWV�i�WK�HOHPHQW�ZLWK� x[i] �DQG�UHWULHYH�DOO�LWV�HOHPHQWV�ZLWK� x[:] �

julia> x

3-element Vector{Int64}:
 1
 2
 3

julia> x[2]
5

julia> x[:]
3-element Vector{Int64}:
 4
 5
 6

,W
V�DOVR�SRVVLEOH� WR�DFFHVV�D� VXEVHW�RI� x 
V�HOHPHQWV��7KHUH�DUH�VHYHUDO�DSSURDFKHV� WR�DFKLHYH� WKLV�

DQG�ZH
OO�RQO\�SUHVHQW�WZR�EDVLF�RQHV�DW�WKLV�SRLQW��7KH�VLPSOHVW�PHWKRG�LQYROYHV�VHWWLQJ�WKH�LQGLFHV

YLD�D�YHFWRU��XVLQJ�WKH�V\QWD[� x[<vector>] �

x = [1, 2, 3]          #= column-vector (defined using commas or semicolons)
                           Vector{Int64} (alias for Array{Int64, 1}) =# 

x = [1; 2; 3]          # equivalent notation to define `x`

x = [4, 5, 6]



julia> x

3-element Vector{Int64}:
 1
 2
 3

julia> x[[1,3]]  # elements of 'x' with indices 1 and 3
2-element Vector{Int64}:
 4
 6

julia> x[1,3]  # be careful! this is the notation used for matrices, indicating 'x[row 1,
column 3]'
ERROR: BoundsError: attempt to access 5-element Vector{Int64} at index [1, 3]

7KH� VHFRQG�DSSURDFK� VHWV� WKH� LQGLFHV�YLD� UDQJHV�� 7KHVH�DUH�GHQRWHG�DV� <first>:<steps>:<last> �

ZLWK�-XOLD�DVVXPLQJ�LQFUHPHQWV�RI�RQH�LI�ZH�RPLW� <steps> ��7R�UHVSHFWLYHO\�H[SUHVV�WKH�íUVW�DQG�ODVW

LQGH[�LQ�D�UDQJH��\RX�FDQ�XVH�WKH�NH\ZRUGV� begin �DQG� end �

julia> x
3-element Vector{Int64}:
 1
 2
 3

julia> x[1:2]  # steps with unit increments (assumed by default)
2-element Vector{Int64}:
 4
 5

julia> x[1:2:5]  # steps with increments of 2 (explicitly indicated)
3-element Vector{Int64}:
 4
 6
 8

julia> x[begin:end]  # all elements. Equivalent to 'x[:]' or 'x[1:end]'
3-element Vector{Int64}:
 4
 5
 6
 7
 8

MATRICES (OPTIONAL)

0DWULFHV�FDQ�EH�GHíQHG�DV�FROOHFWLRQV�RI�URZ��RU�FROXPQ�YHFWRUV��,I�WKH\
UH�FUHDWHG�WKURXJK�PXOWLSOH

URZ�YHFWRUV��HDFK� URZ�KDV� WR�EH�VHSDUDWHG�E\�D�VHPLFRORQ� ; �� ,I�ZH� LQVWHDG�DGRSW�PXOWLSOH�FROXPQ

YHFWRUV��WKHLU�HOHPHQWV�QHHG�WR�EH�VHSDUDWHG�E\�D�VSDFH�

x = [4, 5, 6, 7, 8]

x = [4, 5, 6, 7, 8]



1RWH�WKDW�URZ�YHFWRUV�DUH�FRQVLGHUHG�DV�VSHFLDO�FDVHV�RI�PDWULFHV��ZLWK�WKHLU�HOHPHQWV�VHSDUDWHG�E\�D

VSDFHÌWKH\
UH�PDWULFHV�ZLWK�PXOWLSOH�FROXPQV�KDYLQJ�RQH�HOHPHQW�

julia> X

2×2 Matrix{Int64}:
 1  2
 3  4

julia> Y

1×3 Matrix{Int64}:
 1  2  3

ACCESSING A MATRIX'S ELEMENTS

*LYHQ�D�PDWUL[� X ��ZH�FDQ�DFFHVV�LWV�HOHPHQW�DW�URZ� r �DQG�FROXPQ� c �E\� X[r,c] ��/LNHZLVH��WKH�L�WK

HOHPHQW�RI�D�URZ�YHFWRU�LV�DFFHVVHG�ZLWK� X[i] �� �0RUHRYHU��ZH�FDQ�VHOHFW�DOO�HOHPHQWV�DFURVV�WKH�URZ

r �E\� X[r,:] ��DQG�DOO�HOHPHQWV�RI�FROXPQ� c �E\� X[:,c] �

julia> X
2×2 Matrix{Int64}:
 5  6
 7  8

julia> X[2,1]
7

julia> X[1,:]
2-element Vector{Int64}:
 5
 6

julia> X[:,2]

2-element Vector{Int64}:
 6
 8

julia> Y[2]

5

7R�DFFHVV�D�VXEVHW�RI�HOHPHQWV��\RX�PXVW�IROORZ�WKH�VDPH�DSSURDFKHV�DV�ZLWK�YHFWRUV��EXW�DSSOLHG�WR

HLWKHU�URZV�RU�FROXPQV�

X = [1 2 ; 3 4]       #= matrix as a collection of row-vectors, separated by semicolons
                         Matrix{Int64} (alias for Array{Int64, 2})=#

X = [ [1,3] [2,4] ]   # identical to `C`, but defined through a collection of column-
vectors

Y = [1 2 3]           #= row-vector (defined without commas)
                         Matrix{Int64} (alias for Array{Int64, 2}) =#

1

X = [5 6 ; 7 8] # matrix

Y = [4 5 6]     # row-vector



julia> X

2×2 Matrix{Int64}:
 5  6
 7  8

julia> X[[1,2],1]

2-element Vector{Int64}:
 5
 7

julia> X[1:2,1]
2-element Vector{Int64}:
 5
 7

julia> X[begin:end,1]
2-element Vector{Int64}:
 5
 7

FOOTNOTES

 We could also use this approach for any matrix, as Julia also accepts a linear index for matrices. For instance, a 3x3

matrix accepts indices between 1 and 9. However, unless you want to iterate over all elements of a matrix, the

notation X[r,c]  is easier to interpret.

X = [5 6 ; 7 8]

1.



2f. Tuples

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

:H� FRQWLQXH� RXU� H[SORUDWLRQ� RI� collections�� GHíQHG� DV� REMHFWV� VWRULQJ� PXOWLSOH� HOHPHQWV�� +DYLQJ

SUHYLRXVO\� IRFXVHG� RQ� DUUD\V�� ZH
OO� QRZ� WXUQ� RXU� DWWHQWLRQ� WR� DQRWKHU� IRUP� RI� FROOHFWLRQ� NQRZQ� DV

tuples�

7KH�GHíQLQJ�FKDUDFWHULVWLF�RI�WXSOHV�LV�WKHLU�í[HG�VL]H�DQG�LPPXWDELOLW\��7KLV�LPSOLHV�WKDW��RQFH�D�WXSOH

LV�FUHDWHG��LWV�HOHPHQWV�FDQQRW�EH�DGGHG��UHPRYHG��RU�PRGLíHG��:KLOH�WKHVH�UHVWULFWLRQV�PLJKW�LQLWLDOO\

VHHP�OLPLWLQJ��WKH\�DOVR�EULQJ�VXEVWDQWLDO�SHUIRUPDQFH�JDLQV�ZKHQ�ZRUNLQJ�ZLWK�VPDOO�FROOHFWLRQV�

$W�WKLV�SRLQW��ZH
OO�RQO\�WRXFK�RQ�WKH�EDVLFV��$�PRUH�LQ�GHSWK�H[SORUDWLRQ�RI�WXSOHV�ZLOO�IROORZ�LQ�3DUW�,,�

DIWHU� ZH
YH� GHYHORSHG� WKH� QHFHVVDU\� WRROV� WR� XQGHUVWDQG� WKH� UROH� RI� WXSOHV� LQ� KLJK�SHUIRUPDQFH

VFHQDULRV�

Warning!

Tuples should only be used when the collection comprises a small

number of elements��/DUJH� WXSOHV�ZLOO� UHVXOW� LQ�VORZ�FRPSXWDWLRQV�DW

EHVW��RU�GLUHFWO\� WULJJHU� IDWDO�HUURUV��)RU� ODUJH�YHFWRUV��\RX�VKRXOG�NHHS

UHO\LQJ�RQ�YHFWRUV�

DEFINITION OF TUPLES

7KH�V\QWD[�IRU�DFFHVVLQJ�WKH� i�WK�HOHPHQW�RI�D�WXSOH� x � LV� x[i] ��VLPLODU�WR�YHFWRUV��/LNHZLVH��GHíQLQJ

WXSOHV�UHTXLUHV�HQFORVLQJ�WKHLU�HOHPHQWV�LQ�SDUHQWKHVHV� () ��ZKLFK�FRQWUDVWV�ZLWK�WKH�VTXDUH�EUDFNHWV

[] �XVHG�LQ�YHFWRUV�

:KHQ�WXSOHV�FRPSULVH�PRUH�WKDQ�RQH�HOHPHQW��WKH�XVH�RI� () �LV�RSWLRQDO�DQG�LWV�RPLVVLRQ�LV�LQ�IDFW�D

FRPPRQ� SUDFWLFH�� 2Q� WKH� FRQWUDU\�� VLQJOH�HOHPHQW� WXSOHV� KDYH� VWULFWHU� V\QWD[� UXOHV�� \RX�PXVW� XVH

SDUHQWKHVHV� () � DQG� D� WUDLOLQJ� FRPPD� , � DIWHU� WKH� HOHPHQW�� )RU� H[DPSOH�� D� WXSOH� ZLWK� WKH� VLQJOH

HOHPHQW� 10 �LV�UHSUHVHQWHG�DV� (10,) ��7KLV�QRWDWLRQ�GLìHUHQWLDWHV�D�WXSOH�IURP�WKH�H[SUHVVLRQ� (10) �

ZKLFK�ZRXOG�EH�LQWHUSUHWHG�VLPSO\�DV�WKH�QXPEHU����

https://alfaromartino.github.io/


julia> x

(4, 5, 6)

julia> x[1]

4

julia> x

(10,)

julia> x[1]

10

TUPLES FOR ASSIGNMENTS

7XSOHV� DUH� SDUWLFXODUO\� XVHIXO� IRU� VLPXOWDQHRXVO\� DVVLJQLQJ� YDOXHV� WR� PXOWLSOH� YDULDEOHV�� 7KLV� LV

DFKLHYHG�E\�SODFLQJ�a tuple on the left-hand side of = � DQG�a collection on the right-hand side

�HLWKHU�DQRWKHU�WXSOH�RU�D�YHFWRU���7KH�IROORZLQJ�H[DPSOHV�GHPRQVWUDWH�ERWK�RSWLRQV�

julia> x

4

julia> y

5

julia> x

4

julia> y

5

$V� ZH
OO� VHH� ODWHU�� WKLV� WHFKQLTXH� LV� FRPPRQO\� HPSOR\HG� ZKHQ� D� IXQFWLRQ� UHWXUQV� PXOWLSOH� YDOXHV�

HQDEOLQJ�\RX�WR�XQSDFN�WKH�UHWXUQHG�YDOXHV�LQWR�LQGLYLGXDO�YDULDEOHV�

x = (4,5,6)
x =  4,5,6           #alternative notation

x = (10,)    # not x = (10) (it'd be interpreted as x = 10)

(x,y) = (4,5)
 x,y  =  4,5       #alternative notation

(x,y) = [4,5]
 x,y  = [4,5]      #alternative notation



3a. Overview and Goals

Martin Alfaro
3K'�LQ�(FRQRPLFV

7KH�XSFRPLQJ�&KDSWHUV���DQG���ZLOO� FRYHU� WKUHH� FRUH� WRROV� IRU�SURJUDPPLQJ�� IXQFWLRQV�� FRQGLWLRQDO

VWDWHPHQWV�� DQG� IRU�ORRSV�� &KDSWHU� �� LQ� SDUWLFXODU� IRFXVHV� RQ� functions�� ZKLFK� FRQVWLWXWH� WKH

EDFNERQH�RI�-XOLD�SURJUDPPLQJ��$V�WKH\
UH�WLJKWO\�OLQNHG�WR�DFKLHYLQJ�KLJK�SHUIRUPDQFH��ZH
OO�GHGLFDWH

FRQVLGHUDEOH�WLPH�WR�GLVFXVVLQJ�WKHLU�XVDJH�

2XU�FRYHUDJH�RI�IXQFWLRQV�ZLOO�EH�RUJDQL]HG�LQWR�WKUHH�FDWHJRULHV��EDVHG�RQ�ZKR�GHíQHV�WKHP�

i) EXLOW�LQ�IXQFWLRQV�

ii) WKLUG�SDUW\�IXQFWLRQV��DQG

iii) XVHU�GHíQHG�IXQFWLRQV�

7KH�íUVW�WZR�W\SHV�RI�IXQFWLRQV�EHFRPH�DYDLODEOH�LQ�WKH�ZRUNVSDFH�YLD�SDFNDJHV��ZKLFK�PD\�EH�ORDGHG

LPSOLFLWO\� RU� H[SOLFLWO\�� 7KLV� FRQQHFWLRQ� EHWZHHQ� SDFNDJHV� DQG� IXQFWLRQV� OHDGV� XV� LQWR� H[SORULQJ� WKH

FRQFHSWV�WRJHWKHU�LQ�Section 3b��,QVWHDG��XVHU�GHíQHG�IXQFWLRQV�DUH�OHIW�IRU�Section 3c�

$� íUP� JUDVS� RI� IXQFWLRQV� UHTXLUHV� XQGHUVWDQGLQJ� YDULDEOH� VFRSH�� LQFOXGLQJ� WKH� GLVWLQFWLRQ� EHWZHHQ

JOREDO�DQG�ORFDO�YDULDEOHV��%\�HVWDEOLVKLQJ�WKLV�GLìHUHQFH��ZH
OO�IUDPH�IXQFWLRQV�DV�VHOI�FRQWDLQHG�PLQL�

SURJUDPV�GHVLJQHG�WR�SHUIRUP�D�VSHFLíF�WDVN��%RWK�VXEMHFWV�DUH�SUHVHQWHG�WRJHWKHU�LQ�Section 3d��7KLV

SHUVSHFWLYH�RQ�IXQFWLRQV�ZLOO�OHDG�WR�WKH�LGHQWLíFDWLRQ�RI�JRRG�SUDFWLFHV�IRU�XVLQJ�IXQFWLRQV��ZKLFK�ZLOO

KDYH� VLJQLíFDQW� LPSOLFDWLRQV� IRU� WKH� VWUXFWXUH�RI� FRGH� DV�ZH�SURJUHVV�� $W� WKLV� SRLQW�� QRQHWKHOHVV�� LW

VXïFHV�LI�\RX�VWDUW�EHFRPLQJ�IDPLOLDU�ZLWK�WKLV�YLHZ�

)LQDOO\��ZH
OO� LQWURGXFH�WKH�FRQFHSW�RI�EURDGFDVWLQJ�LQ�Section 3e��0DVWHULQJ�WKLV�WHFKQLTXH�LV�FUXFLDO�

DV� LW� OHWV� \RX� VHDPOHVVO\�DSSO\� WKH� VDPH� IXQFWLRQ� WR�HDFK�HOHPHQW� LQ�D� FROOHFWLRQ��%URDGFDVWLQJ� LV� D

ZLGHO\�XVHG�WHFKQLTXH�QRW�RQO\�LQ�-XOLD��EXW�DOVR�LQ�RWKHU�SURJUDPPLQJ�ODQJXDJHV�OLNH�3\WKRQ�

https://alfaromartino.github.io/
http://localhost:8000/PAGES/03b_packages/
http://localhost:8000/PAGES/03c_functions/
http://localhost:8000/PAGES/03d_scope/
http://localhost:8000/PAGES/03c_functions/


3b. Function Calls and Packages

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

%URDGO\�VSHDNLQJ��IXQFWLRQV�FDQ�EH�EURNHQ�GRZQ�LQWR�WKUHH�FDWHJRULHV�

i) EXLOW�LQ�IXQFWLRQV�

ii) WKLUG�SDUW\�IXQFWLRQV��DQG

iii) XVHU�GHíQHG�IXQFWLRQV�

This section focuses on i) and ii)��UHOHJDWLQJ�LLL��WR�WKH�QH[W�VHFWLRQ��:H�FRQVLGHU�LQ�SDUWLFXODU�KRZ�WR

FDOO�IXQFWLRQV��ZKLFK�LQ�WXUQ�OHDGV�XV�WR�GLVFXVV�SDFNDJHV�

Notation for Functions

-XOLD
V�GHYHORSHUV�VXJJHVW�D�snake-case�IRUPDW�IRU�IXQFWLRQ�QDPHV��7KLV

FRQVLVWV� RI� ORZHUFDVH� OHWWHUV�� QXPEHUV�� DQG� SRVVLEO\� XQGHUVFRUHV� WR

VHSDUDWH� ZRUGV� �H�J��� snake_case123 ��� 1RWH� WKDW� WKLV� LV� RQO\� D

FRQYHQWLRQ��QRW�D�ODQJXDJH
V�UHTXLUHPHQW�

PACKAGES

:KHQ�\RX�VWDUW�D�QHZ�VHVVLRQ�LQ�-XOLD��RQO\�D�KDQGIXO�RI�YHU\�EDVLF�IXQFWLRQV�DUH�DYDLODEOH��H�J���WKRVH

IRU�VXPV��SURGXFWV��DQG�VXEWUDFWLRQV���7KLV� LV�D�GHOLEHUDWH�FKRLFH�PDGH�E\�-XOLD�GHYHORSHUV��ZKR�UHO\

RQ� packages� WR� LQFRUSRUDWH� IXQFWLRQV� LQWR� WKH� ZRUNVSDFH�� ,Q� IDFW�� ERWK� EXLOW�LQ� DQG� WKLUG�SDUW\

IXQFWLRQV�DUH�FRQWDLQHG�LQ�SDFNDJHVÌWKH�RQO\�GLìHUHQFH�LV�WKDW�WKH�IRUPHU�DUH�ORDGHG�E\�GHIDXOW�

7KH�DSSURDFK� LV�QRW�XQLTXH� WR� -XOLD��+RZHYHU�� -XOLD�HPEUDFHV� WKLV�SKLORVRSK\�PRUH�SURIRXQGO\� WKDQ

RWKHU�SURJUDPPLQJ� ODQJXDJHV��7KXV�� LW�GRHVQ
W�HYHQ� LQFOXGH�VWDQGDUG�IXQFWLRQV�VXFK�DV�DYHUDJHV�RU

VWDQGDUG�GHYLDWLRQV��ZKLFK�DUH�LQVWHDG�UHOHJDWHG�WR�D�SDFNDJH�FDOOHG� Statistics ��

7KLV� GHVLJQ� SKLORVRSK\� LV� URRWHG� LQ� D� SURJUDPPLQJ� SULQFLSOH� NQRZQ� DV�modularity�� 7KH� SULQFLSOH

SURPRWHV� WKH�GHYHORSPHQW�RI� VPDOO� UHXVDEOH�PRGXOHV�� UDWKHU� WKDQ� ODUJH� LQWHUWZLQHG�FRGH�� ,WV�PDLQ

DGYDQWDJH� LV� WR� OHW�SDFNDJHV�HYROYH� LQGHSHQGHQWO\��ZLWKRXW�EXJV�DQG�GHSUHFDWLRQV�VSUHDGLQJ�DFURVV

WKH�HQWLUH�-XOLD�HFRV\VWHP��7KH�SUDFWLFDO� LPSOLFDWLRQ�RI�WKLV�IHDWXUH�LV�WKDW�XVHUV�QHHG�WR�ORDG�VHYHUDO

SDFNDJHV�LQ�HDFK�VHVVLRQ��HYHQ�WR�SHUIRUP�VLPSOH�WDVNV�

LOADING PACKAGES AND CALLING FUNCTIONS

1

https://alfaromartino.github.io/
https://en.wikipedia.org/wiki/Modular_programming


7KH�FRQFHSW�RI�SDFNDJHV�LV�WLJKWO\�UHODWHG�WR�PRGXOHV��)RUPDOO\��modules�DUH�LQGHSHQGHQW�EORFNV�RI

FRGH��HDFK�DFWLQJ�DV�D�VHSDUDWH�ZRUNVSDFH��WKDW�H[SRUW�D�GHíQHG�VHW�RI�IXQFWLRQV�� ,Q�IDFW��ZKHQ�\RX

VWDUW�-XOLD��\RX
UH�LPSOLFLWO\�ZULWLQJ�\RXU�VFULSW�LQ�D�PRGXOH�FDOOHG� Main �

Packages� DUH� D� VSHFLDO� W\SH� RI� PRGXOHV�� ZKLFK� DGGLWLRQDOO\� LQFOXGH� LQIRUPDWLRQ� DERXW� WKHLU

dependencies��'HSHQGHQFLHV�DUH�GHíQHG�DV�WKH�QHFHVVDU\�SDFNDJHV�WKDW�PXVW�EH�ORDGHG�WR�UXQ�WKH

SDFNDJH�LWVHOI�

*HWWLQJ�DFFHVV�WR�D�SDFNDJH
V�IXQFWLRQV�UHTXLUHV�ORDGLQJ�WKH�SDFNDJH�YLD�HLWKHU�WKH�NH\ZRUG� import

RU� using ��7KH�SULPDU\�GLìHUHQFH�EHWZHHQ�WKH�WZR�LV�KRZ�IXQFWLRQV�DUH�HYHQWXDOO\�FDOOHG�LQ�\RXU�FRGH�

,I� WKH� SDFNDJH� LV� ORDGHG� YLD� import �� WKH� IXQFWLRQ
V� QDPH�PXVW� LQFOXGH� D� SUHí[�ZLWK� WKH� SDFNDJH
V

QDPH��2Q�WKH�FRQWUDU\��QR�SUHí[�LV�QHHGHG�ZKHQ�WKH�SDFNDJH�LV�ORDGHG�ZLWK� using �

%HORZ��ZH�GHPRQVWUDWH�HDFK�DSSURDFK�E\�FDOOLQJ�WKH�IXQFWLRQ� mean � IURP�WKH�SDFNDJH� Statistics �

7KLV�SDFNDJH�LVQ
W�ORDGHG�E\�GHIDXOW��EXW�LW�FRPHV�SUH�LQVWDOOHG�ZLWK�-XOLD�

BUILT-IN FUNCTIONS

)RUPDOO\��-XOLD
V�EXLOW�LQ�IXQFWLRQV�DUH�FRQWDLQHG�LQ�WZR�SDFNDJHV�NQRZQ�DV� Core �DQG� Base ��%RWK�DUH

DXWRPDWLFDOO\�ORDGHG�LQ�HYHU\�-XOLD�VHVVLRQ��ZLWK�WKHLU�IXQFWLRQV�DFFHVVLEOH�DV�LI�ZH�KDG�H[HFXWHG� using

Core �DQG� using Base ��7KLV�GHWHUPLQHV�WKDW�WKHLU�IXQFWLRQV�GRQ
W�UHTXLUH�DGGLQJ�D�SUHí[�WR�EH�FDOOHG�

$PRQJ�PDWKHPDWLFDO�IXQFWLRQV��WKH�V\QWD[�RI�WKHLU�PRVW�FRPPRQ�RQHV�LV�WKH�IROORZLQJ�

Function in Julia Meaning

log(x)

exp(x)

sqrt(x)

abs(x)

sin(x)

x = [1,2,3]

import Statistics   #getting access to its functions will require the prefix `Statistics.`
Statistics.mean(x)

x = [1,2,3]

using Statistics    #no need to add the prefix `Statistics.` to call its functions
(although it's possible to do so)
mean(x)

2

ln x( )

ex

 x

x∣ ∣

sin(x)



Function in Julia Meaning

cos(x)

tan(x)

Operators as Functions

0RVW� RI� WKH� V\PEROV� HPSOR\HG� DV� RSHUDWRUV� DUH� DOVR� DYDLODEOH� DV

IXQFWLRQV��7KLV�LV�LOOXVWUDWHG�EHORZ�IRU�VHYHUDO�arithmetic operators�

WHY USING "IMPORT" IF IT'S MORE VERBOSE?

:KHQ� D� IXQFWLRQ
V� QDPH� LV� VKDUHG� DFURVV�PXOWLSOH� SDFNDJHV�� DW� OHDVW� RQH� RI� WKH� SDFNDJHV�PXVW� EH

ORDGHG� YLD� import � WR� SUHYHQW� QDPLQJ� FRQîLFWV�� )RU� LQVWDQFH�� JLYHQ� WKH� SDFNDJH� Statistics � DQG

DQRWKHU�RQH�FDOOHG� MyPackage �FRQWDLQLQJ�D�IXQFWLRQ�FDOOHG� mean ��-XOLD�ZLOO�WKURZ�DQ�HUURU�LI�\RX�GRQ
W

ORDG�RQH�RI�WKHP�ZLWK� import ��

8VLQJ� import �QRW�RQO\�DYRLGV�QDPLQJ�FRQîLFWV��EXW�PD\�DOVR�UHGXFH�DPELJXLW\� LQ� WKH�PHDQLQJ�RI�D

IXQFWLRQ��)RU� LQVWDQFH�� FRQVLGHU�D� IXQFWLRQ�FDOOHG� rank �� 7KLV�QDPH�FRXOG� UHIHUHQFH�D�ZLGH� UDQJH�RI

FRQFHSWV��GHSHQGLQJ�RQ�WKH�FRQWH[W��H�J���WKH�UDQN�RI�D�PDWUL[��WKH�RUGHU�LQ�D�OLVW���+RZHYHU��H[SOLFLWO\

LGHQWLI\LQJ�WKH�SDFNDJH�ZKHQ�WKH�IXQFWLRQ�LV�FDOOHG�FRXOG�VKHG�VRPH�OLJKW�RQ�LWV�LQWHQGHG�PHDQLQJ�

Remark

import �PD\�DOVR�EH�XVHIXO�LI�\RX�KDYH�FXVWRP�IXQFWLRQV�WKDW�DUH�ZLGHO\

DSSOLHG� DFURVV� \RXU� SURMHFWV�� )RU� H[DPSOH�� FRQVLGHU� D� IXQFWLRQ� FDOOHG

table_in_pdf �� ZKLFK� H[SRUWV� -XOLD� WDEOHV� WR� D� 3')� ZLWK� VRPH

SUHGHíQHG�IRUPDW��:KLOH�WKH�QDPH�RI�WKH�IXQFWLRQ�PDNHV�LW�FOHDU�ZKDW

LW
V�GRLQJ��D�XVHU�FRXOG�ZRQGHU� LI� WKLV� IXQFWLRQ�FRPHV� IURP�D�VWDQGDUG

SDFNDJH��<RX�FRXOG�KLQW�WKDW�WKLV�LVQ
W�WKH�FDVH��E\�SODFLQJ�WKH�IXQFWLRQ

LQ�D�SDFNDJH�FDOOHG� userDefined ��,Q�WKLV�ZD\��\RX�FDQ�ORDG�WKH�SDFNDJH

XVLQJ� import UserDefined �� DQG� WKHQ� FDOOLQJ� WKH� IXQFWLRQ� YLD

UserDefined.table_in_pdf �

cos(x)

tan(x)

+(2,3)      # same as 2 + 3
-(2,3)      # same as 2 - 3
*(2,3)      # same as 2 * 3
/(2,3)      # same as 2 / 3
^(2,3)      # same as 2 ^ 3

3

http://localhost:8000/PAGES/02c_scalars/#arithmetic_operators


APPROACHES TO LOADING PACKAGES AND CALLING FUNCTIONS

7KH�FRQFHSWV�GLVFXVVHG�VR�IDU�ZLOO�SUREDEO\�EH�DOO�\RX�QHHG�WR�XVH�SDFNDJHV�LQ�-XOLD��+RZHYHU��WKHUH

DUH�D�IHZ�DGGLWLRQDO�IHDWXUHV�ZRUWK�PHQWLRQLQJ�

)LUVW��XVHUV�FDQ�ORDG�RQO\�D�VXEVHW�RI�IXQFWLRQV�IURP�D�SDFNDJH��7KLV�SRVVLELOLW\�LV�SDUWLFXODUO\�UHOHYDQW

IRU�KHDY\�SDFNDJHV��ZKLFK�PD\�WDNH�D�VLJQLíFDQW�WLPH�WR�IXOO\� ORDG��)RU�LQVWDQFH�� LI�ZH�RQO\�QHHG�WKH

IXQFWLRQ� mean �IURP� Statistics ��WKH�IROORZLQJ�WZR�DSSURDFKHV�DFKLHYH�WKH�VDPH�UHVXOW�

1RWH�WKDW�WKLV�DSSURDFK�GHHPV�LW�XQQHFHVVDU\�WR�DGG�WKH�SDFNDJH
V�QDPH�DV�D�SUHí[��HYHQ�ZKHQ�WKH

SDFNDJH�LV�ORDGHG�YLD� import �

$QRWKHU�KDQG\� IHDWXUH� LV� WKH�SRVVLELOLW\�RI�DVVLJQLQJ�FXVWRP�QDPHV�WR�HLWKHU�SDFNDJHV�RU� IXQFWLRQV�

7KLV�EHFRPHV�SDUWLFXODUO\�XVHIXO�ZKHQ�QDPHV�DUH�OHQJWK\�

$JDLQ��QRWLFH�WKDW�WKH�IXQFWLRQ
V�QDPH�GRHVQ
W�UHTXLUH�DQ\�SUHí[�ZKHQ�LW
V�FDOOHG��HYHQ�ZLWK� import �

MACROS

x = [1,2,3]

import Statistics: mean 
mean(x)                   # no prefix needed

x = [1,2,3]

using Statistics: mean
mean(x)

x = [1,2,3]

import Statistics as st
st.mean(x)

x = [1,2,3]

import Statistics: mean as average
average(x)                   # no prefix needed

using Statistics: mean as average
average(x)



0DFURV�DUH�XELTXLWRXV�LQ�-XOLD��7KH\�HQDEOH�WKH�DXWRPDWLRQ�RI�WDVNV�WKDW�RWKHUZLVH�ZRXOG�EH�WHGLRXV

DQG� WLPH�FRQVXPLQJ� WR� SHUIRUP�� 2Q� WKLV� ZHEVLWH�� ZH
OO� RQO\� FRYHU� KRZ� WR� DSSO\� PDFURV�� ZLWKRXW

H[SORULQJ� KRZ� WR� GHíQH� WKHP�� 7KH� UHDVRQ� LV� WKDW� FUHDWLQJ� PDFURV� UHTXLUHV� NQRZOHGJH� RI� -XOLD
V

PHWDSURJUDPPLQJ�FDSDELOLWLHV��ZKLFK�LV�EH\RQG�WKH�VFRSH�RI�WKLV�ZHEVLWH�

:KLOH�WKH�XWLOLW\�RI�PDFURV�PD\�QRW�EH�LPPHGLDWHO\�REYLRXV�DW�WKLV�SRLQW��WKLV�ZLOO�EHFRPH�FOHDUHU�RQFH

ZH�VWDUW�DSSO\LQJ�WKHP�LQ�VXEVHTXHQW�VHFWLRQV�

APPLYING MACROS

0DFURV� DQG� IXQFWLRQV� VKDUH� VLPLODULWLHV�� ZLWK� ERWK� SHUIRUPLQJ� RSHUDWLRQV� RQ� LQSXWV� DQG� SURGXFLQJ

RXWSXWV�� 7KHLU� NH\� GLVWLQFWLRQ� OLHV� LQ� WKHLU� KDQGOLQJ� RI� LQSXWV� DQG�RXWSXWV��PDFURV�PDQLSXODWH� FRGH

V\QWD[� �VWDWHPHQWV� RU� H[SUHVVLRQV��� ZKHUHDV� IXQFWLRQV� SURFHVV� GDWD� YDOXHV� �YDULDEOHV� RU� HYDOXDWHG

H[SUHVVLRQV��

)RUPDOO\��PDFURV� DUH� GHQRWHG� E\� SUHí[LQJ� WKH� V\PERO� @ � WR� WKHLU� QDPH�� 7KH\� WDNH� DQ� HQWLUH� FRGH

H[SUHVVLRQ� DV� WKHLU� DUJXPHQW� DQG� WUDQVIRUP� LW�� )RU� H[DPSOH�� D� PDFUR� PLJKW� WDNH� x =

some_function(y) � DV� LQSXW�� SRWHQWLDOO\� PRGLI\LQJ� HDFK� LQGLYLGXDO� FRPSRQHQW� � x �� = �� RU

some_function(y) ��� LQVHUWLQJ� QHZ� FRGH�� RU� UHRUJDQL]LQJ� WKH� FRGH� VWUXFWXUH�� 7KH� íQDO� RXWSXW� LV� D

PRGLíHG� YHUVLRQ� RI� WKH� RULJLQDO� H[SUHVVLRQ�� ZKLFK� LV� WKHQ� LQWHJUDWHG� LQWR� WKH� SURJUDP� GXULQJ

H[HFXWLRQ�

$�NH\�SXUSRVH�RI�PDFURV�LV�WR�DXWRPDWH�FRGH�WUDQVIRUPDWLRQV��)RU�H[DPSOH��FRQVLGHU�WKH� @. �PDFUR

LQ�-XOLD��ZKLFK�DSSHQGV�D�GRW� . �WR�HYHU\�RSHUDWRU�DQG�IXQFWLRQ�FDOO�LQ�D�VWDWHPHQW��)RU�QRZ��LJQRUH�WKH

LPSDFW�RI�DGGLQJ�GRWV�WR�\RXU�FRGH��ZKLFK�ZLOO�EH�H[SODLQHG�LQ�DQ�XSFRPLQJ�VHFWLRQ��,QVWHDG��IRFXV�RQ

KRZ�PDFURV�RSHUDWH�DW�WKH�V\QWDFWLF�OHYHO�WR�UHZULWH�HQWLUH�FRGH�EORFNV�

Warning!

$SSO\LQJ�PDFURV� UHTXLUHV� H[WUHPH� FDXWLRQ�� DV� WKH\� FRXOG� DFW� DV� EODFN

ER[HV�DQG�KHQFH�OHDG�WR�XQH[SHFWHG�EHKDYLRUV��,Q�IDFW��PDFURV�WHQG�WR

EH�D�FRPPRQ�VRXUFH�RI�EXJV��0DNH�VXUH�\RX�XQGHUVWDQG�ZKLFK�SDUW�RI

WKH�H[SUHVVLRQ�LV�PRGLíHG�E\�D�PDFUR�DQG�KRZ�

# both are equivalent
   z .= foo.(x .+ y)
@. z  = foo(x  + y)          # @. adds . to '=', 'foo', and '+'



FOOTNOTES

�7KH�H[WHQW�WR�ZKLFK�-XOLD�DGYRFDWHV�IRU�WKLV�SULQFLSOH�LV�HYLGHQW�LQ� Statistics �LWVHOI��ZKHUH�IXQFWLRQV�IRU

FRPSXWLQJ�GLVWULEXWLRQV�DUH�LQFOXGHG�LQ�DQRWKHU�SDFNDJH�FDOOHG� Distributions �

�6RPH�EXLOW�LQ�IXQFWLRQV�PD\�UHTXLUH�D�SUHí[��)RU�LQVWDQFH��WKLV�LV�ZKDW�RFFXUV�ZLWK�WKH�IXQFWLRQ�FDOOHG� isgreater �

ZKLFK�PXVW�EH�FDOOHG�YLD� Base.isgreater ��)XUWKHUPRUH��VRPH�VXEPRGXOHV�DUH�DOVR�ORDGHG�E\�GHIDXOW�LQ�HDFK

VHVVLRQ��)RU�LQVWDQFH��WKH�IXQFWLRQ� Base.Iterators.accumulate �LV�SDUW�RI�WKH�VXEPRGXOH� Iterators �IURP� Base �

DQG�FDQ�EH�GLUHFWO\�FDOOHG�XVLQJ� Iterators.accumulate �

�'HíQLQJ�D�IXQFWLRQ�WKDW�VKDUHV�WKH�QDPH�RI�DQRWKHU�SDFNDJH
V�IXQFWLRQ�LVQ
W�QHFHVVDULO\�DQ�RYHUVLJKW�E\

GHYHORSHUV��)RU�LQVWDQFH��ZH�FRXOG�LPSOHPHQW�RXU�RZQ� mean �IXQFWLRQ�LQ�D�SDFNDJH�FDOOHG� MyPackage ��ZKLFK�DLPV

DW�FRPSXWLQJ�DYHUDJHV�PRUH�HïFLHQWO\�LQ�FHUWDLQ�DSSOLFDWLRQV�

1.

2.

3.



3c. Defining Your Own Functions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

5HFDOO� WKDW� IXQFWLRQV� FDQ�EH�FODVVLíHG� LQWR� i)�EXLOW�LQ� IXQFWLRQV�� ii)� WKLUG�SDUW\� IXQFWLRQV��DQG� iii)�XVHU�

GHíQHG�IXQFWLRQV��7KH�SUHYLRXV�VHFWLRQ�KDV�FRYHUHG�WKH�íUVW�WZR��DQG�ZH�QRZ�IRFXV�RQ�LLL��

USER-DEFINED FUNCTIONS

7KH�íUVW� VWHS� WR� GHíQH� \RXU� RZQ� IXQFWLRQV� LV� JLYLQJ� QDPHV�� )XQFWLRQ�QDPHV� IROORZ� VLPLODU� UXOHV� WR

YDULDEOH�QDPHV�� ,Q�SDUWLFXODU�� WKH\�DFFHSW�8QLFRGH�FKDUDFWHUV��HQDEOLQJ� WKH�XVHU� WR�GHíQH� IXQFWLRQV

VXFK�DV� ∑(x) ��2QFH�\RX�FUHDWH�WKHP��IXQFWLRQV�FDQ�EH�FDOOHG�ZLWKRXW�LQYRNLQJ�DQ\�SUHí[��7KLV�PHDQV

WKDW�D�IXQFWLRQ� foo �FDQ�EH�FDOOHG�E\�VLPSO\�H[HFXWLQJ� foo(x) ��

7KHUH� DUH� WZR�DSSURDFKHV� WR�GHíQLQJ� IXQFWLRQV��:H
OO� UHIHU� WR� HDFK�DV� WKH�VWDQGDUG� IRUP� DQG� WKH

FRPSDFW�IRUP��7KH�VWDQGDUG�IRUP�LV� WKH�PRVW�JHQHUDO�DQG�DOORZV�\RX�WR�ZULWH�ERWK�VKRUW�DQG� ORQJ

IXQFWLRQV�� 2Q� WKH� RWKHU� KDQG�� WKH� FRPSDFW� IRUP� LV� HPSOR\HG� IRU� VLQJOH�OLQH� IXQFWLRQV� DQG� LV

UHPLQLVFHQW�RI�PDWKHPDWLFDO�GHíQLWLRQV��7R� LOOXVWUDWH�HDFK�IRUP��FRQVLGHU�D�IXQFWLRQ� foo � WKDW�VXPV

WZR�YDULDEOHV� x �DQG� y �

67$1'$5'�)250

&203$&7�)250

7KH�RXWSXW�RI� WKH�FRPSDFW� IRUP� LV�JLYHQ�E\�WKH�RQO\�RSHUDWLRQ�FRQWDLQHG��)RU� LWV�SDUW�� WKH�VWDQGDUG

IRUP�GHIDXOWV�WR�UHWXUQLQJ�WKH�ODVW�OLQH�DV�LWV�RXWSXW��DOORZLQJ�\RX�WR�VSHFLI\�WKH�RXWSXW�YLD�WKH�NH\ZRUG

return �� 7R� UHWXUQ�PXOWLSOH� RXWSXWV�� \RX� FDQ�XVH� D� FROOHFWLRQ��ZLWK� WXSOHV�EHLQJ� WKH�PRVW� FRPPRQ

FKRLFH��

7KHVH�DSSURDFKHV�WR�VSHFLI\LQJ�DQ�RXWSXW�DUH�LOOXVWUDWHG�EHORZ�

1

function foo(x,y)
    x + y
end

foo(x,y) = x + y

2



(;3/,&,7�287387

julia> foo(10,2)

20

,03/,&,7�287387

julia> foo(10,2)
20

08/7,3/(�2873876

julia> foo(10,2)
2-element Vector{Int64}:
 12
 20

$1�(;35(66,21�$6�287387

julia> foo(10,2)
32

)XQFWLRQV�ZLWKRXW�$UJXPHQWV

,W
V� SRVVLEOH� WR� GHíQH� IXQFWLRQV� WKDW� GRQ
W� UHTXLUH� DUJXPHQWV�� DV� ZH

VKRZ�EHORZ�

function foo(x,y)
    term1 = x + y
    term2 = x * y 

    return term2
end

function foo(x,y)   
    term1 = x + y
    term2 = x * y           # output returned
end

function foo(x,y)
    term1 = x + y
    term2 = x * y 

    return term1, term2     # a tuple, using the notation that omits the parentheses
end

function foo(x,y)
    term1 = x + y
    term2 = x * y
    
    return term1 + term2
end



)81&7,216�:,7+287�$5*80(176

$Q� H[DPSOH� RI� IXQFWLRQV� ZLWKRXW� DUJXPHQWV� LV� Pkg.update() �� ZKLFK

ZDV�LQWURGXFHG�ZKHQ�ZH�VWXGLHG�SDFNDJHV�

7KH�2UGHU�,Q�:KLFK�)XQFWLRQV�$UH�'HíQHG�LV�,UUHOHYDQW

$�IXQFWLRQ�FDQ�EH�GHíQHG�DQ\ZKHUH�LQ�WKH�FRGH��,Q�IDFW��\RX�FDQ�GHíQH

D� IXQFWLRQ� WKDW� FDOOV� DQRWKHU� IXQFWLRQ�� HYHQ� LI� WKH� ODWWHU� KDVQ
W� EHHQ

GHíQHG�\HW��7R�LOOXVWUDWH�WKLV��FRQVLGHU�WKH�IROORZLQJ�WZR�FRGH�VQLSSHWV�

ZKLFK�DUH�IXQFWLRQDOO\�HTXLYDOHQW�

&2'(�61,33(7��

julia> foo1(2)
5

&2'(�61,33(7��

julia> foo1(2)
5

POSITIONAL AND KEYWORD ARGUMENTS

8S� WR� WKLV� SRLQW�� ZH
YH� EHHQ� GHíQLQJ� DQG� FDOOLQJ� IXQFWLRQV� XVLQJ� WKH� QRWDWLRQ� foo(x,y) �� $� NH\

FKDUDFWHULVWLF�RI�WKLV�V\QWD[�LV�WKDW�DUJXPHQWV�DUH�SDVVHG�LQ�D�VSHFLíF�RUGHU��VR�WKDW� foo(2,4) �DVVLJQV

WKH�íUVW�DUJXPHQW�WR� x �DQG�WKH�VHFRQG�WR� y ��7KLV�DSSURDFK�LV�NQRZQ�DV�SRVLWLRQDO�DUJXPHQWV�

+RZHYHU�� D� PDMRU� GUDZEDFN� RI� SRVLWLRQDO� DUJXPHQWV� LV� WKHLU� VXVFHSWLELOLW\� WR� VLOHQW� HUURUV�� LI� ZH

DFFLGHQWDOO\� VZDS� WKH� SRVLWLRQV� RI� WKH� DUJXPHQWV�� WKH� IXQFWLRQ�PD\� VWLOO� SURYLGH� DQ� RXWSXW�� $V� WKH

QXPEHU� RI� DUJXPHQWV� JURZV�� WKH� OLNHOLKRRG� RI� LQWURGXFLQJ� VXFK� EXJV� LQFUHDVHV�� PDNLQJ� LW� PRUH

function foo()
    a = 1
    b = 1
    return a + b
end

foo1(x) = 2 + foo2(x)

foo2(x) = 1 + x

foo2(x) = 1 + x

foo1(x) = 2 + foo2(x)



FKDOOHQJLQJ�WR�LGHQWLI\�DQG�UHVROYH�HUURUV�

7R�FLUFXPYHQW�WKLV�LVVXH��ZH�FDQ�UHO\�RQ�NH\ZRUG�DUJXPHQWV��7KLV�DSSURDFK�UHTXLUHV�IXQFWLRQ�FDOOV�WR

H[SOLFLWO\� VSHFLI\� WKHLU� DUJXPHQWV�� PDNLQJ� WKHLU� RUGHU� LUUHOHYDQW�� )RU� H[DPSOH�� foo(x=2,y=4) � DQG

foo(y=4,x=2) �ZRXOG�WKHQ�EH�YDOLG�DQG�HTXLYDOHQW�

7KH�IROORZLQJ�H[DPSOHV�LOOXVWUDWH�KRZ�WR�GHíQH�DQG�FDOO�IXQFWLRQV�XVLQJ�ERWK�SRVLWLRQDO�DQG�NH\ZRUG

DUJXPHQWV�� $GGLWLRQDOO\�� ZH
OO� HVWDEOLVK� WKDW� WKH� DSSURDFKHV� FDQ� EH� FRPELQHG��1RWH� WKDW� SRVLWLRQDO

DUJXPHQWV�QHFHVVDULO\�UHTXLUH�D�VHPLFRORQ�GXULQJ�IXQFWLRQ�GHíQLWLRQV��EXW�DFFHSW�HLWKHU�D�VHPLFRORQ

RU�D�FRPPD�GXULQJ�IXQFWLRQ�FDOOV�

326,7,21$/�$5*80(176

julia> foo(1,2)
2

.(<:25'�$5*80(176

julia> foo(x=1,y=1)

2

julia> foo(; x=1, y=1)  # alternative notation (only for calling 'foo')
2

326,7,21$/�$1'�.(<:25'�$5*80(176�&20%,1('

julia> foo(1 ; y=1)

2

julia> foo(1 , y=1)  # alternative notation
2

KEYWORD ARGUMENTS WITH DEFAULT VALUES

.H\ZRUG� DUJXPHQWV� DFFHSW� GHIDXOW� YDOXHV�� DOORZLQJ� XVHUV� WR� RPLW� FHUWDLQ� DUJXPHQWV� ZKHQ� WKH

IXQFWLRQ� LV� FDOOHG�� 7KH� IROORZLQJ� H[DPSOHV� LOOXVWUDWH� KRZ� WKLV� IHDWXUH� ZRUNV� LQ� SUDFWLFH�� ZKHUH� WKH

RPLWWHG�DUJXPHQWV�WDNH�RQ�WKHLU�GHIDXOW�YDOXHV�

*(1(5$/�127$7,21

julia> foo(1)  # equivalent to foo(1,y=1)
2

foo(x, y) = x + y

foo(; x, y) = x + y

foo(x; y) = x + y

foo(x; y=1) = x + y



20,77,1*�,13876

julia> foo()  # equivalent to foo(x=1,y=1)
2

julia> foo(x=2)  # equivalent to foo(x=2,y=1)
3

USING ARGUMENTS AS INPUTS OF OTHER ARGUMENTS

:KHQ�D� IXQFWLRQ� LV� FDOOHG�� LWV� DUJXPHQWV�DUH�HYDOXDWHG� VHTXHQWLDOO\� IURP� OHIW� WR� ULJKW�� 7KLV�SURSHUW\

HQDEOHV� XVHUV� WR� GHíQH� VXEVHTXHQW� DUJXPHQWV� LQ� WHUPV� RI� SUHYLRXV� RQHV�� )RU� H[DPSOH�� JLYHQ

foo(;x,y) ��WKH�GHIDXOW�YDOXH�RI� y �FRXOG�EH�VHW�EDVHG�RQ�WKH�YDOXH�RI� x �

35,25�$5*80(176�72�'(),1(�'()$8/7�9$/8(6

julia> foo(x=2)  #function run with implicit value 'y=3'
5

SPLATTING

*LYHQ�D� IXQFWLRQ� foo(x,y) �� \RX� FDQ� VHW� WKH� YDOXHV�RI� x � DQG� y � WKURXJK�D� WXSOH�RU� YHFWRU� z �� 7KH

LPSOHPHQWDWLRQ� UHOLHV� RQ� WKH� VSODW� RSHUDWRU� ... �� ZKLFK� XQSDFNV� WKH� LQGLYLGXDO� HOHPHQWV� RI� D

FROOHFWLRQ�DQG�SDVVHV�WKHP�DV�VHSDUDWH�DUJXPHQWV�

783/(�63/$77,1*

julia> foo(z...)

5

9(&725�63/$77,1*

julia> foo(z...)

5

ANONYMOUS FUNCTIONS

$QRQ\PRXV� IXQFWLRQV� RìHU� D� WKLUG� ZD\� WR� GHíQH� IXQFWLRQV�� 8QOLNH� WKH� SUHYLRXV� PHWKRGV�� WKH\
UH

FRPPRQO\�LQWURGXFHG�ZLWK�D�GLìHUHQW�SXUSRVH��WR�VHUYH�DV�LQSXWV�WR�RWKHU�IXQFWLRQV��

foo(; x=1, y=1) = x + y

foo(; x, y = x+1) = x + y

foo(x,y) = x + y

z = (2,3)

foo(x,y) = x + y

z = [2,3]

3



$V�WKH�QDPH�VXJJHVWV��DQRQ\PRXV�IXQFWLRQV�DUHQ
W�UHIHUHQFHG�E\�D�QDPH��7KHLU�V\QWD[�UHVHPEOHV�WKH

DUURZ�QRWDWLRQ�IURP�PDWKHPDWLFV��H�J�� ���6SHFLíFDOO\��VLQJOH�DUJXPHQW�IXQFWLRQV�DUH�H[SUHVVHG

DV� x -> <body of the function> ��/LNHZLVH��IXQFWLRQV�ZLWK�WZR�RU�PRUH�DUJXPHQWV�DUH�H[SUHVVHG�E\

(x,y) -> <body of the function> �

7R�GHPRQVWUDWH�WKH�UROH�RI�DQRQ\PRXV�IXQFWLRQV��OHW
V�FRQVLGHU�WKH�EXLOW�LQ�IXQFWLRQ� map(<function>,

<collection>) �� 7KLV� DSSOLHV� <function> � HOHPHQW�ZLVH� WR� HDFK� HOHPHQW� RI� <collection> �� )RU

H[DPSOH�� map(add_two, x) � DSSOLHV� WKH� IXQFWLRQ� add_two(a) = a + 2 � WR� HDFK� HOHPHQW� RI� x =

[1,2,3] ��WKXV�UHWXUQLQJ� [3,4,5] ��$SSO\LQJ� map � LQ�WKLV�ZD\�UHTXLUHV�GHíQLQJ� add_two �EHIRUHKDQG�

ZKLFK� XQQHFHVVDULO\� SROOXWHV� WKH� QDPHVSDFH� LI� add_two � ZRQ
W� EH� UHXVHG�� $QRQ\PRXV� IXQFWLRQV

SURYLGH� DQ� HOHJDQW� VROXWLRQ�� E\� GLUHFWO\� HPEHGGLQJ� WKH� RSHUDWLRQ� ZLWKLQ� map �� ,Q� WKLV� ZD\�� DQ

DQRQ\PRXV�IXQFWLRQ�HìHFWLYHO\�HOLPLQDWHV�WKH�QHHG�RI�FUHDWLQJ�D�WHPSRUDU\�IXQFWLRQ�OLNH� add_two �

:,7+287�$1�$121<0286�)81&7,21

julia> result

3-element Vector{Int64}:
 3
 4
 5

7+528*+�$1�$121<0286�)81&7,21

julia> result
3-element Vector{Int64}:
 3
 4
 5

7KH�IXQFWLRQ� map �FDQ�DOVR�GHPRQVWUDWH�WKH�V\QWD[�RI�DQRQ\PRXV�IXQFWLRQV�ZLWK�PXOWLSOH�DUJXPHQWV�

,Q� WKRVH� FDVHV�� WKH� V\QWD[� EHFRPHV� map(<function>, <array1>, <array2>) �� )RU� LQVWDQFH�� map(+,

[1,2], [2,4]) �SURYLGHV�WKH�VXP�RI�HDFK�SDLU�RI�QXPEHUV��\LHOGLQJ� [3,6] �

x ↦  x

x          = [1, 2, 3]
add_two(a) = a + 2

result     = map(add_two, x)

x          = [1, 2, 3]

result     = map(a -> a + 2, x)



:,7+�&203$&7�)81&7,21

julia> result

3-element Vector{Int64}:
 3
 4
 5

:,7+�$121<0286�)81&7,21

julia> result

3-element Vector{Int64}:
 5
 7
 9

THE "DO-BLOCK" SYNTAX

$QRQ\PRXV� IXQFWLRQV�FDQ�KHOS�NHHS�RXU�FRGH� WLG\��EXW� WKH\�PD\�QRW�EH�SUDFWLFDO� IRU� IXQFWLRQV� WKDW

VSDQ�PXOWLSOH� OLQHV��7KLV� LQFRQYHQLHQFH�FDQ�EH�DGGUHVVHG�E\�ZKDW
V�NQRZQ�DV�do-blocks��7KH\�DOORZ

XV�WR�LQVHUW�WKH�DQRQ\PRXV�IXQFWLRQ�VHSDUDWHO\��DQG�WKHQ�SDVV�LW�DV�WKH�íUVW�DUJXPHQW�WR�D�IXQFWLRQ

FDOO��*LYHQ�D�IXQFWLRQ� foo(<inner function>, <vector>) ��LWV�JHQHULF�LPSOHPHQWDWLRQ�LV�DV�IROORZV�

35,25�$5*80(176�72�'(),1(�'()$8/7�9$/8(6

7R�LOOXVWUDWH�WKH�QRWDWLRQ�ZLWK�D�FRQFUHWH�VFHQDULR��OHW
V�UHYLVLW�WKH� map �IXQFWLRQ�H[DPSOH�DQG�UHZULWH�LW

XVLQJ�D�GR�EORFN�

x        = [1,2,3]
y        = [4,5,6]

add(a,b) = a + b
result   = map(add_two, x, y)

x        = [1,2,3]
y        = [4,5,6]

result   = map((a,b) -> a + b, x, y)

foo(<vector>) do <arguments of inner function>
    # body of inner function
    end



:,7+�&203$&7�)81&7,21

julia> result
3-element Vector{Int64}:
 3
 4
 5

:,7+�$121<0286�)81&7,21

julia> result

3-element Vector{Int64}:
 3
 4
 5

:,7+�'2�%/2&.�6<17$;

julia> result

3-element Vector{Int64}:
 3
 4
 5

'R�EORFNV�DOVR�DFFHSW�DQRQ\PRXV�IXQFWLRQV�ZLWK�PXOWLSOH�DUJXPHQWV��DV�VKRZQ�EHORZ�

:,7+�&203$&7�)81&7,21

julia> result

3-element Vector{Int64}:
 5
 7
 9

x          = [1, 2, 3]
add_two(a) = a + 2

result     = map(add_two, x)

x          = [1, 2, 3]

result     = map(a -> a + 2, x)

x          = [1, 2, 3]

result     = map(x) do a
                a + 2
                end

x = [1,2,3]
y = [4,5,6]

add(a,b) = a + b
result   = map(add_two, x, y)



:,7+�$121<0286�)81&7,21

julia> result

3-element Vector{Int64}:
 5
 7
 9

:,7+�'2�%/2&.�6<17$;

julia> result

3-element Vector{Int64}:
 5
 7
 9

A FUNCTION'S DOCUMENTATION (OPTIONAL)

7R�FRQFOXGH�WKLV�VHFWLRQ��ZH�FRYHU�KRZ�WR�GRFXPHQW�IXQFWLRQV��7KLV�FDQ�EH�GRQH�E\�DGGLQJ�D�VWULQJ

H[SUHVVLRQ� LPPHGLDWHO\�EHIRUH�WKH�IXQFWLRQ�GHíQLWLRQ��2QFH�WKLV� LV�GRQH��WKH�GRFXPHQWDWLRQ�FDQ�EH

DFFHVVHG�LQ�WKH�VDPH�PDQQHU�DV�ZLWK�EXLOW�LQ�IXQFWLRQV��\RX�FDQ�W\SH�WKH�IXQFWLRQ
V�QDPH�LQ�WKH�5(3/

DIWHU�SUHVVLQJ� ? ��RU�GLUHFWO\�KRYHU�RYHU�WKH�IXQFWLRQ
V�QDPH�LQ�96�&RGH��

67$1'$5'�)250

&203$&7�)250

)RU�IXUWKHU�GHWDLOV��VHH�WKH�RïFLDO�GRFXPHQWDWLRQ�

x        = [1,2,3]
y        = [4,5,6]

result   = map((a,b) -> a + b, x, y)

x        = [1,2,3]
y        = [4,5,6]

result   = map(x,y) do a,b      # not (a,b)
                a + b
                end

4

"This function is written in a standard way. It takes a number and adds two to it."
function add_two(a)
   a + 2
end

"This function is written in a compact form. It takes a number and adds three to it."
add_three(a) = a + 3



FOOTNOTES

�7KH�PHWKRG�WR�FDOO�D�IXQFWLRQ�DFWXDOO\�GHSHQGV�RQ�WKH�module�LQ�ZKLFK�LW
V�GHíQHG��DQG�ZKHWKHU�WKLV�PRGXOH�KDV

EHHQ��LPSRUWHG��RU��XVHG���:H�ZRQ
W�FRYHU�PRGXOHV�RQ�WKLV�ZHEVLWH��+RZHYHU��WKH\
UH�HVVHQWLDO�ZKHQ�ZRUNLQJ�IRU

ODUJH�SURMHFWV��DV�HDFK�PRGXOH�RSHUDWHV�DV�DQ�LQGHSHQGHQW�ZRUNVSDFH�ZLWK�LWV�RZQ�YDULDEOHV��:KHQ�LQLWLDWLQJ�D�QHZ

VHVVLRQ�LQ�-XOLD��\RX
UH�DFWXDOO\�ZRUNLQJ�ZLWKLQ�D�PRGXOH�FDOOHG� Main �

�7KH�UHDVRQ�IRU�WKLV�LV�WKDW�WXSOHV�DUH�PRUH�SHUIRUPDQW�WKDQ�YHFWRUV�ZKHQ�WKH�QXPEHU�RI�HOHPHQWV�LV�VPDOO�

�$QRQ\PRXV�IXQFWLRQV�DUH�DOVR�NQRZQ�DV�lambda functions�LQ�RWKHU�ODQJXDJHV�

+HUH��ZH�H[SODLQHG�KRZ�WR�DFFHVV�D�IXQFWLRQ
V�GRFXPHQWDWLRQ��XQGHU�WKH�VXEWLWOH��7R�6HH�7KH�'RFXPHQWDWLRQ�RI�D

)XQFWLRQ��

1.

2.

3.

4.



3d. Variable Scope & Relevance of Functions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

Variable scope� UHIHUV� WR� WKH� FRGH�EORFN� LQ�ZKLFK�D� YDULDEOH� LV� DFFHVVLEOH�� 7KH� FRQFHSW� DOORZV�XV� WR

GLVWLQJXLVK� EHWZHHQ� global variables�� ZKLFK� DUH� DFFHVVLEOH� LQ� DQ\� SDUW� RI� WKH� FRGH�� DQG� local

variables�� ZKLFK� DUH� FRQíQHG� WR� VSHFLíF� EORFNV� OLNH� IXQFWLRQV� RU� ORRSV�� 7KH� H[LVWHQFH� RI� VFRSHV

GHWHUPLQHV�WKDW�WKH�VDPH�YDULDEOH� x �FRXOG�UHIHU�WR�GLìHUHQW�REMHFWV��GHSHQGLQJ�RQ�ZKHUH�LW
V�FDOOHG�

:KHQ� LW� FRPHV� WR� IXQFWLRQV�� -XOLD� DGKHUHV� WR� VSHFLíF� UXOHV� IRU� YDULDEOH� VFRSH�� 6SHFLíFDOO\�� JLYHQ� D

YDULDEOH� x �GHíQHG�RXWVLGH�D�IXQFWLRQ�

LI�D�QHZ�YDULDEOH� x �LV�GHíQHG�LQVLGH�D�IXQFWLRQ�RU�LV�SDVVHG�WR�D�IXQFWLRQ�DV�DQ�DUJXPHQW��WKHQ� x

LV�FRQVLGHUHG�local�WR�WKDW�IXQFWLRQ��7KLV�PHDQV�WKDW�DQ\�UHIHUHQFH�WR� x �ZLWKLQ�WKH�IXQFWLRQ�UHIHUV

WR�WKH�ORFDO�YDULDEOH��ZLWKRXW�DQ\�UHODWLRQ�WR�WKH�YDULDEOH� x �GHíQHG�RXWVLGH�WKH�IXQFWLRQ�

LI�D�IXQFWLRQ�GRHVQ
W�GHíQH�D�QHZ� x �QRU� x �LV�D�IXQFWLRQ�DUJXPHQW��WKHQ� x �UHIHUV�WR�WKH�YDULDEOH

GHíQHG�RXWVLGH�WKH�IXQFWLRQ��L�H���WKH�JOREDO�YDULDEOH��

,Q�WKLV�VHFWLRQ��ZH
OO�VKRZ�KRZ�WKHVH�UXOHV�ZRUN�LQ�SUDFWLFH�

GLOBAL AND LOCAL VARIABLES

$�YDULDEOH�WKDW� LV� ORFDO� WR�D�IXQFWLRQ�H[LVWV�VROHO\�ZLWKLQ�WKDW� IXQFWLRQ
V�VFRSH��7KLV�PHDQV�WKDW�WKHVH

YDULDEOHV�FHDVH�WR�H[LVW�RQFH�WKH�IXQFWLRQ�íQLVKHV�H[HFXWLQJ��&RQVHTXHQWO\��DQ\�DWWHPSW�WR�UHIHUHQFH

ORFDO�YDULDEOHV�RXWVLGH�WKH�IXQFWLRQ�ZLOO�UHVXOW�LQ�DQ�HUURU�

9DULDEOHV�ORFDO�WR�D�IXQFWLRQ�HQFRPSDVV�

1. WKH�IXQFWLRQ�DUJXPHQWV�

2. WKH�YDULDEOHV�GHíQHG�LQ�WKH�IXQFWLRQ�ERG\�

$Q\�RWKHU�YDULDEOH�LQFOXGHG�LQ�D�IXQFWLRQ�WKDW
V�QRW�i)�RU�ii)�QHFHVVDULO\�UHIHUV�WR�D�JOREDO�YDULDEOH�

8QGHUVWDQGLQJ�ZKLFK�YDULDEOHV�DUH�ORFDO�RU�JOREDO�LV�HVVHQWLDO�IRU�SUHGLFWLQJ�D�SURJUDPÎV�EHKDYLRU��7KLV

LV�EHFDXVH�D�ORFDO�YDULDEOH�PD\�VKDUH�WKH�VDPH�QDPH�DV�D�JOREDO�RQH��ZLWKRXW�WKHP�EHLQJ�UHODWHG��7KH

IROORZLQJ�H[DPSOHV�KHOS�FODULI\�WKH�GLìHUHQFHV�EHWZHHQ�JOREDO�DQG�ORFDO�YDULDEOHV�

https://alfaromartino.github.io/


julia> foo(1)

1                          # local x
3                          # local y

julia> x
"hello"

julia> y
ERROR: UndefVarError: y not defined

julia> foo(1)

1                          # local x
3                          # local y
2                          # global z

julia> x

ERROR: UndefVarError: x not defined

julia> z

2

THE ROLE OF FUNCTIONS

,Q� SURJUDPPLQJ�� IXQFWLRQV� FDQ� EH� XQGHUVWRRG� DV� VHOI�FRQWDLQHG� PLQL�SURJUDPV� WR� UHSUHVHQW

VSHFLíF�WDVNV��8QGHU� WKLV� LQWHUSUHWDWLRQ�� ORFDO�YDULDEOHV�VLPSO\�DFW�DV� ODEHOV� WKDW�KHOS�DUWLFXODWH� WKH

PHFKDQLFV�RI�WKH�WDVN��&RQVHTXHQWO\��WKHLU�LQDFFHVVLELOLW\�RXWVLGH�WKH�IXQFWLRQ�HPHUJHV�QDWXUDOO\��

7R�H[SODLQ�WKLV�YLHZ�RI�IXQFWLRQV��FRQVLGHU�D�YDULDEOH� x ��DORQJ�ZLWK�DQRWKHU�YDULDEOH� y �FRPSXWHG�E\

WUDQVIRUPLQJ� x �WKURXJK�D�IXQFWLRQ� f ��,Q�SDUWLFXODU��DVVXPH�D�WUDQVIRUPDWLRQ�WKDW�GRXEOHV� x ��VR�WKDW

y = 2 * x ��7KH�IROORZLQJ�DUH�WZR�DSSURDFKHV�WR�FDOFXODWLQJ� y �

x = "hello"

function foo(x)                # 'x' is local, unrelated to 'x = hello' above
    y = x + 2                  # 'y' is local, 'x' refers to the function argument 
    
    return x,y
end

z = 2

function foo(x)                 
    y = x + z                   # 'x' refers to the function argument, 'z' refers to the 
global

    return x,y,z
end

1

x = 3

double() = 2 * x
y        = double()



7KH� IXQFWLRQ� LQ� $SSURDFK� �� UHOLHV� RQ� WKH� JOREDO� YDULDEOH� x �� 7KLV� SUDFWLFH� LV� KLJKO\� GLVFRXUDJHG� IRU

VHYHUDO�UHDVRQV��)LUVWO\��LW�SUHYHQWV�WKH�UHXVDELOLW\�RI�WKH�IXQFWLRQ��DV�LW
V�VSHFLíFDOO\�GHVLJQHG�WR�GRXEOH

WKH�JOREDO�YDULDEOH� x ��UDWKHU�WKDQ�DFWLQJ�DV�D�PLQL�SURJUDP�WKDW�GRXEOHV�any�YDULDEOH�

6HFRQG�� WKH� LQFOXVLRQ�RI� WKH�JOREDO� YDULDEOH� x � FRPSURPLVHV� WKH� IXQFWLRQ
V� VHOI�FRQWDLQPHQW�� DV� WKH

IXQFWLRQ
V� RXWSXW� GHSHQGV� RQ� WKH� YDOXH� RI� x � DW� WKH�PRPHQW� RI� H[HFXWLRQ�� ,I� \RX� ZRUN� RQ� D� ORQJ

SURMHFW��WKLV�ZLOO�WXUQ�WKH�FRGH�SURQH�WR�EXJV�

/DVWO\�� JOREDO� YDULDEOHV� KDYH� D� GHWULPHQWDO� LPSDFW� RQ� SHUIRUPDQFH�� D� WRSLF� ZH
OO� VWXG\� ODWHU� RQ� WKH

ZHEVLWH��,Q�IDFW��JOREDO�YDULDEOHV�LQ�-XOLD�DUH�GLUHFWO\�D�SHUIRUPDQFH�NLOOHU�

,Q�FRQWUDVW��$SSURDFK���UHIHUV�WR� x �DV�D�ORFDO�YDULDEOH��7KLV� x �LV�XQUHODWHG�WR�WKH�JOREDO�YDULDEOH� x ÌLW

VLPSO\�VHUYHV�DV�D� ODEHO�WR� LGHQWLI\�WKH�YDULDEOH�WR�EH�GRXEOHG�� ,QGHHG��ZH�FRXOG
YH�UHSODFHG� x �ZLWK

DQ\�RWKHU�ODEHO��DV�GHPRQVWUDWHG�LQ�$SSURDFK���WKURXJK�WKH�PRQNH\�HPRML��ÿ �

%\�DYRLGLQJ�UHIHUHQFLQJ�DQ\�YDULDEOH�RXWVLGH�LWV�VFRSH��$SSURDFK���PDNHV�WKH�IXQFWLRQ�VHOI�FRQWDLQHG�

7KLV� DOORZV� XVHUV� WR� HDVLO\� DQWLFLSDWH� WKH� FRQVHTXHQFH� RI� H[HFXWLQJ� double � WKURXJK� D� VLPSO\

LQVSHFWLRQ�RI�WKH�IXQFWLRQ��HOLPLQDWLQJ�WKH�QHHG�WR�UHYLHZ�WKH�HQWLUH�FRGHEDVH��7KXV��$SSURDFK���DOLJQV

ZLWK�WKH�LQWHUSUHWDWLRQ�RI�D�IXQFWLRQ�DV�D�VHOI�FRQWDLQHG�PLQL�SURJUDP��WKH�IXQFWLRQ�HPERGLHV�WKH�WDVN

RI�GRXEOLQJ�D� YDULDEOH�� WXUQLQJ� WKH� IXQFWLRQ� UHXVDEOH�DQG�DSSOLFDEOH� WR�DQ\�YDULDEOH�� ,Q� WKLV� FRQWH[W�

DSSO\LQJ� double �WR�WKH�JOREDO�YDULDEOH� x �EHFRPHV�MXVW�RQH�SRVVLEOH�DSSOLFDWLRQ�

RECOMMENDATIONS FOR THE USE OF FUNCTIONS

6WUXFWXULQJ� FRGH� DURXQG� IXQFWLRQV� RìHUV� QXPHURXV� DGYDQWDJHV�� +RZHYHU�� WR� IXOO\� UHDOL]H� WKHVH

EHQHíWV�� XVHUV�PXVW� DGKHUH� WR� FHUWDLQ� SULQFLSOHV�ZKHQ�ZULWLQJ� FRGH�� 7KLV� VHFWLRQ� RXWOLQHV� D� IHZ� RI

WKHP�DQG�VKRXOG�EH�FRQVLGHUHG�DV�D�PHUH�LQWURGXFWLRQ�WR�WKH�VXEMHFW��7KH�WRSLF�ZLOO�EH�LQYHVWLJDWHG

IXUWKHU��ZKHQ�ZH�H[SORUH�KLJK�SHUIRUPDQFH�

AVOID GLOBAL VARIABLES IN FUNCTIONS

*OREDO�YDULDEOHV�DUH�VWURQJO\�GLVFRXUDJHG��7KLV� LV�QRW�RQO\�GXH�WR�WKH�UHDVRQV�PHQWLRQHG�SUHYLRXVO\�

EXW� DOVR� EHFDXVH� WKH\� FDQ� KDYH� D� GHYDVWDWLQJ� LPSDFW� RQ� SHUIRUPDQFH�� 7KH� HDVLHVW� VROXWLRQ� WR� WKLV

LVVXH� LV� WR� SDVV� JOREDO� YDULDEOHV� DV� IXQFWLRQ� DUJXPHQWV�� 7KLV� SUDFWLFH� ZLOO� DFWXDOO\� EHFRPH� VHFRQG

QDWXUH�RQFH�\RX�VWDUW�YLHZLQJ�IXQFWLRQV�DV�VHOI�FRQWDLQHG�PLQL�SURJUDPV��6SHFLíFDOO\��E\�DGRSWLQJ�WKLV

x = 3

double(x) = 2 * x
y         = double(x)

x = 3

double(ÿ) = 2 * ÿ
y          = double(x)



SHUVSHFWLYH��\RX
OO�FRQFHLYH�ORFDO�YDULDEOHV�DV�ODEHOV�WR�GHVFULEH�D�WDVN��UDWKHU�WKDQ�UHIHUHQFHV�WR�JOREDO

YDULDEOHV��7KLV�VKLIW�LQ�PLQGVHW�FDQ�KHOS�\RX�ZULWH�PRUH�HïFLHQW�DQG�PDLQWDLQDEOH�FRGH�

AVOID REDEFINING VARIABLES WITHIN FUNCTIONS

7KH�VXJJHVWLRQ�DSSOLHV�WR�ERWK�ORFDO�YDULDEOHV�DQG�IXQFWLRQ�DUJXPHQWV��5HGHíQLQJ�WKHVH�YDULDEOHV�FDQ

KDYH� VHYHUDO� GLVDGYDQWDJHV�� LQFOXGLQJ� UHGXFHG� FRGH� UHDGDELOLW\� DQG� SRWHQWLDO� SHUIRUPDQFH

GHJUDGDWLRQ��7KHUHIRUH��LW
V�UHFRPPHQGHG�WKDW�\RX�GHíQH�QHZ�YDULDEOHV�LQVWHDG�RI�UHGHíQLQJ�H[LVWLQJ

RQHV��7KLV�DSSURDFK�LV�GHPRQVWUDWHG�LQ�WKH�IROORZLQJ�H[DPSOH�

(OPTIONAL)���$QRWKHU�,VVXH�RI�5HGHíQLQJ�9DULDEOHV

MODULARITY

:H
YH�HPSKDVL]HG�WKH�LPSRUWDQFH�RI�YLHZLQJ�IXQFWLRQV�DV�VHOI�FRQWDLQHG�PLQL�SURJUDPV��GHVLJQHG�WR

SHUIRUP� VSHFLíF� WDVNV�� 7KLV� SHUVSHFWLYH� OHDGV� XV� WR� KLJKOLJKW� WKH� LPSRUWDQFH� RI� modularity�� WKH

SUDFWLFH�RI�EUHDNLQJ�GRZQ�D�SURJUDP�LQWR�PXOWLSOH�VPDOO�IXQFWLRQV��HDFK�ZLWK�LWV�RZQ�GLVWLQFW�SXUSRVH�

LQSXWV��DQG�RXWSXWV�

7KH� SULPDU\� EHQHíW� RI�PRGXODULW\� LV� WKH� DELOLW\� WR�ZRUN�ZLWK� LQGHSHQGHQW� FRGH� EORFNV�� %\� NHHSLQJ

WKHVH�EORFNV�VHSDUDWH��ZH�FDQ�GHFRPSRVH�FRPSOH[�SUREOHPV�LQWR�PXOWLSOH�PDQDJHDEOH�WDVNV��PDNLQJ

LW�HDVLHU�WR�WHVW�DQG�GHEXJ�FRGH��$GGLWLRQDOO\��PRGXODULW\�PDNHV� LW�SRVVLEOH�WR�HYHQWXDOO\� LPSURYH�RU

VXEVWLWXWH�SDUWV�RI�WKH�FRGH��ZLWKRXW�EUHDNLQJ�WKH�HQWLUH�SURJUDP�

$�KHOSIXO�ZD\�WR�XQGHUVWDQG�WKLV�SULQFLSOH�LV�E\�FRQVLGHULQJ�WKH�DQDORJ\�RI�EXLOGLQJ�D�/HJR�PLQLíJXUH�

,Q� WKH�íUVW� VWHS��PXOWLSOH�EORFNV�DUH�FUHDWHG� LQGHSHQGHQWO\��HDFK� UHSUHVHQWLQJ�D�VSHFLíF�SDUW�RI� WKH

íJXUH��VXFK�DV�WKH�OHJV��WRUVR��DUPV��DQG�KHDG��7KHQ��LQ�WKH�VHFRQG�VWDJH��WKHVH�LQGLYLGXDO�EORFNV�DUH

EURXJKW�WRJHWKHU�DQG�DVVHPEOHG�LQWR�DQ�LQWHJUDWHG�PLQLíJXUH�

7KLV� WZR�VWHS� DSSURDFK� RìHUV� VHYHUDO� DGYDQWDJHV�� %\� IRFXVLQJ� RQ� HDFK� EORFN� LQGLYLGXDOO\�� ZH� FDQ

FRQFHQWUDWH�DQG�UHíQH�HDFK�SDUW�ZLWKRXW�ZRUU\LQJ�DERXW�WKH�HQWLUH�VWUXFWXUH��$GGLWLRQDOO\��LW�SURYLGHV

JUHDW� îH[LELOLW\�� VLQFH� HDFK� EORFN� LV� FUHDWHG� LQGHSHQGHQWO\�� ZH� FDQ� PRGLI\� VSHFLíF� EORFNV� ZLWKRXW

KDYLQJ�WR�UHEXLOG�WKH�HQWLUH�íJXUH��)RU�LQVWDQFH��LI�ZH�ZDQW�WR�FKDQJH�WKH�íJXUH
V�KHDG��ZH�FDQ�VLPSO\

VZDS�RXW�WKH�FRUUHVSRQGLQJ�EORFN��ZLWKRXW�VWDUWLQJ�IURP�VFUDWFK�

function foo(x)
   x      = 2 + x           # redefines the argument
   
   y      = 2 * x
   y      = x + y           # redefines a local variable
end

function foo(x)
   z      = 2 + x           # new variable
   
   y      = 2 * x
   output = z + y           # new variable
end



7KH� SULQFLSOH� RI� PRGXODULW\� LV� FORVHO\� WLHG� WR� WKH� VXJJHVWLRQ� RI� ZULWLQJ� VKRUW� IXQFWLRQV�� 6RPH

SURSRQHQWV�HYHQ�DUJXH�WKDW�IXQFWLRQV�VKRXOG�EH�OLPLWHG�WR�IHZHU�WKDQ�íYH�OLQHV�RI�FRGH�,QGHHG��HQWLUH

ERRNV�KDYH�EHHQ�ZULWWHQ�EDVHG�RQ�WKLV�SULQFLSOH��$OWKRXJK�WKLV�YLHZSRLQW�PD\�EH�FRQVLGHUHG�UDWKHU

H[WUHPH��LW�FOHDUO\�HPSKDVL]HV�WKH�DGYDQWDJHV�RI�DYRLGLQJ�OHQJWK\�IXQFWLRQV�

(OPTIONAL)���([DPSOH�RI�0RGXODULW\

FOOTNOTES

 Local variables play a similar role to integration variables in math. Formally, in  for some function ,  just

represents a symbol indicating over which variable we're integrating. The integral could be equivalently expressed

using any other integration variable, such as  in .

1. f t dt∫ ( ) f t

x f x dx∫ ( )

https://dev.to/kanani_nirav/the-five-lines-of-code-principle-why-less-is-more-in-programming-31j6#:~:text=The%20idea%20is%20that%20a,and%20modify%20than%20longer%20functions.
https://www.manning.com/books/five-lines-of-code


3e. Map and Broadcasting

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� H[SORUHV� HOHPHQW�ZLVH� RSHUDWLRQV� RQ� LWHUDEOH� FROOHFWLRQV�� 7KHVH� DUH� GHíQHG� DV

FROOHFWLRQV�ZKRVH�HOHPHQWV�FDQ�EH�DFFHVVHG�VHTXHQWLDOO\��LQFOXGLQJ�H[DPSOHV�OLNH�YHFWRUV��WXSOHV��DQG

UDQJHV�

7KH�íUVW�DSSURDFK�FRYHUHG�LV�WKH� map � IXQFWLRQ��ZKLFK�DSSOLHV�D�JLYHQ�IXQFWLRQ�WR�HDFK�HOHPHQW�RI�D

FROOHFWLRQ��7KLV�IXQFWLRQ�LV�SDUWLFXODUO\�FRQYHQLHQW�IRU�WUDQVIRUPLQJ�FROOHFWLRQV�ZKLOH�DYRLGLQJ�IRU�ORRSV�

$IWHU� WKLV�� ZH
OO� VKLIW� RXU� IRFXV� WR� D� IXQGDPHQWDO� WHFKQLTXH� LQ� -XOLD� NQRZQ� DV� EURDGFDVWLQJ�� 7KLV

HQDEOHV� WKH� DSSOLFDWLRQ� RI� IXQFWLRQV� DQG� RSHUDWRUV� HOHPHQW�ZLVH�� ZKLOH� PDLQWDLQLQJ� FRQFLVH� DQG

H[SUHVVLYH�FRGH��%URDGFDVWLQJ�LV�TXLWH�YHUVDWLOH��VXSSRUWLQJ�RSHUDWLRQV�RQ�FROOHFWLRQV�RI�HTXDO�VL]H�RU

FRPELQDWLRQV�RI�VFDODUV�DQG�VDPH�VL]H�FROOHFWLRQV�� ,WV�GLVWLQFWLYH�V\QWD[��ZKLFK� LQYROYHV�DSSHQGLQJ�D

GRW� . �WR�WKH�IXQFWLRQ�RSHUDWRU��PDNHV�LW�HDVLO\�LGHQWLíDEOH�WKURXJKRXW�WKH�FRGH�

5HPDUN

7KH� WHUPV� EURDGFDVWLQJ� DQG� YHFWRUL]DWLRQ� ZLOO� EH� XVHG

LQWHUFKDQJHDEO\� WKURXJKRXW� WKH� ZHEVLWH�� DOWKRXJK� VWULFWO\� VSHDNLQJ

WKH\
UH� QRW� HTXLYDOHQW�� � )XUWKHUPRUH�� YHFWRUL]DWLRQ� KDV� PXOWLSOH

PHDQLQJV��GHSHQGLQJ�RQ�WKH�FRQWH[W�LQ�ZKLFK�WKH�GHíQLWLRQ�LV�DSSOLHG�

:DUQLQJ�

/DWHU�RQ�WKH�ZHEVLWH��ZH
OO�H[SORUH�IRU�ORRSV�DV�DQ�DOWHUQDWLYH�DSSURDFK

WR� WUDQVIRUPLQJ� DUUD\V�� 6HYHUDO� ODQJXDJHV� VWURQJO\� UHFRPPHQG

YHFWRUL]LQJ� RSHUDWLRQV� WR� LPSURYH� VSHHG�� LQVWHDG� KLJKO\� GLVFRXUDJLQJ

IRU�ORRSV��6XFK�DGYLFH�GRHV�QRW�DSSO\�WR�-XOLD�� ,Q�IDFW��ZKHQ�LW�FRPHV

WR� RSWLPL]LQJ� FRGH� LQ� -XOLD�� IRU�ORRSV� DUH� RIWHQ� WKH� NH\� WR� DFKLHYLQJ

IDVWHU�SHUIRUPDQFH�

&RQVLGHULQJ� WKLV�� WKH� PDLQ� DGYDQWDJH� RI� YHFWRUL]DWLRQ� LQ� -XOLD� LV� WR

VWUHDPOLQH�FRGH�ZLWKRXW�VDFULíFLQJ�VSHHG�

THE "MAP" FUNCTION

1

https://alfaromartino.github.io/


7KH� map �IXQFWLRQ�LV�DYDLODEOH�LQ�PRVW�SURJUDPPLQJ�ODQJXDJHV��DOORZLQJ�\RX�WR�WDNH�D�FROOHFWLRQ�DQG

JHQHUDWH� D� QHZ� RQH� ZLWK� WUDQVIRUPHG� HOHPHQWV�� ,W� FDQ� EH� DSSOLHG� LQ� WZR�ZD\V�� GHSHQGLQJ� RQ� WKH

QXPEHU�RI�LQSXWV�SDVVHG�

,Q� LWV� VLPSOHVW� IRUP�� map � WDNHV� D� VLQJOH�DUJXPHQW� IXQFWLRQ� foo � DQG� D� FROOHFWLRQ� x �� ,WV� V\QWD[� LV

map(foo,x) �� UHWXUQLQJ�D�QHZ�FROOHFWLRQ�ZLWK� foo(x[i]) �DV� i�WK�HOHPHQW�� map � LV� FRPPRQO\�DSSOLHG

ZLWK�DQ�DQRQ\PRXV�IXQFWLRQ�SOD\LQJ�WKH�UROH�RI� foo ��DV�LOOXVWUDWHG�EHORZ�

julia> z

3-element Vector{Float64}:
 0.0
 0.69315
 1.09861

julia> [log(x[1]), log(x[2]), log(x[3])]

3-element Vector{Float64}:
 0.0
 0.69315
 1.09861

julia> z
3-element Vector{Int64}:
 2
 4
 6

julia> [2*x[1], 2*x[2], 2*x[3]]

3-element Vector{Int64}:
 2
 4
 6

7KH�VHFRQG�ZD\�WR�DSSO\� map �DULVHV�ZKHQ�WKH�IXQFWLRQ� foo �WDNHV�PXOWLSOH�DUJXPHQWV��,Q�FDVH� foo �LV

D� WZR�DUJXPHQW� IXQFWLRQ�� WKH� V\QWD[� LV� map(foo, x, y) �� UHWXUQLQJ� D� QHZ� FROOHFWLRQ� ZKRVH� i�WK

HOHPHQW� LV� foo(x[i], y[i]) ��:KHQ� WKH� FROOHFWLRQV� x � DQG� y � KDYH�GLìHUHQW� VL]HV�� foo LV�DSSOLHG

HOHPHQW�ZLVH�XQWLO�WKH�VKRUWHVW�FROOHFWLRQ�LV�H[KDXVWHG��7KLV�UXOH�DSSOLHV�HYHQ�ZKHQ�HLWKHU� x �RU

y �LV�D�VFDODU��LQ�ZKLFK�FDVH� map �ZRXOG�UHWXUQ�D�VLQJOH�HOHPHQW�

)RU�GHPRQVWUDWLQJ�LWV�XVH��OHW
V�FRQVLGHU�WKH�DGGLWLRQ�RSHUDWLRQ��$V�\RX�PD\�UHFDOO�� + �GHQRWHV�ERWK�DQ

RSHUDWRU��H�J��� 2 + 3 ��DQG�D�IXQFWLRQ��H�J��� +(2, 3) ���%\�XVLQJ� + �LQ�SDUWLFXODU�DV�D�IXQFWLRQ�� map �FDQ

SHUIRUP�HOHPHQW�ZLVH�DGGLWLRQV�DFURVV�PXOWLSOH�FROOHFWLRQV�

x = [1, 2, 3]

z = map(log,x)

x = [1, 2, 3]

z = map(a -> 2 * a, x)



julia> z

3-element Vector{Int64}:
 0
 0
 0

julia> [+(x[1],y[1]), +(x[2],y[2]), +(x[3],y[3])]

3-element Vector{Int64}:
 0
 0
 0

julia> z
3-element Vector{Int64}:
 0
 0
 0

julia> [x[1]+y[1], x[2]+y[2], x[3]+y[3]]

3-element Vector{Int64}:
 0
 0
 0

julia> z

2-element Vector{Int64}:
 0
 0

julia> [+(x[1],y[1]), +(x[2],y[2])]

2-element Vector{Int64}:
 0
 0

x = [ 1, 2, 3]
y = [-1,-2,-3]

z = map(+, x, y)        # recall that `+` exists as both operator and function

x = [ 1, 2, 3]
y = [-1,-2,-3]

z = map((a,b) -> a+b, x, y)

x = [ 1, 2, 3]
y = [-1,-2]

z = map(+, x, y)        # recall that `+` is both an operator and a function



julia> z

1-element Vector{Int64}:
 0

julia> [+(x[1],y[1])]
1-element Vector{Int64}:
 0

BROADCASTING

7KH� IXQFWLRQ� map � FDQ� UDSLGO\� EHFRPH� XQZLHOG\� ZKHQ� GHDOLQJ� ZLWK� FRPSOH[� IXQFWLRQV� RU� PXOWLSOH

DUJXPHQWV��7KLV�LV�ZKHUH�EURDGFDVWLQJ�FRPHV�LQWR�SOD\��RìHULQJ�D�PRUH�VWUHDPOLQHG�V\QWD[�

1H[W�� ZH
OO� H[SORUH� WKH� FRQFHSW� RI� EURDGFDVWLQJ� LQ� D� VWHS�E\�VWHS� PDQQHU�� )LUVW�� ZH
OO� VKRZ� KRZ� LW

DSSOLHV� WR� FROOHFWLRQV� RI� HTXDO� VL]H�� FRYHULQJ� ERWK� IXQFWLRQV� DQG� RSHUDWRUV�� $IWHU� WKLV�� ZH
OO

GHPRQVWUDWH� WKDW� EURDGFDVWLQJ� DFFHSWV� FRPELQDWLRQV� RI� VFDODUV� DQG� FROOHFWLRQV�� HYHQ� WKRXJK� LW

W\SLFDOO\�GRHVQ
W�VXSSRUW�RSHUDWLRQV�ZLWK�FROOHFWLRQV�RI�GLìHUHQW�VL]HV��,Q�VXFK�LQVWDQFHV��WKH�VFDODU�LV

WUHDWHG�DV�D�YHFWRU�WKDW�PDWFKHV�WKH�VL]H�RI�WKH�FRUUHVSRQGLQJ�FROOHFWLRQV�

8QOLNH� RWKHU� SURJUDPPLQJ� ODQJXDJHV�� EURDGFDVWLQJ� LV� DQ� LQWULQVLF� IHDWXUH� RI� -XOLD� DQG� WKHUHE\

DSSOLFDEOH�WR�any�IXQFWLRQ�RU�RSHUDWRU��LQFOXGLQJ�XVHU�GHíQHG�RQHV�

BROADCASTING FUNCTIONS

%URDGFDVWLQJ� H[SDQGV� WKH� YHUVDWLOLW\� RI� IXQFWLRQV�� DOORZLQJ� WKHP� WR� EH� DSSOLHG� HOHPHQW�ZLVH� WR� D

FROOHFWLRQ��7KLV�IHDWXUH�LV�LPSOHPHQWHG�E\�DSSHQGLQJ�D�GRW�after�WKH�QDPH�RI�WKH�IXQFWLRQ��DV�LQ� foo.

(x) �

5HPDUNDEO\�� DQ\� IXQFWLRQ foo KDV� D� EURDGFDVWLQJ� FRXQWHUSDUW foo. �� 7KLV� HQWDLOV� WKDW

EURDGFDVWLQJ� LV� DXWRPDWLFDOO\� DYDLODEOH� IRU� XVHU�GHíQHG� IXQFWLRQV�� )XUWKHUPRUH�� LW� GHWHUPLQHV� WKDW

EURDGFDVWLQJ�LVQ
W�UHVWULFWHG�WR�QXPHULF�FROOHFWLRQV��EXW�WR�DQ\�W\SH�RI�FROOHFWLRQ�

6LPLODUO\�WR� map ��EURDGFDVWLQJ�FDQ�EH�DSSOLHG�WR�ERWK�VLQJOH��DQG�PXOWLSOH�DUJXPHQW�IXQFWLRQV��(DFK

FDVH�ZDUUDQWV�VHSDUDWH�FRQVLGHUDWLRQ�

$V�IRU�VLQJOH�DUJXPHQW�IXQFWLRQV��EURDGFDVWLQJ� foo �RYHU�D�FROOHFWLRQ� x �UHWXUQV�D�QHZ�FROOHFWLRQ�ZLWK

foo(x[i]) �DV�LWV�i�WK�HOHPHQW��7KH�IROORZLQJ�H[DPSOHV�GHPRQVWUDWH�WKLV�

x = [ 1, 2, 3]
y =  -1

z = map(+, x, y)        # recall that `+` is both an operator and a function



julia> log.(x)
3-element Vector{Float64}:
 0.0
 0.69315
 1.09861

julia> [log(x[1]), log(x[2]), log(x[3])]  # identical to log.(x)

3-element Vector{Float64}:
 0.0
 0.69315
 1.09861

julia> square.(x)

3-element Vector{Int64}:
 1
 4
 9

julia> [square(x[1]), square(x[2]), square(x[3])]  # identical to square.(x)

3-element Vector{Int64}:
 1
 4
 9

$V� IRU�PXOWLSOH�DUJXPHQW� IXQFWLRQV��VXSSRVH�D� IXQFWLRQ� foo �DQG�FROOHFWLRQV� x �DQG� y ��7KHQ�� foo.

(x,y) �UHWXUQV�D�QHZ�FROOHFWLRQ�ZLWK� foo(x[i],y[i]) �DV�LWV�i�WK�HOHPHQW�

,PSRUWDQWO\��FROOHFWLRQV�ZLWK�GLìHUHQW�VL]HV�DUHQ
W�DOORZHG��HVWDEOLVKLQJ�D�FOHDU�FRQWUDVW�EHWZHHQ

EURDGFDVWLQJ�DQG� map ��7KH�VROH�H[FHSWLRQ�WR�WKLV�UXOH�LV�ZKHQ�RQH�RI�WKH�REMHFWV�LV�D�VFDODU��DV�ZH
OO

VHH�ODWHU�

%HORZ��ZH�SURYLGH�VHYHUDO�H[DPSOHV��7KH�íUVW�H[DPSOH�LQ�SDUWLFXODU�PDNHV�XVH�RI�WKH�EXLOW�LQ�IXQFWLRQ

max ��ZKLFK�SURYLGHV�WKH�PD[LPXP�YDOXH�DPRQJ�LWV�VFDODU�DUJXPHQWV�

# `log(a)` is a function appying to scalars `a`

x         = [1,2,3]

square(a) = a^2     #user-defined function for a single element 'a'

x         = [1,2,3]



julia> max.(x,y)

3-element Vector{Float64}:
 2
 4
 8

julia> [max(x[1],y[1]), max(x[2]),y[2]), max(x[3]),y[3])]  # identical to max.(x,y)

3-element Vector{Float64}:
 2
 4
 8

julia> foo.(x)
3-element Vector{Int64}:
 0
 0
 0

julia> [foo(x[1],y[1]), foo(x[2]),y[2]), foo(x[3]),y[3])]  # identical to foo.(x,y)

3-element Vector{Float64}:
 0
 0
 0

5HPDUN

%URDGFDVWLQJ�DSSOLHV�QRW�RQO\�WR�QXPHULF�IXQFWLRQV��EXW�WR�DQ\�IXQFWLRQ�

)RU�LQVWDQFH��FRQVLGHU�WKH�EXLOW�LQ�IXQFWLRQ� string ��ZKLFK�FRQFDWHQDWHV

LWV� DUJXPHQWV� WR� IRUP� D� VHQWHQFH� �H�J��� string("hello ","world")

UHWXUQV� "hello world" ��

julia> string.(country, is_in, region)
2-element Vector{String}:
 "France is in Europe"
 "Canada is in North America"

# 'max(a,b)' returns 'a' if 'a>b', and 'b' otherwise

x        = [0, 4, 0]
y        = [2, 0, 8]

foo(a,b) = a + b        # user-defined function for single elements 'a' and 'b'

x        = [-2, -4, -10]
y        = [ 2,  4,  10]

country = ["France", "Canada"]
is_in   = [" is in "  , " is in "]
region  = ["Europe", "North America"]



BROADCASTING OPERATORS

,W
V� DOVR� SRVVLEOH� WR� broadcast operators�� PDNLQJ� WKHP� DSSO\� HOHPHQW�ZLVH�� ,WV� XVH� UHTXLUHV

SUHSHQGLQJ�D�GRW�before�WKH�RSHUDWRU�

)RU�LWV�DSSOLFDWLRQ�� LW
V�KHOSIXO�WR�UHFDOO�WKH�FODVVLíFDWLRQ�RI�RSHUDWRUV�E\�WKH�QXPEHU�RI�RSHUDQGV��DV

WKLV� GHWHUPLQHV� WKHLU� V\QWD[�� 6SHFLíFDOO\�� WKH� V\QWD[� RI�unary operators� LV� <symbol>x �� VR� WKDW� .√x

EURDGFDVWV� √ ��/LNHZLVH��WKH�V\QWD[�IRU�binary operators�LV� x <symbol> y ��VXFK�WKDW� x .+ y �FRPSXWHV

WKH�HOHPHQW�ZLVH�VXP�RI�YHFWRUV� x �DQG� y ��UHVXOWLQJ�LQ� [x[1]+y[1], x[2]+y[2], ...] �

julia> x .+ y
3-element Vector{Int64}:
 0
 0
 0

julia> .√x

3-element Vector{Float64}: 
 1.0
 1.41421
 1.73205

BROADCASTING OPERATORS WITH SINGLE-ELEMENT OBJECTS

,Q� DOO� WKH� FDVHV� FRYHUHG� VR� IDU�� EURDGFDVWLQJ� ZDV� DSSOLHG�ZLWK� LQSXWV� RI� WKH� VDPH� VL]H�� ,Q� JHQHUDO�

FROOHFWLRQV�RI�GLVVLPLODU�VL]H��VXFK�DV� x = [1,2] �DQG� y=[3,4,5] ��DUHQ
W�DOORZHG�

2QH�H[FHSWLRQ�WR�WKLV�UXOH�RFFXUV�ZKHQ�EURDGFDVWLQJ�DSSOLHV�WR�YHFWRUV�RI�HTXDO�VL]H�FRPELQHG�ZLWK

VFDODUV�� ,Q� WKHVH� FDVHV�� VFDODUV� DUH� WUHDWHG� DV� REMHFWV� KDYLQJ� WKH� VDPH� VL]H� DV� WKH� YHFWRUV�� ZLWK� DOO

HQWULHV� HTXDO� WR� WKH� VFDODU�� )RU� H[DPSOH�� JLYHQ� x = [1,2,3] � DQG� y = 2 �� WKH� H[SUHVVLRQ� x .+ y

SURGXFHV�WKH�VDPH�UHVXOW�DV�GHíQLQJ� y = [2,2,2] �DQG�WKHQ�H[HFXWLQJ� x .+ y ��7KLV�LV�GHPRQVWUDWHG

EHORZ�

julia> x .+ y

3-element Vector{Int64}:
 5
 15
 25

x = [ 1,  2,  3]
y = [-1, -2, -3]

x = [1, 2, 3]

x = [0,10,20]
y = 5



julia> x .+ y

3-element Vector{Int64}:
 5
 15
 25

5HPDUN

:H� HPSKDVL]H� WKDW� EURDGFDVWLQJ� FDQ� EH� DSSOLHG� WR� DQ\� LWHUDEOH

FROOHFWLRQ��7KXV��WKH�example�EDVHG�RQ�VWULQJV�SUHVHQWHG�DERYH�FDQ�EH

UHZULWWHQ�DV�IROORZV�

Code

julia> string.(country, is_in, region)
2-element Vector{String}:
 "France is in Europe"
 "Canada is in North America"

ITERABLE OBJECTS

6R�IDU��RXU�H[DPSOHV�KDYH�IRFXVHG�RQ�EURDGFDVWLQJ�XVLQJ�YHFWRUV�DV�FROOHFWLRQV��)XUWKHUPRUH��ZH
YH

H[SORUHG� WKH� WHFKQLTXH� E\� WUHDWLQJ� IXQFWLRQV� DQG� RSHUDWRUV� VHSDUDWHO\�� ZKLFK� VKHGV� OLJKW� RQ� WKH

XQGHUO\LQJ�PHFKDQLFV�RI�EURDGFDVWLQJ��1H[W��ZH
OO� WDNH�D�PRUH�FRPSUHKHQVLYH�SHUVSHFWLYH��DSSO\LQJ

EURDGFDVWLQJ�WR�RWKHU�W\SHV�RI�FROOHFWLRQV�DQG�WR�H[SUHVVLRQV�FRPELQLQJ�IXQFWLRQV�DQG�RSHUDWRUV�

:H�íUVW�VKRZ�WKDW�EURDGFDVWLQJ�FDQ�EH�DSSOLHG�WR�DQ\�LWHUDEOH�REMHFW��LQFOXGLQJ�WXSOHV�DQG�UDQJHV�

julia> log.(x)

(0.0, 0.69315, 1.09861)

julia> x .+ x

(2, 4, 6)

x = [0,10,20]
y = [5, 5, 5]

country       =  ["France", "Canada"]
is_in         =  " is in "
region        =  ["Europe", "North America"]

x = (1, 2, 3)    # or simply x = 1, 2, 3



julia> log.(x)

(0.0, 0.69315, 1.09861)

julia> x .+ x

(2, 4, 6)

julia> x .+ y

(2, 4, 6)

)XUWKHUPRUH�� LW
V� SRVVLEOH� WR� VLPXOWDQHRXVO\� EURDGFDVW� RSHUDWRUV� DQG� IXQFWLRQV�� *LYHQ� WKH

SHUYDVLYHQHVV� RI� VXFK� RSHUDWLRQV�� -XOLD� SURYLGHV� WKH�macro @. � IRU� DQ� HìRUWOHVV� DSSOLFDWLRQ�� 7KH

PDFUR�VKRXOG�EH�DGGHG�DW�WKH�EHJLQQLQJ�RI�WKH�VWDWHPHQW��DQG�KDV�WKH�HìHFW�RI�DXWRPDWLFDOO\�DGGLQJ

D��GRW��WR�HDFK�RSHUDWRU�DQG�IXQFWLRQ�IRXQG�

7R� GHPRQVWUDWH� LWV� XVH�� FRQVLGHU� DGGLQJ� WZR� YHFWRUV� HOHPHQW�ZLVH�� ZKLFK� ZH� WKHQ� WUDQVIRUP� E\

VTXDULQJ�WKH�HOHPHQWV�RI�WKH�UHVXOWLQJ�YHFWRU�

julia> square.(x .+ y)

3-element Vector{Int64}:
 4
 4
 4

julia> @. square(x + y)
3-element Vector{Int64}:
 4
 4
 4

x = 1:3

x = (1, 2, 3)    # or simply x = 1, 2, 3
y = 1:3

x = [1, 0, 2]
y = [1, 2, 0]

square(x) = x^2

x = [1, 0, 2]
y = [1, 2, 0]

square(x) = x^2

http://localhost:8000/PAGES/03b_packages/#macros


julia> temp
3-element Vector{Int64}:
 2
 2
 2

julia> z

3-element Vector{Int64}:
 4
 4
 4

BROADCASTING FUNCTIONS VS BROADCASTING OPERATORS

:H
YH�GHPRQVWUDWHG� WKDW�ERWK� IXQFWLRQV�DQG�RSHUDWRUV�FDQ�EH�EURDGFDVWHG��7KLV� OHWV�XV� LPSOHPHQW

RSHUDWLRQV� LQ� WZR� GLVWLQFW� ZD\V�� HLWKHU� EURDGFDVW� D� IXQFWLRQ� WKDW� RSHUDWHV� RQ� D� VLQJOH� HOHPHQW� RU

GHíQH�D�IXQFWLRQ�WKDW�GLUHFWO\�SHUIRUPV�WKH�EURDGFDVWHG�RSHUDWLRQ�

7KH� H[DPSOHV�EHORZ�GHPRQVWUDWH� WKDW� WKH� VDPH�RXWSXW� LV� REWDLQHG�XVLQJ� HLWKHU� DSSURDFK�� )RU� WKH

LOOXVWUDWLRQ��ZH�VXSSRVH�WKDW�WKH�JRDO�LV�WR�VTXDUH�HDFK�HOHPHQW�RI� x �

julia> number_squared.(x)
3-element Vector{Int64}:
 1
 4
 9

julia> vector_squared(x)  # '.' not needed (it'd be redundant)
3-element Vector{Int64}:
 1
 4
 9

:KLOH�ERWK�DSSURDFKHV�\LHOG�WKH�VDPH�RXWSXW��GHíQLQJ�D�IXQFWLRQ�WKDW�RSHUDWHV�RQ�D�VFDODU�LV�WKH

PRUH�DGYLVDEOH�FKRLFH��7KLV�LV�GXH�WR�D�FRXSOH�RI�UHDVRQV��)LUVWO\��D�IXQFWLRQ�OLNH� number_squared(a)

HQDEOHV�XVHUV�WR�VHDPOHVVO\�SHUIRUP�FRPSXWDWLRQV�RQ�ERWK�VFDODUV�DQG�FROOHFWLRQV��7KLV�LV�DFKLHYHG�E\

x = [1, 0, 2]
y = [1, 2, 0]

temp = x .+ y
z    = temp .^ 2

x                 = [1, 2, 3]

number_squared(a) = a ^ 2         # function for a single element 'a'

x                 = [1, 2, 3]

vector_squared(x) = x .^ 2         # function for a vector 'x'



VLPSO\�FKRRVLQJ�EHWZHHQ�H[HFXWLQJ�WKH�IXQFWLRQ�RU�LWV�EURDGFDVWHG�YHUVLRQ��$�FRUROODU\�RI�WKLV�LV�WKDW

VFDODU�IXQFWLRQV�DYRLG�FRPPLWWLQJ�WR�D�VSHFLíF�DSSOLFDWLRQ��6HFRQGO\��WKH�QRWDWLRQ� number_square.(x)

H[SOLFLWO\� FRQYH\V� WKDW� WKH� RSHUDWLRQ� LV� HOHPHQW�ZLVH�� DQ� DVSHFW� WKDW� ZRXOG� UHPDLQ� KLGGHQ� LQ

vector_squared(x) �

BROADCASTING OVER ONE ARGUMENT ONLY

:KHQ� ZH� EURDGFDVW� D� IXQFWLRQ� RU� RSHUDWRU� RYHU� VRPH� YHFWRUV� x � DQG� y �� ERWK� REMHFWV� DUH

VLPXOWDQHRXVO\� LWHUDWHG�� +RZHYHU�� WKHUH� DUH� LQVWDQFHV� ZKHUH� ZH� RQO\� ZDQW� WR� LWHUDWH� RYHU� RQH

DUJXPHQW�� NHHSLQJ� WKH�RWKHU�DUJXPHQW�í[HG��$� W\SLFDO� VFHQDULR� LV�ZKHQ�ZH�QHHG� WR� FKHFN�ZKHWKHU

HOHPHQWV�IURP� x �PDWFK�DQ\�YDOXHV�LQ�D�SUHGHíQHG�OLVW� y �

7R�LOOXVWUDWH�KRZ�WKLV�FDQ�EH�DFKLHYHG�YLD�EURDGFDVWLQJ��ZH�íUVW�LQWURGXFH�WKH�IXQFWLRQ� in(a, list) �

7KLV�DVVHVVHV�ZKHWKHU�WKH�VFDODU� a �HTXDOV�VRPH�HOHPHQW�LQ�WKH�YHFWRU� list ��)RU�LQVWDQFH��H[HFXWLQJ

in(2, [1,2,3]) �UHWXUQV� true ��EHFDXVH� 2 �EHORQJV�WR� [1,2,3] �

6XSSRVH�QRZ�WKDW��LQVWHDG�RI�D�VFDODU� a ��ZH�KDYH�D�YHFWRU� x ��7KH�JRDO�WKHQ�LV�WR�YHULI\�ZKHWKHU�each

RI� WKH� HOHPHQWV� LQ� x � LV� SUHVHQW� LQ� list = [1,2,3] �� %HORZ��ZH� VKRZ� WKDW� WKLV� RSHUDWLRQ� FDQ
W� EH

GLUHFWO\�LPSOHPHQWHG�E\�EURDGFDVWLQJ� in �

julia> in.(x, list)

ERROR: DimensionMismatch: arrays could not be broadcast to a common size; got a dimension 
with lengths 2 and 3

julia> in.(x, list)
3-element BitVector:
 1
 1
 0

,Q�WKH�íUVW�H[DPSOH�� in.(x, list) �HUURUV�EHFDXVH� x �DQG� list �VKRXOG�HLWKHU�KDYH�WKH�VDPH�VL]H�RU

RQH�RI�WKHP�EH�D�VFDODU��7KH�VHFRQG�H[DPSOH�GRHV�SURGXFH�DQ�RXWSXW��EXW�QRW�WKH�RQH�ZH
UH�ORRNLQJ

IRU��LW�FKHFNV�ZKHWKHU� 1==1 �� 2==2 ��DQG� 4==3 ��,QVWHDG��RXU�JRDO�LV�WR�GHWHUPLQH�LI� 1 �LV�LQ� [1,2,3] ��LI

2 �LV�LQ� [1,2,3] ��DQG�LI� 3 �LV�LQ� [1,2,3] �

,QWXLWLYHO\��ZH� QHHG� D�PHFKDQLVP� WR� LQIRUP� -XOLD� WKDW� list � VKRXOG� EH� WUHDWHG� DV� D� VLQJOH� HOHPHQW

ZKLOH�LWHUDWLQJ�RYHU� x ��7KLV�FDQ�EH�DFFRPSOLVKHG�LQ�WZR�GLìHUHQW�ZD\V��HLWKHU�E\�HQFORVLQJ� list �LQ�D

FROOHFWLRQ��H�J���D�YHFWRU�RU�WXSOH��RU�E\�XVLQJ�WKH� Ref �IXQFWLRQ�

x    = [1, 2]
list = [1, 2, 3]

x    = [1, 2, 4]
list = [1, 2, 3]



$V�IRU�WKH�íUVW�DSSURDFK��OHW
V�FRQVLGHU�D�WXSOH�DV�WKH�ZUDSSLQJ�FROOHFWLRQ��7KHQ��WKH�LPSOHPHQWDWLRQ

ZRXOG�EH�E\�ZULWLQJ� (list,) ��ZKLFK�FRQYHUWV�WKH�YDULDEOH�LQWR�D�WXSOH�ZKRVH�RQO\�HOHPHQW�LV�WKH�WXSOH

LWVHOI�� �:KLOH�H[SODLQLQJ�WKH�VSHFLíFV�RI� Ref �LV�EH\RQG�RXU�FXUUHQW�VFRSH��1RQHWKHOHVV��ZKDW�PDWWHUV

IRU� SUDFWLFDO� SXUSRVHV� LV� WKDW� Ref(list) � PDNHV� list � EH� WUHDWHG� DV� D� VLQJH� HOHPHQW�� %HORZ�� ZH

GHPRQVWUDWH�HDFK�DSSURDFK�

julia> in.(x, [list])

3-element BitVector:
 1
 0
 0

julia> in.(x, (list,))

3-element BitVector:
 1
 0
 0

julia> in.(x, Ref(list))

3-element BitVector:
 1
 0
 0

7KH�RXWSXW�YHFWRU�ZH�REWDLQ�LQ�HDFK�FDVH�LV�ZKDW
V�NQRZQ�DV�D� BitVector ��ZKHUH� 1 �FRUUHVSRQGV�WR

true �DQG� 0 � WR� false ��7KHUHIRUH�� WKH� UHVXOW� LV� [true, false, false] �� UHîHFWLQJ� WKDW� x[1] � LV� 2

DQG� 2 �EHORQJV�WR� list ��ZKHUHDV� x[2] �DQG� x[3] �GRQ
W�HTXDO�DQ\�HOHPHQW�LQ� list �

:DUQLQJ�

,W
V�SRVVLEOH� WR�XVH�DQ\�FROOHFWLRQ� WR�ZUDS� list ��+RZHYHU��ZH
OO� VHH� LQ

3DUW� ,,� RI� WKH� ERRN� WKDW� WKHUH
V� VRPH� SHUIRUPDQFH� SHQDOW\� LQYROYHG

ZKHQ�YHFWRUV�DUH�FUHDWHG��&RQVHTXHQWO\��\RX�VKRXOG�VWLFN�WR (list,)

UDWKHU�WKDQ [list] ZKHQ�LPSOHPHQWLQJ�WKLV�DSSURDFK�

:KLOH� WKH�SUHYLRXV�H[DPSOH�IRFXVHG�RQ�WKH�EURDGFDVWLQJ�RI� IXQFWLRQV�� WKH�VDPH�SULQFLSOH�DSSOLHV�WR

RSHUDWRUV��7KLV�FDQ�EH�LOOXVWUDWHG�WKURXJK�WKH� ∈ �RSHUDWRU��ZKLFK�VHUYHV�D�VLPLODU�SXUSRVH�WR�WKH� in

IXQFWLRQ�� -XVW� OLNH� in �� WKH� ∈ � RSHUDWRU� GHWHUPLQHV� ZKHWKHU� D� SDUWLFXODU� HOHPHQW� H[LVWV� ZLWKLQ� D

FROOHFWLRQ��

2

x    = [2, 4, 6]
list = [1, 2, 3]        # 'x[1]' equals the element 2 in 'list'

x    = [2, 4, 6]
list = [1, 2, 3]        # 'x[1]' equals the element 2 in 'list'

x    = [2, 4, 6]
list = [1, 2, 3]        # 'x[1]' equals the element 2 in 'list'

3



julia> x .∈ (list,)  # only 'x[1]' equals an element in 'list'
3-element BitVector:
 1
 0
 0

julia> x .∈ Ref(list)  # only 'x[1]' equals an element in 'list'
3-element BitVector:
 1
 0
 0

CURRYING AND FIXING ARGUMENTS (OPTIONAL)

Currying� LV� D� WHFKQLTXH� WKDW� WUDQVIRUPV� WKH� HYDOXDWLRQ� RI� D� IXQFWLRQ�ZLWK�PXOWLSOH� DUJXPHQWV� LQWR

HYDOXDWLQJ�D�VHTXHQFH�RI�IXQFWLRQV��HDFK�ZLWK�D�VLQJOH�DUJXPHQW�� �)RU�LQVWDQFH��WKH�FXUULHG�YHUVLRQ�RI

f(x,y) �ZRXOG�EH�ZULWWHQ� f(x)(y) �DQG�SURYLGH�DQ�LGHQWLFDO�RXWSXW�

2XU� LQWHUHVW� LQ� FXUU\LQJ� OLHV� LQ� LWV� DELOLW\� WR� VLPSOLI\� EURDGFDVWLQJ�� LW� HQDEOHV� WKH� WUHDWPHQW� RI� DQ

DUJXPHQW�DV�D�VLQJOH�REMHFW��ZLWKRXW� WKH�QHHG�WR�XVH� Ref �RU�HQFDSVXODWH�REMHFWV�DV�YHFWRUV�WXSOHV�

7KH�WHFKQLTXH�FRXOG�VHHP�FRQIXVLQJ�IRU�QHZ�XVHUV��,Q�SDUWLFXODU��LW�UHTXLUHV�D�JRRG�XQGHUVWDQGLQJ�RI

IXQFWLRQV� DV� íUVW�FODVV� REMHFWV�� HQWDLOLQJ� WKDW� IXQFWLRQV� FDQ� EH� WUHDWHG� DV� YDULDEOHV� WKHPVHOYHV��0\

SULPDU\�JRDO�LV�WKDW�\RX�FDQ�DW�OHDVW�UHFRJQL]H�WKH�V\QWD[�RI�FXUU\LQJ��DQG�WKXV�EH�DEOH�WR�UHDG�FRGH

WKDW�DSSOLHV�WKH�WHFKQLTXH�

:H�VWDUW�E\�LOOXVWUDWLQJ�KRZ�FXUU\LQJ�FDQ�EH�DSSOLHG�LQ�JHQHUDO�

julia> addition(2,1)
5

julia> curried(2)(1)

5

x    = [2, 4, 6]
list = [1, 2, 3]

x    = [2, 4, 6]
list = [1, 2, 3]

4

addition(x,y) = 2 * x + y

addition(x,y) = 2 * x + y

# the following are equivalent
curried(x)    = (y -> addition(x,y))
curried       = x -> (y -> addition(x,y))



julia> f(1)

5

julia> g(1)

5

7KH�NH\�WR�XQGHUVWDQGLQJ�WKH�V\QWD[�LV�WKDW� curried(x) � LV�D�IXQFWLRQ�LWVHOI��ZLWK� y �DV�LWV�DUJXPHQW�

7KH� VHFRQG� WDE� LOOXVWUDWHV� WKLV� FOHDUO\� WKURXJK� WKH� HTXLYDOHQFH� EHWZHHQ� f = curried(2) � DQG

addition(2,y) ��7KHVH�IXQFWLRQV�KHOS�XV�XQGHUVWDQG�WKH�ORJLF�EHKLQG�FXUU\��EXW�DUH�RQO\�XVHIXO�IRU�WKH

VSHFLíF� FDVH�RI� x=2 �� ,QVWHDG�� curried(x) � DOORZV� WKH�XVHU� WR� FDOO� WKH� IXQFWLRQ� WKURXJK� curried(x)

(y) ��DQG�VR�EH�XVHG�IRU�DQ\� x �

$V�IRU�EURDGFDVWLQJ��DQ\�IXQFWLRQ� foo �LQ�-XOLD�FDQ�EH�EURDGFDVWHG�WKURXJK� f. ��$QG�ZH
YH�GHWHUPLQHG

WKDW� curried(x) �LV�D�IXQFWLRQ�MXVW�OLNH�DQ\�RWKHU��7KHUHIRUH�� curried(x) �SOD\V�WKH�VDPH�UROH�DV� foo �

DQG�VR�ZH�FDQ�EURDGFDVW�RYHU� y �IRU�D�í[HG� x �WKURXJK� curried(x).(y) �

julia> curried(a).(b)

3-element Vector{Int64}:
 5
 6
 7

addition(x,y) = 2 * x + y
curried(x)    = (y -> addition(x,y))

# the following are equivalent
f             = curried(2)          # function of 'y', with 'x' fixed to 2
g(y)          = addition(2,y)

a             = 2
b             = [1,2,3]

addition(x,y) = 2 * x + y
curried(x)    = (y -> addition(x,y))   # 'curried(x)' is a function, and 'y' its argument



julia> f.(b)

3-element Vector{Int64}:
 5
 6
 7

julia> g.(b)

3-element Vector{Int64}:
 5
 6
 7

/HW
V� QRZ� H[SORUH� KRZ� WKH� FXUU\LQJ� WHFKQLTXH� FDQ� KHOS� WUHDW� D� YHFWRU� DV� D� VLQJOH� HOHPHQW� LQ

EURDGFDVWLQJ��7R�LOOXVWUDWH�WKLV��FRQVLGHU�WKH�IXQFWLRQ� in �XVHG�previously��7KLV�IXQFWLRQ�KDV�D�EXLOW�LQ

FXUULHG� YHUVLRQ�� ZKLFK� FDQ� EH� DSSOLHG� WKURXJK� in(list).(x) � IRU� YHFWRUV� list � DQG� x �� 7R� EHWWHU

GHPRQVWUDWH� LWV� XVDJH�� WKH� IROORZLQJ� H[DPSOH� FRPSDUHV� DQ� LPSOHPHQWDWLRQ� ZLWK� Ref �� WKH� EXLOW�LQ

FXUULHG� in ��DQG�RXU�RZQ�FXUU\�LPSOHPHQWDWLRQ�

julia> in.(x,Ref(list))
3-element BitVector:
 1
 0
 0

julia> our_in(list).(x)  # it broadcasts only over 'x'
3-element BitVector:
 1
 0
 0

a             = 2
b             = [1,2,3]

addition(x,y) = 2 * x + y
curried(x)    = (y -> addition(x,y))

#the following are equivalent
f    = curried(a)             # 'foo1' is a function, and 'y' its argument
g(y) = addition(2,y)

x    = [2, 4, 6]
list = [1, 2, 3]

x    = [2, 4, 6]
list = [1, 2, 3]

our_in(list_elements) = (x -> in(x,list_elements))   # 'our_in(list_elements)' is a 
function



julia> in(list).(x)  # similar to 'our_in'
3-element BitVector:
 1
 0
 0

FOOTNOTES

 Vectorization refers to applications restricted to arrays of the same size, with broadcasting being an extension of it

that allows for scalars.

 Recall that tuples with a single element must be written with a trailing comma, as in (list,) . The expression

(list)  instead would be interpreted as list , and hence treated as a vector.

∈  can also be applied as a function, with its syntax mirroring that of in . Thus, ∈(a, list)  for a scalar a  yields

the same results as in(a, list) .

 The name comes from the mathematician Haskell Curry, not the spice!

x    = [2, 4, 6]
list = [1, 2, 3]

1.

2.

3.

4.



4a. Overview and Goals

Martin Alfaro
3K'�LQ�(FRQRPLFV

$IWHU�VWXG\LQJ�IXQFWLRQV��&KDSWHU���FRYHUV�DQRWKHU�WZR�FRUH�WRROV�IRU�SURJUDPPLQJ��conditions�DQG

for-loops�

$W�WKLV�SRLQW��ZH
OO�VLPSO\�GHíQH�WKH�FRQFHSWV��ZLWKRXW�HPSKDVL]LQJ�PXFK�RQ�WKH�PRVW�HìHFWLYH�ZD\V

WR�DSSO\� WKHP��%DVLFDOO\��\RX�VKRXOG� IRFXV�RQ� WKH�DSSURDFKHV�DQG�V\QWD[� WR�H[SUHVV�FRQGLWLRQV�DQG

IRU�ORRSV�

:H� DOVR� UHOHJDWH� WKH� DQDO\VLV� RI� WHFKQLTXHV� WKDW� FRPELQH� IXQFWLRQV�� FRQGLWLRQV�� DQG� IRU�ORRSV�� 7KH

IROORZLQJ� FKDSWHUV�ZLOO� VKRZ� WKDW� WKHLU� VLPXOWDQHRXV� XVH� JLYHV� ULVH� WR� LPSRUWDQW� FRQFHSWV� RI� -XOLD
V

ODQJXDJH��VXFK�DV�LQ�SODFH�IXQFWLRQV�

https://alfaromartino.github.io/


4b. Conditions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV�VHFWLRQ� OD\V� WKH�EDVLFV� IRU� LQFRUSRUDWLQJ�FRQGLWLRQV� LQWR�RXU�SURJUDPV��)RUPDOO\��FRQGLWLRQV�DUH

GHíQHG�DV�IXQFWLRQV�DQG�RSHUDWRUV�WKDW�UHWXUQ�WUXH�RU�IDOVH�DV�WKHLU�RXWSXW��$�FRPPRQ�H[DPSOH�RI�D

FRQGLWLRQ�LV� x > y �

7R�JHW�WKH�PRVW�RXW�RI�WKLV�VHFWLRQ��\RX�VKRXOG�NHHS�LQ�PLQG�WKH�FODVVLíFDWLRQ�RI�RSHUDWRUV�GLVFXVVHG

here�� 7KLV� HVWDEOLVKHV� WKDW� RSHUDWRUV� FDQ� EH� FDWHJRUL]HG� DFFRUGLQJ� WR� WKHLU� QXPEHU� RI� RSHUDQGV�

6SHFLíFDOO\�� XQDU\� RSHUDWRUV� DFW� RQ� D� VLQJOH� RSHUDQG� DQG� SUHFHGH� LW� �L�H�� <operator>x ��� ZKHUHDV

ELQDU\�RSHUDWRUV�WDNH�WZR�RSHUDQGV�DQG�DUH�SODFHG�EHWZHHQ�WKHP��L�H�� x <operator> y ��

CONDITIONS

Conditions� DUH� UHSUHVHQWHG�DV� YDOXHV�ZLWK� W\SH� Bool �� HYDOXDWLQJ� WR�HLWKHU� true � RU� false �� 7KHVH

YDOXHV�DUH�LQWHUQDOO\�UHSUHVHQWHG�DV�LQWHJHUV�UHVWULFWHG�WR� 1 �DQG� 0 �

7KH�UHSUHVHQWDWLRQ�RI�%RROHDQ�YDOXHV�LQ�WKH�5(3/�YDULHV�GHSHQGLQJ�RQ�WKHLU�GLPHQVLRQ��VFDODU� Bool

YDOXHV�DUH�GLVSOD\HG�DV� true �DQG� false ��ZKLOH� Bool �YHFWRUV�XVH� 1 �DQG� 0 ��7KLV�LV�LOOXVWUDWHG�EHORZ�

julia> y

true

julia> z

2-element Vector{Bool}:
 1
 0

:DUQLQJ�

3DUHQWKHVHV�DUH�RSWLRQDO�ZKHQ�ZULWLQJ�VLQJOH�FRQGLWLRQV��DOORZLQJ�XV�WR

ZULWH� y = x > 0 � UDWKHU�WKDQ� y = (x > 0) ��1RQHWKHOHVV�� WKH�IRUPHU

x = 2

#`y` provides `true` or `false` as its output
y = (x > 0)

x = 2

#'z' provides 'true' and 'false' as its output, represented by 1s and 0s
z = [x > 0, x < 0]

https://alfaromartino.github.io/
http://localhost:8000/PAGES/02b_variables/#operators


V\QWD[� LV� VRPHZKDW� DPELJXRXV�� ZLWK� WKH� ULVN� RI� EHLQJ� SRWHQWLDOO\

PLVLQWHUSUHWHG�DV� (y = x) > 0 ��7R�DYRLG�FRQIXVLRQ��LW
V�D�JRRG�SUDFWLFH

WR�DOZD\V�LQFOXGH�SDUHQWKHVHV��7KLV�LV�HVSHFLDOO\�WUXH�ZKHQ�ZRUNLQJ�ZLWK

PXOWLSOH�FRQGLWLRQV��ZKHUH�RXWFRPHV�FDQ�EH�GUDVWLFDOO\�DOWHUHG�

7KH� FRQGLWLRQ� LQ� WKH�SUHYLRXV�H[DPSOH�ZDV�GHíQHG� YLD� WKH�RSHUDWRU� > ��0RUH� JHQHUDOO\�� FRQGLWLRQV

DFFHSW�comparison operators��ZKLFK�DUH�binary operators�WKDW�FRPSDUH�YDOXHV�RI�YDULRXV�W\SHV��H�J��

QXPEHUV�DQG�VWULQJV���7KH�QH[W�OLVW�GHíQHV�WKH�PRVW�FRPPRQ�RQHV�

&RPSDULVRQ�2SHUDWRU 0HDQLQJ

x == y HTXDO

x ≠ y �RU� x != y QRW�HTXDO

x < y ORZHU�WKDQ

x ≤ y �RU� x <= y ORZHU�RU�HTXDO�WKDQ

x > y JUHDWHU�WKDQ

x ≥ y �RU� x >= y JUHDWHU�RU�HTXDO�WKDQ

5HPDUN

7KH� QRQ�VWDQGDUG� FKDUDFWHUV� DSSHDULQJ� LQ� WKH� WDEOH� FDQ� EH� ZULWWHQ

XVLQJ�WDE�FRPSOHWLRQ�

≠ �YLD� \ne ��ZKLFK�VWDQGV�IRU��QRW�HTXDO��

≥ �YLD� \ge ��ZKLFK�VWDQGV�IRU��JUHDWHU�RU�HTXDO��

≤ �YLD� \le ��ZKLFK�VWDQGV�IRU��ORZHU�RU�HTXDO��

5HPDUN

&RPSDULVRQ�RSHUDWRUV�DUH�DOVR�DYDLODEOH�DV�IXQFWLRQV��)RU�LQVWDQFH��WKH

IROORZLQJ�H[SUHVVLRQV�DUH�DOO�YDOLG�

==(1,2)     # same as 1 == 2
 ≠(1,2)     # same as 1 ≠ 2
 ≥(1,2)     # same as 1 ≥ 2
>=(1,2)     # same as 1 ≥ 2
 >(1,2)     # same as 1 > 2



LOGICAL OPERATORS

Logical operators�DOORZ�XV�WR�FRPELQH�PXOWLSOH�FRQGLWLRQV�LQWR�D�VLQJOH�RQH��)RUPDOO\��WKH\�WDNH� Bool

H[SUHVVLRQV�DV�WKHLU�RSHUDQGV��DQG�UHWXUQ�DQRWKHU� Bool �DV�WKHLU�RXWSXW��7KH�IROORZLQJ�DUH�WKH�PDLQ

ORJLFDO�RSHUDWRUV�XVHG�LQ�-XOLD�

/RJLFDO�2SHUDWRU 0HDQLQJ

x && y x �DQG� y

x || y x �RU� y

!x QHJDWLRQ�RI� x

1RWLFH�WKDW� && �DQG� || �IROORZ�WKH�V\QWD[�UXOHV�RI�binary�RSHUDWRUV�

julia> z1
true

julia> z2
true

$QRWKHU�RSHUDWRU�WDNLQJ�FRQGLWLRQV�DV�WKHLU�RSHUDQGV�LV�WKH��QRW��RSHUDWRU��UHSUHVHQWHG�E\� ! ��7KLV�LV

D�XQDU\�RSHUDWRU�WKDW�LQYHUWV�D�FRQGLWLRQ
V�YDOXH��FKDQJLQJ� true �WR� false �DQG�YLFH�YHUVD��7R�XVH�LW�

\RX�VLPSO\�SODFH� ! �DW�WKH�VWDUW�RI�WKH�FRQGLWLRQ��L�H���EHIRUH�WKH�SDUHQWKHVHV��

$V�DQ�LOOXVWUDWLRQ��WKH�YDULDEOHV� y1 �DQG� y2 �EHORZ�EHFRPH�HTXLYDOHQW�YLD� ! �

julia> y1  #identical output as 'y2'
true

LOGICAL OPERATORS AS SHORT-CIRCUIT OPERATORS

x = 2
y = 3

# are both variables positive?
z1 = (x > 0) && (y > 0)

# is either `x` or `y` (or both) positive? 
z2 = (x > 0) || (y > 0)

x = 2

# is `x` positive?
y1 = (x > 0)

# is `x` not less than zero nor equal to zero? (equivalent)
y2 = !(x ≤ 0)



$� NH\� IHDWXUH� RI� && � DQG� || � LV� WKDW� WKH\
UH� short-circuit operators�� 7KLV� PHDQV� WKDW�� RQFH� DQ

RSHUDQG� LV� HYDOXDWHG�� WKH� UHPDLQLQJ� RSHUDQGV� DUH� HYDOXDWHG� RQO\� LI� WKH� SUHYLRXV� RSHUDQGV� GLGQ
W

HVWDEOLVK�WKH�WUXWK�RU�IDOVHQHVV�RI�WKH�H[SUHVVLRQ��6SHFLíFDOO\�

(x > 0) || (y > 0)

7KLV�H[SUHVVLRQ�LV�WUXH�ZKHQ�at least one condition�LV�VDWLVíHG��7KXV��-XOLD�EHJLQV�E\�DQDO\]LQJ

x > 0 �� ,I� WKLV� H[SUHVVLRQ� LV� WUXH�� LW� LPPHGLDWHO\� UHWXUQV� true �� ZLWKRXW� HYDOXDWLQJ� DQ\

VXEVHTXHQW�H[SUHVVLRQ��2QO\�ZKHQ� x > 0 �LV�IDOVH�ZLOO�-XOLD�HYDOXDWH� y > 0 �

(x > 0) && (y > 0)

7KLV�H[SUHVVLRQ�LV�WUXH�LI�both conditions�DUH�VDWLVíHG��7KXV��-XOLD�EHJLQV�E\�DQDO\]LQJ� x > 0 �

,I�WKLV�H[SUHVVLRQ�LV�IDOVH��LW�LPPHGLDWHO\�UHWXUQV� false ��ZLWKRXW�HYDOXDWLQJ�DQ\�VXEVHTXHQW

H[SUHVVLRQ��2QO\�ZKHQ� x > 0 �LV�WUXH�ZLOO�-XOLD�HYDOXDWH� y > 0 �

6LQFH�QRW�DOO�RSHUDQGV�DUH�DOZD\V�HYDOXDWHG��LW
V�SRVVLEOH�WR�JHW�D�UHVXOW�HYHQ�LI�VRPH�RSHUDQGV�FRQWDLQ

LQYDOLG� H[SUHVVLRQV�� 7KLV� LV� VKRZQ� LQ� WKH� QH[W� H[DPSOH�� ZKHUH� ZH� LQFOXGH� LQYDOLG� -XOLD� FRGH� DV� D

FRQGLWLRQ�

julia> (x < 0) && (this-is-not-even-legitimate-code)
false

julia> (x > 0) && (this-is-not-even-legitimate-code)
ERROR: UndefVarError: `this` not defined

julia> (x > 0) || (this-is-not-even-legitimate-code)

true

julia> (x < 0) || (this-is-not-even-legitimate-code)
ERROR: UndefVarError: `this` not defined

PARENTHESIS IN MULTIPLE CONDITIONS

7KH� LQFOXVLRQ� RI� SDUHQWKHVHV� LVQ
W� FUXFLDO� ZKHQ� ZRUNLQJ� ZLWK� RQO\� WZR� FRQGLWLRQV�� 7KLV� LV� EHFDXVH

H[SUHVVLRQV�OLNH� (x > 0) && (y > 0) �FDQ�EH�VDIHO\�ZULWWHQ�DV� x > 0 && y > 0 ��ZLWKRXW�PXFK�ULVN�RI

FRQIXVLRQ�

2Q�WKH�FRQWUDU\��ZKHQ�GHDOLQJ�ZLWK�WKUHH�RU�PRUH�FRQGLWLRQV��WKH�ODFN�RI�SDUHQWKHVHV�FDQ�GUDVWLFDOO\

LPSDFW�WKH�H[SHFWHG�EHKDYLRU�RI�DQ�H[SUHVVLRQ��7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKLV�SRLQW�

julia> x < 0 && y > 4 || y < 2

true

x = 10

x = 10

x = 5
y = 0



julia> (x < 0) && (y > 4 || y < 2)

false

julia> (x < 0 && y > 4) || (y < 2)
true

,Q� WKH� H[DPSOH�� WKH� H[SUHVVLRQ� ZLWKRXW� SDUHQWKHVLV� LV� HTXLYDOHQW� WR� WKH� ODVW� WDE
V�� VLQFH� && KDV

KLJKHU�SUHFHGHQFH�WKDQ || �LQ�-XOLD��ZKHQ�ERWK� && �DQG� || �DUH�XVHG�� && �ZLOO�EH�HYDOXDWHG�íUVW�

7R�DYRLG�FRQIXVLRQ�ZKHQ�PRUH�WKDQ�WZR�FRQGLWLRQV�DUH�LQFRUSRUDWHG��ZH
OO�DOZD\V�DGG�SDUHQWKHVHV�

7KLV� LPSURYHV� UHDGDELOLW\� DQG� VSDUHV� XV� WKH� QHHG� WR� PHPRUL]H� VSHFLíF� UXOHV�� 7KH� QH[W� RSWLRQDO

VXEVHFWLRQ� FRYHUV� -XOLD
V� SUHFHGHQFH� UXOHV� LQ� PRUH� GHWDLO�� +RZHYHU�� LI� \RX
OO� FRQVLVWHQWO\� HQFORVH

FRQGLWLRQV�LQ�SDUHQWKHVHV��\RX�FDQ�VDIHO\�VNLS�LW�

MULTIPLE CONDITIONS WITHOUT PARENTHESES (OPTIONAL)

7R� VLPSOLI\� WKH� H[SODQDWLRQ�� OHW
V� IRFXV� RQ� FDVHV� ZLWK� WKUHH� FRQGLWLRQV�� 7KHVH� FRQGLWLRQV� ZLOO� EH

UHSUHVHQWHG� WKURXJK� Bool � YDULDEOHV� a �� b �� DQG� c �� ZLWK� HDFK� YDULDEOH� SRVVLEO\� UHSUHVHQWLQJ

H[SUHVVLRQV�OLNH� x > 0 �

7R�XQGHUVWDQG�KRZ�-XOLD�JURXSV�WKUHH�FRQGLWLRQV�ZLWKRXW�SDUHQWKHVHV��WKHUH�DUH�WZR�UXOHV�\RX�QHHG

WR�NQRZ��)LUVW�� && �KDV�KLJKHU�SUHFHGHQFH�WKDQ� || ��7KLV�PHDQV�WKDW� a && b || c �LV�HTXLYDOHQW�WR� (a

&& b) || c ��ZKHUHDV� a || b && c �LV�HTXLYDOHQW�WR� a || (b && c) ��6HFRQG�� && �DQG� || �DUH�VKRUW�

FLUFXLW� RSHUDWRUV�� 7KXV�� a && b � LPPHGLDWHO\� UHWXUQV� false � LI� LWV� íUVW� RSHUDQG� a � LV� IDOVH��ZLWKRXW

HYDOXDWLQJ� WKH� VHFRQG� RSHUDQG� b �� /LNHZLVH�� a || b � UHWXUQV� true � LI� WKH� íUVW� RSHUDQG� a � LV� WUXH�

ZLWKRXW�HYDOXDWLQJ�WKH�VHFRQG�RSHUDQG� b �

7KH�IROORZLQJ�GLDJUDPV�GHVFULEH�WKH�SURFHVV�IRU�HYDOXDWLQJ� a && b || c �DQG� a || b && c ��EDVHG�RQ

WKHVH�WZR�UXOHV�

CASE 1: a || b && c  is equivalent to a || (b && c)

x = 5
y = 0

x = 5
y = 0



CASE 2: a && b || c  is equivalent to (a && b) || c

7R�LOOXVWUDWH�WKH�UXOHV�LQ�SUDFWLFH��OHW
V�JR�WKURXJK�VHYHUDO�H[DPSOHV�WKDW�FRPELQH�WUXH�IDOVH�YDOXHV�IRU

a �� b �� DQG� c �� ,Q� WKHVH� H[DPSOHV�� ZH
OO� XVH� WKH� LQYDOLG� H[SUHVVLRQ� does-not-matter �� 7KLV� LV� WR

HPSKDVL]H� WKDW� VRPH�FRQGLWLRQV�DUHQ
W�QHFHVVDULO\�HYDOXDWHG� WKDQNV� WR� WKH�VKRUW�FLUFXLW�EHKDYLRU�RI

&& �DQG� || �

julia> false || true && true

true

julia> false || true && false

false

julia> true || does-not-matter

true

julia> true && false || true
true

julia> true && false || false
false

julia> false && does-not-matter || true
true

FUNCTIONS TO CHECK CONDITIONS ON VECTORS: "ALL" AND "ANY"

-XOLD� SURYLGHV� WZR� EXLOW�LQ� IXQFWLRQV� FDOOHG� all � DQG� any � WR� HYDOXDWH� PXOWLSOH� FRQGLWLRQV� LQ� D

FROOHFWLRQ��7KH�IXQFWLRQ� all �UHWXUQV� true �LI�every condition�LV�WUXH��ZKHUHDV� any �UHWXUQV� true �LI�at

least one condition�LV�WUXH��7KH�IXQFWLRQV�UHTXLUH�HLWKHU�GLUHFWO\�VSHFLI\LQJ�WKH�FRQGLWLRQV�WKURXJK�D

%RROHDQ�YHFWRU�RU�GHíQLQJ�WKH�FRQGLWLRQ�WR�FKHFN�WKURXJK�D�IXQFWLRQ��1H[W��ZH�FRYHU�HDFK�FDVH

VHSDUDWHO\�

VECTORS FOR REPRESENTING MULTIPLE CONDITIONS

,Q� WKH� IROORZLQJ��ZH�GHPRQVWUDWH� WKH� V\QWD[�RI� all � DQG� any �ZKHQ� WKH\� WDNH�D�%RROHDQ� YHFWRU� DV

WKHLU�DUJXPHQW�



julia> are_all_positive
false

julia> is_one_positive
true

7KH� IXQFWLRQ� all � UHWXUQV� true �RQO\�ZKHQ�DOO� WKH�FRQGLWLRQV�DUH�VDWLVíHG�� WKXV� UHTXLULQJ� WKDW�HDFK

YHFWRU
V�HQWU\� LV�SRVLWLYH��7KLV�GRHVQ
W�KROG� LQ� WKH�H[DPSOH�� VLQFH� b = -1 ��&RQYHUVHO\�� any � UHWXUQV

true �ZKHQ�DW�OHDVW�RQH�RI�WKH�FRQGLWLRQV�KROGV��WKXV�UHTXLULQJ�DW�OHDVW�RQH�HOHPHQW�LQ�WKH�YHFWRU�WR

EH�SRVLWLYH��7KLV�LV�VDWLVíHG�LQ�WKH�H[DPSOH��VLQFH� a = 1 �

$V�ZH� LQGLFDWHG�� all � DQG� any �GR�QRW� VXSSRUW�SDVVLQJ�PXOWLSOH� FRQGLWLRQV�DV� VHSDUDWH�DUJXPHQWV�

7KLV� HQWDLOV� WKDW� H[SUHVVLRQV� OLNH� all(a > 0, b > 0) � DUHQ
W� DOORZHG��1HYHUWKHOHVV�� WKLV� UHVWULFWLRQ

DFWXDOO\�PDNHV�WKH�IXQFWLRQV�PRUH�îH[LEOH��DV�WKH\�HQDEOH�WKH�XVH�RI�EURDGFDVWLQJ�RSHUDWLRQV�IRU

FKHFNLQJ� PXOWLSOH� FRQGLWLRQV�� )RU� H[DPSOH�� WKH� IROORZLQJ� FRGH� VQLSSHW� LPSOHPHQWV� WKH� VDPH

RSHUDWLRQV�DV�DERYH��EXW�WKURXJK�D�YHFWRU� x �

julia> are_all_positive
false

julia> is_one_positive
true

FUNCTIONS FOR REPRESENTING MULTIPLE CONDITIONS

,Q� DGGLWLRQ� WR� H[SUHVVLQJ� FRQGLWLRQV� WKURXJK� YHFWRUV�� all � DQG� any � DOORZ� SDVVLQJ� D� IXQFWLRQ� WR

UHSUHVHQW� WKH� FRQGLWLRQ� WR� FKHFN�� 7KH� V\QWD[� IRU� WKLV� LV� all(<function>, <array>) � DQG

any(<function>, <array>) �� ZKHUH� <function> � FDQ� EH� DQ� DQRQ\PRXV� IXQFWLRQ�� 7KH� IROORZLQJ

H[DPSOHV�GHPRQVWUDWH�KRZ�WR�LPSOHPHQW� all(x .> 0) �DQG� any(x .> 0) �XVLQJ�WKLV�DSSURDFK�

a                = 1
b                = -1

# function indicating whether all elements satisfy the condition
are_all_positive = all([a > 0, b > 0])

# function indicating whether at least one element satisfies the condition
is_one_positive  = any([a > 0, b > 0])

x                = [1, -1]

are_all_positive = all(x .> 0)
is_one_positive  = any(x .> 0)



julia> are_all_positive

false

julia> is_one_positive

true

%\�SDVVLQJ�D�IXQFWLRQ�DV�DQ�DUJXPHQW�� all �DQG� any �FDQ�DGGLWLRQDOO\�EH�HPSOR\HG�WR�HYDOXDWH�WKH

VDPH�FRQGLWLRQ�DFURVV�PXOWLSOH�YHFWRUV��7KLV�LV�DFKLHYHG�E\�EURDGFDVWLQJ� all �DQG� any �

julia> are_all_positive  # all elements in 'y' are positive, but not in 'x'
2-element BitVector:
 0
 1

julia> is_one_positive  # at least one element of 'x' or 'y' is positive
2-element BitVector:
 1
 1

x                = [1, -1]

are_all_positive = all(i -> i > 0, x)
is_one_positive  = any(i -> i > 0, x)

x                = [1, -1]
y                = [1,  1]

are_all_positive = all.(i -> i > 0, [x,y])
is_one_positive  = any.(i -> i > 0, [x,y])



4c. Conditional Statements

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

3URJUDPV�URXWLQHO\�SHUIRUP�GLìHUHQW�RSHUDWLRQV�GHSHQGLQJ�RQ�WKHLU�H[HFXWLRQ�îRZ��7R�KDQGOH�WKHVH

SRVVLELOLWLHV�� SURJUDPV� UHO\� RQ� FRQGLWLRQDO� VWDWHPHQWV�� ZKLFK� HQDEOH� WKH� H[HFXWLRQ� RI� VSHFLíF� FRGH

EORFNV�RQO\�ZKHQ�FHUWDLQ�FRQGLWLRQV�DUH�PHW�

(DFK� FRGH� EORFN� RI� D� FRQGLWLRQDO� VWDWHPHQW� LV� UHIHUUHG� WR� DV� D� branch�� %DVHG� RQ� WKH� QXPEHU� RI

EUDQFKHV��WKHUH�DUH�WKUHH�W\SHV�RI�FRQGLWLRQDO�VWDWHPHQWV�

if-then statements��ZKLFK�FRQVLVW�RI�D�single branch��7KH\�UXQ�D�VSHFLíF�RSHUDWLRQ�RQO\�LI�D

FRQGLWLRQ�LV�PHW��ZLWK�QR�RSHUDWLRQ�SHUIRUPHG�RWKHUZLVH�

if-else statements�� ZKLFK� FRQVLVW� RI� two branches�� 7KH\� UXQ� D� VSHFLíF� RSHUDWLRQ� LI� D

FRQGLWLRQ�LV�PHW��DQG�DQRWKHU�LI�WKH�FRQGLWLRQ�LVQ
W�VDWLVíHG�

if-else-if statements��ZKLFK�FRQVLVW�RI�three or more branches��7KH\�FRPSULVH�D�VHULHV�RI

FRQGLWLRQV��ZLWK�HDFK�EUDQFK�H[HFXWLQJ�D�GLìHUHQW�FRGH�EORFN�

1H[W��ZH�FRYHU�HDFK�LQ�GHSWK��7KH�SUHVHQWDWLRQ�EXLOGV�KHDYLO\�RQ�WKH�ORJLFDO�RSHUDWRUV�LQWURGXFHG� in

the previous section��,I�\RX�KDYHQ
W�UHDG�LW��,�KLJKO\�UHFRPPHQG�GRLQJ�VR�EHIRUH�FRQWLQXLQJ�

IF-THEN STATEMENTS

,I�WKHQ�VWDWHPHQWV�H[HFXWH�DQ�RSHUDWLRQ�RQO\�ZKHQ�D�FRQGLWLRQ�LV�PHW��GRLQJ�QRWKLQJ�LQVWHDG�ZKHQ�WKH

FRQGLWLRQ�LVQ
W�VDWLVíHG��7KHVH�VWDWHPHQWV�FDQ�EH�FRQVWUXFWHG�YLD�

WKH� if �NH\ZRUG�

WKH�ORJLFDO�RSHUDWRU� && �

WKH�ORJLFDO�RSHUDWRU� || �

7KH� DSSURDFK� YLD� if � NH\ZRUG� LV� VHOI�H[SODQDWRU\�� $V� IRU� WKH� ORJLFDO� RSHUDWRUV�� && � H[HFXWHV� DQ

RSHUDWLRQ�LI�WKH�FRQGLWLRQ�LV�WUXH��ZKHUHDV� || �GRHV�LW�ZKHQ�WKH�FRQGLWLRQ�LV�not�VDWLVíHG��,Q�IDFW�� || �LV

HTXLYDOHQW�WR� && �ZLWK�LWV�FRQGLWLRQ�QHJDWHG�

%HORZ�� ZH� LOOXVWUDWH� WKH� V\QWD[� IRU� HDFK� IRUP�� 7KH� H[DPSOHV� UHO\� RQ� WKH� println � IXQFWLRQ�� ZKLFK

GLVSOD\V�WKH�WH[W�SDVVHG�DV�DUJXPHQW�LQ�WKH�5(3/�

https://alfaromartino.github.io/
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"x is positive"

"x is positive"

"x is positive"

1RWH�WKDW�LI�WKHQ�VWDWHPHQWV�LPSO\�WKDW�QR�DFWLRQ�ZRXOG
YH�EHHQ�WDNHQ�LI��IRU�LQVWDQFH��ZH�KDG�XVHG� x

= -1 �DV�D�FRQGLWLRQÌLW
V�RQO\�ZKHQ� x > 0 �WKDW� println �LV�H[HFXWHG�

7KH� if � DSSURDFK� RìHUV� WKH� PRVW� îH[LELOLW\�� PDNLQJ� LW� LGHDO� IRU� FRPSOH[� FRQGLWLRQDO� VWDWHPHQWV�

+RZHYHU��LW
V�VRPHZKDW�YHUERVH�IRU�VLPSOH�FRQGLWLRQDO�VWDWHPHQWV��)RU�WKHVH�FDVHV�� && �DQG� || �DUH

SUHIHUUHG��DV�WKH\�KHOS�XV�NHHS�WKH�FRGH�VWUHDPOLQHG�

$� FRPPRQ� DSSOLFDWLRQ� RI� || � LV� LQ� FRQMXQFWLRQ� ZLWK� WKH� IXQFWLRQ� error � WR� KDQGOH� HUURUV�� 7KLV

FRQVWUXFW� LPPHGLDWHO\� LQWHUUXSWV� WKH� VFULSW
V�H[HFXWLRQ�ZKHQ� WKH� FRQGLWLRQ� LVQ
W� VDWLVíHG��GLVSOD\LQJ

WKH� SURYLGHG� PHVVDJH� DV� WKH� DUJXPHQW� RI� error �� )RU� LQVWDQFH�� FRQVLGHU� D� IXQFWLRQ� foo(x) � WKDW

UHTXLUHV�QRQ�QHJDWLYH�YDOXHV�IRU� x ��7R�HQIRUFH�WKLV��\RX�FRXOG�LQFOXGH� x > 0 || error("x must be

positive") � DW� WKH� EHJLQQLQJ� RI� WKH� IXQFWLRQ�� ,I� foo(x) � LV� WKHQ� FDOOHG� ZLWK� D� QRQ�SRVLWLYH� x �� LW
OO

LPPHGLDWHO\�KDOW�LWV�H[HFXWLRQ�DQG�SULQW�WKH�HUURU�PHVVDJH��[�PXVW�EH�SRVLWLYH��LQ�WKH�5(3/�

Remark

1RWH� WKDW� && � DQG� || � EHKDYH� OLNH� LI�WKHQ� VWDWHPHQWV� ZKHQ� WKH\

FRPELQH� D� FRQGLWLRQ� ZLWK� DQ� RSHUDWLRQ�� 7KLV� LV� GLìHUHQW� IURP� XVLQJ

WKHP� H[FOXVLYHO\� ZLWK� FRQGLWLRQV�� ZKHUH� DOO� RSHUDQGV�ZRXOG� EH� Bool

YDOXHV�

IF-ELSE STATEMENTS

,I�HOVH� VWDWHPHQWV� H[HFXWH� DQ� RSHUDWLRQ�ZKHQ� D� FRQGLWLRQ� LV� WUXH� DQG� DQRWKHU� RSHUDWLRQ�ZKHQ� WKH

FRQGLWLRQ�LV�IDOVH��7KHUH�DUH�WZR�IRUPV�WR�ZULWH�WKHVH�VWDWHPHQWV�

x = 5

if x > 0
    println("x is positive")
end

x = 5

(x > 0) && (println("x is positive"))

x = 5

(x ≤ 0) || (println("x is positive"))



7KH�íUVW�RQH� LV� WKH�PRVW�îH[LEOH�DQG�XVHV� WKH� if � NH\ZRUG� LQ�FRPELQDWLRQ�ZLWK� else �� 7KH�VHFRQG

PHWKRG� UHOLHV� RQ� WKH� VR�FDOOHG� ternary operator�� ZKLFK� UHTXLUHV� WKH� NH\ZRUGV� ? � DQG� : � YLD� WKH

V\QWD[� <condition> ? <operation if true> : <operation if false> �� 7KLV� LV� UHIHUUHG� WR� DV� the

WHUQDU\� RSHUDWRU� EHFDXVH� LW
V� WKH� RQO\� RSHUDWRU� LQ� PRVW� SURJUDPPLQJ� ODQJXDJHV� WKDW� WDNHV� WKUHH

DUJXPHQWV�

:H�LOOXVWUDWH�WKH�V\QWD[�RI�ERWK�DSSURDFKHV�EHORZ�

"x is positive"

"x is positive"

7KH� IXQFWLRQ� ifelse � RìHUV� DQ� DOWHUQDWLYH� IRU� FRQVWUXFWLQJ� LI�HOVH� H[SUHVVLRQV�� 7KLV� IXQFWLRQ� WDNHV

WKUHH�DUJXPHQWV��D�FRQGLWLRQ��DQ�H[SUHVVLRQ�WR�EH�HYDOXDWHG�LI�WKH�FRQGLWLRQ�LV�WUXH��DQG�DQRWKHU�RQH�LI

IDOVH��

2QH� DGYDQWDJH� RI� XVLQJ� D� IXQFWLRQ� IRU� DQ� LI�HOVH� VWDWHPHQW� LV� WKDW� LW� VXSSRUWV� EURDGFDVWLQJ�� 7KLV� LV

SDUWLFXODUO\� KHOSIXO� ZKHQ� FUHDWLQJ� YHFWRUV� ZKRVH� HOHPHQWV� YDU\� DFFRUGLQJ� WR� D� FRQGLWLRQ�� DV

GHPRQVWUDWHG�EHORZ�

julia> are_elements_positive
3-element BitVector:
 1
 1
 0

x = 5

if x > 0
    println("x is positive")
else
    println("x is not positive")
end

x = 5

x > 0 ? println("x is positive") : println("x is not positive")

1

x                     = [4, 2, -6]

are_elements_positive = ifelse.(x .> 0, true, false)



julia> x_absolute_value
3-element Vector{Int64}:
 4
 2
 6

Remark

%URDGFDVWLQJ� ifelse requires broadcasting both ifelse and the

condition��7KH�íUVW�H[DPSOH�� IRU� LQVWDQFH��ZRXOG� WKURZ�DQ�HUURU� LI�ZH

H[HFXWH� ifelse.(x>0, true, false) �� 7KLV� LV� EHFDXVH� x > 0 � ZRXOG

DWWHPSW� WR� FKHFN� LI� WKH� entire vector� LV� SRVLWLYH�� ZKLFK� LV� DQ� RSHUDWLRQ

XQGHíQHG�LQ�-XOLD�

IF-ELSE-IF STATEMENTS

6R� IDU�� ZHÎYH� DQDO\]HG� FRQGLWLRQDO� VWDWHPHQWV� WKDW� KDQGOH� RQO\� WZR� SRVVLELOLWLHV�� RQH� ZKHQ� WKH

FRQGLWLRQ�LV�PHW��DQG�DQRWKHU�LI�LW�LVQÎW��7KLV�ELQDU\�VWUXFWXUH�FDQ�EH�OLPLWLQJ�ZKHQ�PXOWLSOH�DOWHUQDWLYHV

QHHG�WR�EH�FRQVLGHUHG��%DVLFDOO\�� LW� IRUFHV�\RX�WR�QHVW�VHYHUDO� if �DQG� else � VWDWHPHQWV� WR�PDQDJH

DGGLWLRQDO�FRQGLWLRQV�

7R�VLPSOLI\�WKLV�SURFHVV��ZH�FDQ�XVH�WKH� elseif �NH\ZRUG�WR�H[WHQG�WKH� if �DQG� else �DSSURDFK��7KLV

LV�LOOXVWUDWHG�EHORZ�

"x is negative"

x                     = [4, 2, -6]

x_absolute_value      = ifelse.(x .≥ 0, x, -x)

x = -10

if x > 0
    println("x is positive")
elseif x == 0
    println("x is zero")
end

x = -10

if x > 0
    println("x is positive")
elseif x == 0
    println("x is zero")
else
    println("x is negative")
end



7KH�íUVW�H[DPSOHV�VKRZFDVH�WKH�EHQHíWV�SURYLGHG�E\�WKH�DSSURDFK��6SHFLíFDOO\�� elseif �HOLPLQDWHV

WKH�QHHG�WR�H[SOLFLWO\�VSHFLI\�DFWLRQV�IRU�HYHU\�SRVVLEOH�VFHQDULR��,QVWHDG��LW�SHUIRUPV�DQ�DFWLRQ�LI� x �LV

SRVLWLYH��DQRWKHU�DFWLRQ�LI� x � LV�]HUR��EXW�LW�GRHV�QRWKLQJ�RWKHUZLVH��,Q�FRQWUDVW��XVLQJ� if �DQG� else

ZRXOG�UHTXLUH�DQ�H[KDXVWLYH�DSSURDFK��ZKHUH�DOO�SRVVLEOH�FRQWLQJHQWV�PXVW�EH�DFFRXQWHG�IRU�

/LNHZLVH�� WKH� VHFRQG� H[DPSOH� GHPRQVWUDWHV� WKDW� FRPELQDWLRQV� RI� WKH� if �� else �� DQG� elseif

NH\ZRUGV�DUH�SRVVLEOH�

FOOTNOTES

 The function ifelse  does not behave as a short-circuit operator. This means that all the operations are

computed, despite that only one of them will ultimately be returned as output.

1.

http://localhost:8000/PAGES/04b_logical/#sub_logical_operators_as_shortcircuit_operators


4d. For-Loops

Martin Alfaro
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INTRODUCTION

$�NH\�IHDWXUH�RI�SURJUDPPLQJ�LV�LWV�DELOLW\�WR�DXWRPDWH�UHSHWLWLYH�WDVNV��PDNLQJ�IRU�ORRSV�SOD\�D�FUXFLDO

UROH�LQ�FRGLQJ��7KH\�OHW�\RX�H[HFXWH�WKH�VDPH�EORFN�RI�FRGH�UHSHDWHGO\��WUHDWLQJ�HDFK�HOHPHQW�LQ�D�OLVW

DV�D�GLìHUHQW�LQSXW�

:KLOH� IRU�ORRSV� DUH� IXQGDPHQWDO� LQ� HYHU\� SURJUDPPLQJ� ODQJXDJH�� WKHLU� LPSRUWDQFH� LV� HVSHFLDOO\

SURQRXQFHG�LQ�-XOLD��XQOLNH�RWKHU�ODQJXDJHV��H�J���0DWODE��3\WKRQ��DQG�5���ZKLFK�RIWHQ�GLVFRXUDJH�IRU�

ORRSV�LQ�SHUIRUPDQFH�FULWLFDO�FRGH��-XOLD�UHOLHV�RQ�WKHP�WR�DFKLHYH�KLJK�SHUIRUPDQFH�

7KH� UROH� RI� IRU�ORRSV� LQ� RSWLPL]LQJ� SHUIRUPDQFH� ZLOO� EH� H[SORUHG� LQ� 3DUW� ,,�� +HUH�� ZHÎOO� SULPDULO\

LQWURGXFH�WKH�WRRO�LWVHOI��IRFXVLQJ�RQ�LWV�V\QWD[��FRQVWUXFWLRQV��DQG�FRPPRQ�LWHUDWLRQ�WHFKQLTXHV�

SYNTAX

)RU�ORRSV�GHOLPLW�WKHLU�VFRSH�YLD�WKH�NH\ZRUGV� for �DQG� end ��7R�LOOXVWUDWH�WKHLU�V\QWD[��FRQVLGHU�WKH

IXQFWLRQ� println(a) ��ZKLFK�HYDOXDWHV� a �DQG�GLVSOD\V� LWV�RXWSXW� LQ� WKH�5(3/�� ,Q�FDVH� a � LV�D�VWULQJ�

println(a) �VLPSO\�GLVSOD\V�WKH�ZRUG�VWRUHG�LQ� a ��7KH�IROORZLQJ�VFULSW�UHSHDWHGO\�DSSOLHV� println �WR

GLVSOD\�HDFK�ZRUG�FRQWDLQHG�LQ�D�FROOHFWLRQ�

FOR-LOOPS SYNTAX

"hello"
"beautiful"
"world"

Remark

7KH� NH\ZRUG� in � FDQ� EH� UHSODFHG� E\� ∈ � RU� = �� � &RQVHTXHQWO\�� WKH

IROORZLQJ�FRQVWUXFWLRQV�DUH�DOO�HTXLYDOHQW�

IN

for x in ["hello","beautiful","world"]
    println(x)
end

1

for x in ["hello","beautiful","world"] 
    println(x)
end



∈

=

)XUWKHUPRUH�� ZH� FDQ� HPSOR\� DQ\� FKDUDFWHU� RU� WHUP� WR� GHVFULEH� WKH

LWHUDWLRQ�YDULDEOH��)RU�LQVWDQFH��ZH�LWHUDWH�EHORZ�XVLQJ� word �

ALTERNATIVE NAME FOR ITERATION VARIABLE

"hello"
"beautiful"
"world"

%DVHG�RQ�WKLV�H[DPSOH��ZH�FDQ�LGHQWLI\�WKUHH�FRPSRQHQWV�WKDW�FKDUDFWHUL]H�D�IRU�ORRS�

A code block to be executed��UHSUHVHQWHG�LQ�WKH�H[DPSOH�E\� println(x) �

A list of elements�� UHSUHVHQWHG� LQ� WKH� H[DPSOH� E\� ["hello","beautiful","world"] �� 7KLV

VSHFLíHV� WKH�HOHPHQWV�RYHU�ZKLFK�ZH
OO�DSSO\� WKH�FRGH�EORFN��7KH� OLVW�FDQ�FRQWDLQ�HOHPHQWV

ZLWK�DQ\�GDWD�W\SH��H�J���VWULQJV��QXPEHUV��DQG�HYHQ�IXQFWLRQV���7KH�RQO\�UHTXLUHPHQW�LV�WKDW

WKH�OLVW�PXVW�EH�DQ�LWHUDEOH�REMHFW��GHíQHG�DV�D�FROOHFWLRQ�ZKRVH�HOHPHQWV�FDQ�EH�DFFHVVHG

LQGLYLGXDOO\��$Q�H[DPSOH�RI� LWHUDEOH�REMHFW� LV�YHFWRUV��DV� LQ�WKH�H[DPSOH��+RZHYHU��ZH
OO�DOVR

LQWURGXFH�RWKHUV�PRVW�FRPPRQO\�XVHG��VXFK�DV�UDQJHV�

An iteration variable��UHSUHVHQWHG�LQ�WKH�H[DPSOH�E\� x ��7KLV�VHUYHV�DV�D�ODEHO�WKDW�WDNHV�RQ

WKH� YDOXH� RI� HDFK� HOHPHQW� LQ� WKH� OLVW�� RQH� DW� D� WLPH�� GXULQJ� HDFK� LWHUDWLRQ�� 7KH� LWHUDWLRQ

YDULDEOH� LV� D� ORFDO� YDULDEOH��ZLWK� QR� VLJQLíFDQFH� RXWVLGH� WKH� IRU�ORRS�� ,WV� VROH� SXUSRVH� LV� WR

SURYLGH�D�FRQYHQLHQW�ZD\�WR�DFFHVV�DQG�PDQLSXODWH�WKH�HOHPHQWV�RI�WKH�OLVW�ZLWKLQ�WKH�ORRS�

,Q�WKH�IROORZLQJ�VHFWLRQV��ZH
OO�H[SORUH�GLìHUHQW�REMHFWV�WKDW�FDQ�VHUYH�DV�OLVWV��)XUWKHUPRUH��ZH
OO�VKRZ

WKDW� WKHVH� OLVWV� FDQ� FRPSULVH� HOHPHQWV� QRW� LPPHGLDWHO\� REYLRXV�� $� W\SLFDO� H[DPSOH� LV� IXQFWLRQV�

PDNLQJ�LW�SRVVLEOH�WR�DSSO\�GLìHUHQW�IXQFWLRQV�WR�WKH�VDPH�REMHFW�

Always Wrap For-Loops in Functions

$W� WKLV� VWDJH� RI� WKH� ZHEVLWH�� ZH
UH� VWLOO� LQWURGXFLQJ� IXQGDPHQWDO

FRQFHSWV�� 7KXV�� ZH
UH� SUHVHQWLQJ� VXEMHFWV� LQ� WKHLU� VLPSOHVW� IRUP� IRU

for x ∈ ["hello","beautiful","world"] 
    println(x)
end

for x = ["hello","beautiful","world"] 
    println(x)
end

for word in ["hello","beautiful","world"] 
    println(word)
end



OHDUQLQJ� SXUSRVHV�� ,Q� SDUWLFXODU�� WKLV� H[SODLQV� ZK\� IRU�ORRSV� ZLOO� EH

ZULWWHQ�LQ�WKH�JOREDO�VFRSH�

+RZHYHU��you should always wrap for-loops in functions�� ([HFXWLQJ

IRU�ORRSV� RXWVLGH� D� IXQFWLRQ� VHYHUHO\� GHJUDGHV� SHUIRUPDQFH�� DQG� LV

DGGLWLRQDOO\�VXEMHFW�WR�GLìHUHQW�UXOHV�UHJDUGLQJ�YDULDEOH�VFRSLQJ��

ITERATING OVER INDICES

6R� IDU��ZH
YH� FRQVLGHUHG� D� VLPSOH� OLVW� OLNH� ["hello", "beautiful", "world"] � WR� GHPRQVWUDWH�KRZ

IRU�ORRSV�ZRUN��,Q�UHDO�DSSOLFDWLRQV��KRZHYHU��PDQXDOO\�VSHFLI\LQJ�HDFK�HOHPHQW�LQ�D�OLVW�LV�LPSUDFWLFDO�

)RUWXQDWHO\��ZKHQ� D� OLVW� IROORZV� D� SUHGLFWDEOH� SDWWHUQ� �H�J��� D� VHTXHQFH�RI� QXPEHUV���ZH� FDQ� VLPSO\

GHVFULEH�WKH�SDWWHUQ�WKDW�JHQHUDWHV�WKRVH�HOHPHQWV�

%XLOGLQJ�RQ�WKLV�LQVLJKW��ZH
OO�QH[W�H[SORUH�KRZ�WR�GHíQH�UDQJHV��7KH\�OHW�XVHUV�GHíQH�D�VHTXHQFH�RI

QXPEHUV��ZKLFK�LV�SDUWLFXODUO\�XVHIXO�WR�DFFHVV�HOHPHQWV�RI�D�FROOHFWLRQ�WKURXJK�WKHLU�LQGLFHV�

RANGES

5DQJHV� LQ� -XOLD�DUH�GHíQHG�YLD� WKH� V\QWD[� <begin>:<steps>:<end> ��ZKHUH� <begin> � UHSUHVHQWV� WKH

VWDUWLQJ� LQGH[�DQG� <end> � WKH�HQGLQJ� LQGH[�� /LNHZLVH�� <steps> � VHWV� WKH� LQFUHPHQW�EHWZHHQ�YDOXHV�

GHIDXOWLQJ� WR� RQH� ZKHQ� WKH� WHUP� LV� RPLWWHG�� :H� FDQ� DOVR� UHYHUVH� WKH� RUGHU� RI� WKH� VHTXHQFH�� E\

SURYLGLQJ�D�QHJDWLYH�YDOXH�IRU� <steps> ��$OO�WKLV�LV�GHPRQVWUDWHG�EHORZ�

RANGE WITH STEPS GIVEN

1
3
5

RANGE WITH REVERSE ORDER

3
2
1

Remark

7KH�DSSOLFDWLRQ�RI�UDQJHV�LVQ
W�OLPLWHG�WR�IRU�ORRSV��7KH\�FDQ�DOVR�GHíQH

YHFWRUV�ZKHQ�XVHG�LQ�FRPELQDWLRQ�ZLWK�WKH� collect �IXQFWLRQ�

2

for i in 1:2:5
    println(i)
end

for i in 3:-1:1
    println(i)
end



CREATING A VECTOR FROM A RANGE

julia> x
3-element Vector{Int64}:
 4
 5
 6

ITERATING OVER INDICES OF AN ARRAY

5DQJHV�FDQ�EH�HPSOR\HG�WR�DFFHVV�HOHPHQWV�RI�D�FROOHFWLRQ��:KHQ�FRPELQHG�ZLWK�D�IRU�ORRS��LW�PDNHV

LW�SRVVLEOH�WR�DSSO\�WKH�VDPH�FRGH�EORFN�WR�HDFK�HOHPHQW�RI�D�YHFWRU�

6SHFLíFDOO\�� WKH�H[SUHVVLRQ� 1:length(x) ��ZKHUH� length(x) � UHWXUQV� WKH�QXPEHU�RI�HOHPHQWV� LQ� x �

DOORZV� LWHUDWLRQ� RYHU� DOO� LQGLFHV� RI� D� YHFWRU� x �� 7KH� VDPH� IXQFWLRQDOLW\� FDQ� EH� DFKLHYHG� ZLWK� WKH

IXQFWLRQ� eachindex(x) ��,Q�IDFW��WKLV�LV�WKH�UHFRPPHQGHG�DSSURDFK�IRU�LWHUDWLQJ�RYHU�DOO�HOHPHQWV��DV�LW

UHWXUQV�DQ�LWHUDWRU�RSWLPL]HG�IRU�HDFK�LWHUDEOH�REMHFW�

1:LENGTH(X)

4
6
8

EACHINDEX

4
6
8

Remark

7KHUH�DUH�RWKHU�DSSURDFKHV�WR� LWHUDWLQJ�RYHU�DOO� LQGLFHV�RI�D�YHFWRU� x �

)RU� LQVWDQFH�� \RX� FDQ� XVH� LinearIndices(x) �� RU

firstindex(x):lastindex(x) � WR� VSHFLI\� D� UDQJH� IURP� WKH� íUVW� WR� WKH

ODVW�LQGH[�RI� x �

x = collect(4:6)

x = [4, 6, 8]

for i in 1:length(x)
    println(x[i])
end

x = [4, 6, 8]

for i in eachindex(x)
    println(x[i])
end



7KLV�PXOWLSOLFLW\�RI�PHWKRGV�H[LVWV�WR�KDQGOH�QRQ�VWDQGDUG�LQGLFHV��VXFK

DV�WKRVH�SURYLGHG�E\�WKH� OffsetArrays.jl �SDFNDJH��7KLV�SDFNDJH�VHWV

WKH� íUVW� LQGH[� RI� DUUD\V� WR� ��� D� FRPPRQ� FRQYHQWLRQ� LQ� PDQ\

SURJUDPPLQJ� ODQJXDJHV�� 1HYHUWKHOHVV�� XQOHVV� \RX
UH� GHYHORSLQJ� D

SDFNDJH�IRU�RWKHU�XVHUV��\RX�GRQ
W�QHHG�WR�ZRUU\�DERXW�ZKLFK�DSSURDFK

WR� LPSOHPHQW�� ,QGHHG�� WKH\�FDQ�DOO�EH�XVHG� LQWHUFKDQJHDEO\��DV�VKRZQ

EHORZ�

EACHINDEX

4
6
8

1:LENGTH(X)

4
6
8

LINEARINDICES

4
6
8

FIRSTINDEX(X):LASTINDEX(X)

4
6
8

x = [4, 6, 8]

for i in eachindex(x)
    println(x[i])
end

x = [4, 6, 8]

for i in 1:length(x)
    println(x[i])
end

x = [4, 6, 8]

for i in LinearIndices(x) 
    println(x[i])
end

x = [4, 6, 8]

for i in firstindex(x):lastindex(x)
    println(x[i])
end



$PRQJ� WKH� DYDLODEOH� DOWHUQDWLYHV�� eachindex � LV� SUHIHUDEOH� EHFDXVH� LW

DXWRPDWLFDOO\� VHOHFWV� WKH� PRVW� HïFLHQW� PHWKRG� IRU� HDFK� W\SH� RI

FROOHFWLRQ�� $GGLWLRQDOO\�� WKH� V\QWD[� LV� FRQVLVWHQW� DFURVV� DOO� LQGH[LQJ

FRQYHQWLRQV�

RULES FOR VARIABLE SCOPE IN FOR-LOOPS

6LPLODU� WR� IXQFWLRQV�� IRU�ORRSV� FUHDWH� D� QHZ� YDULDEOH� VFRSH�� ,Q� IDFW�� WKH� VFRSLQJ� UXOHV� IRU� ERWK� DUH

VLPLODU��ZLWK�RQH�NH\�GLìHUHQFH��for-loops can modify global variables, whereas functions cannot�

Warning!

7KH� JHQHUDO� VFRSLQJ� UXOHV� SUHVHQWHG� KHUH� DSSO\� XQLYHUVDOO\�� H[FHSW� LQ

UDUH� HGJH� FDVHV� WKDW� UHVXOW� IURP� SRRU� FRGLQJ� SUDFWLFHV�� 6LQFH� WKLV

VFHQDULR�LV�XQFRPPRQ��ZH�RQO\�RXWOLQH�LW�QH[W�

%DVLFDOO\�� WKH� LVVXH� RFFXUV� ZKHQ� i)� WKH� IRU�ORRS� LV� not� ZUDSSHG� LQ� D

IXQFWLRQ�� ii)�D�ORFDO�YDULDEOH�VKDUHV�WKH�VDPH�QDPH�DV�D�JOREDO�YDULDEOH�

DQG� iii)� WKH� VFULSW� LV� UXQ� QRQ�LQWHUDFWLYHO\� �L�H��� XVLQJ� WKH� IXQFWLRQ

include �DQG�D�VFULSW�íOH���

8QOHVV� WKH� WKUHH� FRQGLWLRQV� KROG� VLPXOWDQHRXVO\�� \RX� GRQ
W� KDYH� WR

ZRUU\� DERXW� WKLV� VFHQDULR�� $QG� HYHQ� LI� WKLV� RFFXUV�� -XOLD� ZLOO� GLVSOD\� D

ZDUQLQJ�LQ�WKH�5(3/�LQGLFDWLQJ�WKDW�WKHUH
V�D�SUREOHP�ZLWK�\RXU�FRGH�

7R�IRUPDOL]H�WKH�YDULDEOH�VFRSH�RI�IRU�ORRSV��ZH
OO�UHIHU�WR�D�YDULDEOH� x ��7KH�UXOHV�JRYHUQLQJ�LWV�VFRSH

DUH�

WKH�YDULDEOH�RI�LWHUDWLRQ� x �LV�DOZD\V�ORFDO��UHJDUGOHVV�RI�ZKHWKHU�WKHUH
V�D�YDULDEOH� x �GHíQHG

RXWVLGH�WKH�IRU�ORRS�

LI�WKHUH
V�QR�YDULDEOH�QDPHG� x �RXWVLGH�WKH�IRU�ORRS�� x �LV�D�QHZ�ORFDO�YDULDEOH��0RUHRYHU��WKLV

YDULDEOH�ZRQ
W�EH�DFFHVVLEOH�RXWVLGH�WKH�IRU�ORRS�

LI�WKHUH
V�D�YDULDEOH�QDPHG� x �RXWVLGH�WKH�IRU�ORRS�� x �UHIHUV�WR�WKLV�YDULDEOH�

7KH�IROORZLQJ�FRGH�VQLSSHWV�LOOXVWUDWH�WKH�íUVW�WZR�UXOHV��ZKLFK�H[FOXVLYHO\�UHIHU�WR�ORFDO�YDULDEOHV��7KH

VHFRQG�H[DPSOH�LV�SDUWLFXODUO\�QRWHZRUWK\��DV�LW�KLJKOLJKWV�a common mistake made by beginners�

UXQQLQJ�D�IRU�ORRS�WKDW�GHíQHV�D�ORFDO�YDULDEOH��DQG�WKHQ�WU\LQJ�WR�DFFHVV�LW�RXWVLGH�WKH�IRU�ORRS�

3



ITERATION VARIABLE IS LOCAL

"hello"

DEFINING LOCAL VARIABLE

julia> x
ERROR: UndefVarError: x not defined

/LNHZLVH��WKH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV�WKH�FRQVHTXHQFHV�RI�WKH�ODVW�UXOH�ZH�PHQWLRQHG��7KLV

UHIHUV�WR�WKH�FRQVHTXHQFHV�RI�YDULDEOH�VFRSH�IRU�JOREDO�YDULDEOHV�

REFERRING TO THE GLOBAL X

julia> x

3-element Vector{Int64}:
 20
 40
 60

REASSIGNING THE GLOBAL X

julia> x

"hello"

ARRAY COMPREHENSIONS

x = 2

for x in ["hello"]          # this 'x' is local, not related to 'x = 2'
    println(x)
end

#no `x` outside the for-loop

for word in ["hello"]
    x = word                # `x` is local to the for-loop, not available outside it
end

x = [2, 4, 6]

for i in eachindex(x)
    x[i] * 10        # it refers to the `x` outside of the for-loop
end

x = [2, 4, 6]

for word in ["hello"]
    x = word                        # it reassigns the `x` defined outside the for-loop
end



7R� VHDPOHVVO\� FUHDWH� DUUD\V� YLD� IRU�ORRSV�� \RX� FDQ� XVH� DUUD\� FRPSUHKHQVLRQV�� 7KHLU� V\QWD[� LV

[<expression> for... if...] ��ZKHUH� <expression> �GHQRWHV�HLWKHU�DQ�RSHUDWLRQ�RU�D�IXQFWLRQ�

)RU� LOOXVWUDWLRQ� SXUSRVHV�� FRQVLGHU� D� YHFWRU� x �� 6XSSRVH� WKDW� WKH� JRDO� LV� WR� FUHDWH� D� YHFWRU� y � ZLWK

HOHPHQWV�HTXDO�WR�WKH�VTXDUH�RI�WKH�FRUUHVSRQGLQJ�HOHPHQW�LQ� x ��7KH�IROORZLQJ�FRGH�VQLSSHWV�VKRZ

WZR�DSSURDFKHV�WR�FUHDWLQJ� y �YLD�DUUD\�FRPSUHKHQVLRQV�

COMPREHENSION USING AN OPERATION

julia> y

3-element Vector{Int64}:
  1
  4
  9

COMPREHENSION USING A FUNCTION

julia> y
3-element Vector{Int64}:
  1
  4
  9

$UUD\� FRPSUHKHQVLRQV� DOVR� DOORZ� IRU� FUHDWLQJ� YHFWRUV� EDVHG� RQ� FRQGLWLRQV�� ,Q� VXFK� LQVWDQFHV�� WKH

FRQGLWLRQ�PXVW�EH�SODFHG�DW�WKH�HQG�RI�WKH�H[SUHVVLRQ�

COMPREHENSION WITH CONDITION

julia> x
3-element Vector{Int64}:  
 1
 2 
 3

Remark

$UUD\� FRPSUHKHQVLRQV� FDQ�DOVR� FUHDWH�PDWULFHV�� ,WV� V\QWD[�GHPDQGV�D

FRPPD�WR�VHSDUDWH�WKH�GHVFULSWLRQ�RI�HDFK�GLPHQVLRQ�

x      = [1,2,3]

y      = [a^2 for a in x]             # or y = [x[i]^2 for i in eachindex(x)]

x      = [1,2,3]

foo(a) = a^2
y      = [foo(a) for a in x]          # or y = [foo(x[i]) for i in eachindex(x)]

x = [i for i in 1:4 if i ≤ 3]



COMPREHENSION FOR MATRICES

julia> y
2×2 Matrix{Int64}:
 1  2
 2  4

ITERATING OVER MULTIPLE OBJECTS

7KXV�IDU��ZH
YH�FRQVLGHUHG�IRU�ORRSV�WKDW�LWHUDWH�RYHU�VLQJOH�YDOXHV��:H�QRZ�H[WHQG�WKHLU�DSSOLFDWLRQ�WR

simultaneous iterations over multiple values�� 6SHFLíFDOO\�� ZH
OO� H[DPLQH� WZR� VFHQDULRV�

VLPXOWDQHRXV�LWHUDWLRQV�RYHU�WZR�OLVWV�DQG�RYHU�ERWK�WKH�LQGLFHV�DQG�YDOXHV�RI�D�YHFWRU�

ITERATING OVER TWO LISTS

'HSHQGLQJ�RQ�KRZ�HOHPHQWV�VKRXOG�EH�FRPELQHG��ZH�FDQ�GHíQH�WZR�DSSURDFKHV�WR�VLPXOWDQHRXVO\

LWHUDWLQJ�RYHU� WZR� OLVWV� x � DQG� y �� )LUVW�� WKH� IXQFWLRQ� Iterators.product(x,y) �PDNHV� LW� SRVVLEOH� WR

LWHUDWH�RYHU�DOO�WKH�SRVVLEOH�FRPELQDWLRQV�RI�HOHPHQWV��7KLV�IXQFWLRQ�LV�SDUW�RI�WKH�SDFNDJH� Iterators �

LPSRUWHG�E\�GHIDXOW�LQ�HDFK�-XOLD�VHVVLRQ�

$OWHUQDWLYHO\��\RX�FDQ�LWHUDWH�RYHU�DOO�WKH�RUGHUHG�SDLUV�RI� x �DQG� y ��7KLV�LV�LPSOHPHQWHG�WKURXJK�WKH

IXQFWLRQ� zip(x,y) ��ZKLFK�SURYLGHV�WKH�SDLU�RI�i�WK�HOHPHQWV�IURP� x �DQG� y �LQ�WKH�i�WK�LWHUDWLRQ�

MULTIPLE ITERATORS (ALL COMBINATIONS)

[1,3]
[2,3]
[1,4]
[2,4]

MULTIPLE ITERATORS (PAIRS)

[1,3]
[2,4]

y = [i * j for i in 1:2, j in 1:2]

list1 = [1, 2]
list2 = [3, 4]

for (a,b) in Iterators.product(list1,list2) #it takes all possible combinations
    println([a,b])
end

list1 = [1, 2]
list2 = [3, 4]

for (a,b) in zip(list1,list2)               #it takes pairs of elements with the same index
    println([a,b])
end



8VLQJ� zip ��ZH�FDQ�DOVR�LWHUDWH�RYHU�PXOWLSOH�YDOXHV�YLD�DUUD\�FRPSUHKHQVLRQV�

MULTIPLE ITERATORS (ALL COMBINATIONS)

julia> x
4-element Vector{Int64}:
 1
 2
 2
 4

MULTIPLE ITERATORS (PAIRS)

julia> x
2-element Vector{Int64}:
 1
 4

SIMULTANEOUSLY ITERATING OVER INDICES AND VALUES

7R�LWHUDWH�RYHU�HDFK�SDLU�RI�LQGH[�YDOXH�RI�D�YHFWRU��ZH�FDQ�HPSOR\�WKH� enumerate �IXQFWLRQ�

FOR-LOOPS

"1 hello"
"2 world"

ARRAY COMPREHENSION

julia> y
2-element Vector{Int64}:
 10
 40

ITERATING OVER FUNCTIONS

x = [i * j for i in 1:2 for j in 1:2]

x = [i * j for (i,j) in zip(1:2, 1:2)]

x = ["hello", "world"]

for (index,value) in enumerate(x)
    println("$index $value")
end

x = [10, 20]

y = [index * value for (index,value) in enumerate(x)]



)XQFWLRQV� LQ� -XOLD� DUH� íUVW�FODVV� REMHFWV�� DOVR� UHIHUUHG� WR� DV� íUVW�FODVV� FLWL]HQV�� 7KLV� PHDQV� WKDW

IXQFWLRQV�FDQ�EH�PDQLSXODWHG�MXVW�OLNH�DQ\�RWKHU�GDWD�W\SH��VXFK�DV�VWULQJV�DQG�QXPEHUV��,Q�SDUWLFXODU�

WKLV�SURSHUW\�PDNHV�LW�SRVVLEOH�WR�VWRUH�IXQFWLRQV�LQ�D�YHFWRU�DQG�DSSO\�WKHP�VHTXHQWLDOO\�WR�DQ�REMHFW�

7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKLV�E\�FRPSXWLQJ�GHVFULSWLYH�VWDWLVWLFV�RI�D�YHFWRU� x �

ITERATION OVER FUNCTIONS

julia> descriptive(x, list_functions)
4-element Vector{Real}:
 100
  10

FOOTNOTES

�5HFDOO�WKDW� ∈ �FDQ�EH�ZULWWHQ�WKURXJK�WDE�FRPSOHWLRQ�XVLQJ�WKH�FRPPDQG� \in �

�,Q�IDFW��ROGHU�YHUVLRQV�RI�-XOLD�ZHUH�UHVWULFWLQJ�WKH�XVH�RI�IRU�ORRSV�LQ�WKH�JOREDO�VFRSH�

�7KHUH�DUH�WZR�PHWKRGV�WR�H[HFXWH�D�VFULSW��7KH�íUVW�PHWKRG�LV�ZKDW�ZH
YH�EHHQ�XVLQJ�VR�IDU��ZKHUH�\RX�ZRUN

LQWHUDFWLYHO\�ZLWK�-XOLD��7KLV�LQFOXGHV�UXQQLQJ�FRPPDQGV�LQ�WKH�5(3/
V�SURPSW� julia> DQG�WKH�H[HFXWLRQ�RI�D�VFULSW

WKURXJK�D�FRGH�HGLWRU��7KH�VHFRQG�PHWKRG�FRQVLVWV�RI�H[HFXWLQJ�íOHV�WKDW�VWRUH�VFULSWV�WKURXJK�WKH�IXQFWLRQ

include �

x                        = [10, 50, 100]
list_functions           = [maximum, minimum]

descriptive(vector,list) = [foo(vector) for foo in list]

1.

2.

3.



5a. Overview and Goals

Martin Alfaro
PhD in Economics

Thus far, we've laid the groundwork by introducing the fundamentals of Julia. We've covered in

particular variables (single-element and collections) and core programming tools (functions,

conditions, and for-loops). At this initial stage, our emphasis was primarily on helping you familiarize

with the core approaches and their syntax. However, we didn't delve into any of these concepts, nor

did we explore how the tools can be applied and combined.

Equipped now with a foundational knowledge of the concepts, we're ready to explore each in greater

depth. Chapter 5 in particular focuses on mutable collections, using vectors as their primary

example. As we begin to integrate these tools, it may take some time to get fully comfortable with

their usage. In fact, you may occasionally need to revisit the sections on functions, conditions, and for-

loops.

Despite that our focus is on vectors, many of the lessons we'll learn are applicable across all mutable

collections. For instance, this is the case for concepts such as indexing and in-place operations. Other

techniques presented extend even further, making their application universal across programming

languages. Examples of this include the notion of mutability, along with the distinction between

assignments and mutations.

https://alfaromartino.github.io/


5b. Mutable and Immutable Objects

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

2EMHFWV� LQ� SURJUDPPLQJ� FDQ� EH� EURDGO\� FODVVLíHG� LQWR� WZR� FDWHJRULHV�� PXWDEOH� DQG� LPPXWDEOH�

Mutable objects�DOORZ�WKHLU�HOHPHQWV�WR�EH�PRGLíHG��DSSHQGHG��RU�UHPRYHG�DW�ZLOO��7KH\
UH�GHVLJQHG

IRU�îH[LELOLW\��ZLWK�vectors�FRQVWLWXWLQJ�D�SULPH�H[DPSOH�

,Q� FRQWUDVW�� immutable objects� DUH� LQKHUHQWO\� XQFKDQJHDEOH�� WKH\� SUHYHQW� DGGLWLRQV�� UHPRYDOV�� RU

PRGLíFDWLRQV� RI� WKHLU� HOHPHQWV�� $� FRPPRQ� H[DPSOH� RI� LPPXWDEOH� REMHFW� LV� tuples�� ,PPXWDELOLW\

HìHFWLYHO\�ORFNV�YDULDEOHV�LQWR�D�UHDG�RQO\�VWDWH��VDIHJXDUGLQJ�DJDLQVW�XQLQWHQGHG�FKDQJHV��0RUHRYHU�

LW�FDQ�UHVXOW�LQ�SRWHQWLDO�SHUIRUPDQFH�JDLQV��DV�ZH
OO�VKRZ�LQ�3DUW�,,�RI�WKLV�ZHEVLWH�

7KLV�VHFWLRQ�ZLOO�EH�UHODWLYHO\�EULHI��IRFXVLQJ�VROHO\�RQ�WKH�GLVWLQFWLRQV�EHWZHHQ�PXWDEOH�DQG�LPPXWDEOH

REMHFWV��6XEVHTXHQW�VHFWLRQV�ZLOO�H[SDQG�RQ�WKHLU�XVHV�DQG�SURSHUWLHV�

Remark

$�SRSXODU�SDFNDJH�FDOOHG� StaticArrays �SURYLGHV�DQ�LPSOHPHQWDWLRQ�RI

immutable vectors��:H
OO� H[SORUH� WKLV� SDFNDJH� LQ� WKH� FRQWH[W� RI� KLJK

SHUIRUPDQFH�� DV� LW� JUHDWO\� VSHHGV� XS� FRPSXWDWLRQV� WKDW� LQYROYH� VPDOO

YHFWRUV�

EXAMPLES OF MUTABILITY AND IMMUTABILITY

7R� LOOXVWUDWH� WKH� FRQVHTXHQFHV� RI� LPPXWDELOLW\�� WKH� IROORZLQJ� H[DPSOHV� DWWHPSW� WR� PRGLI\� H[LVWLQJ

HOHPHQWV�RI�D�FROOHFWLRQ��7KH�H[DPSOHV�UHO\�RQ�YHFWRUV�DV�DQ�H[DPSOH�RI�D�PXWDEOH�REMHFW�DQG�WXSOHV

IRU� LPPXWDEOH� RQHV�� $GGLWLRQDOO\��ZH�SUHVHQW� WKH� FDVH�RI� VWULQJV� DV� DQRWKHU� H[DPSOH�RI� LPPXWDEOH

REMHFW��5HFDOO�WKDW�VWULQJV�DUH�HVVHQWLDOO\�VHTXHQFHV�RI�FKDUDFWHUV��XVXDOO\�HPSOR\HG�WR�UHSUHVHQW�WH[W�

julia> x[1] = 0

julia> x

3-element Vector{Int64}:
 0
 4
 5

x = [3,4,5]

https://alfaromartino.github.io/


julia> x[1] = 0

ERROR: MethodError: no method matching setindex!(::Tuple{Int64, Int64, Int64}, ::Int64, 
::Int64)

julia> x[1]

'h': ASCII/Unicode U+0068 (category Ll: Letter, lowercase)

julia> x[1] = "a"

ERROR: MethodError: no method matching setindex!(::String, ::Int64, ::Int64)

7KH� NH\� FKDUDFWHULVWLF� RI� PXWDEOH� REMHFWV� LV� WKHLU� DELOLW\� WR� PRGLI\� H[LVWLQJ� HOHPHQWV�� 0RUHRYHU�

PXWDELOLW\�DOVR�FRPPRQO\�DOORZV�IRU�WKH�G\QDPLF�DGGLWLRQ�DQG�UHPRYDO�RI�HOHPHQWV��In a subsequent

section�� ZH
OO� SUHVHQW� YDULRXV� PHWKRGV� IRU� LPSOHPHQWLQJ� WKLV� IXQFWLRQDOLW\�� )RU� QRZ�� ZH� VLPSO\

GHPRQVWUDWH� WKH� FRQFHSW� E\� XVLQJ� WKH� IXQFWLRQV� push! � DQG� pop! �� ZKLFK� UHVSHFWLYHO\� DGG� DQG

UHPRYH�DQ�HOHPHQW�DW�WKH�HQG�RI�D�FROOHFWLRQ�

julia> x
3-element Vector{Int64}:
 3
 4
 5

julia> x

2-element Vector{Int64}:
 3
 4

ERROR: MethodError: no method matching pop!(::Tuple{Int64, Int64, Int64})

x = (3,4,5)

x = "hello"

x = [3,4]

push!(x, 5)       # add element 5 at the end

x = [3,4,5]

pop!(x)           # delete last element

x = (3,4,5)

pop!(x)           # error, just like push!(x, <some element>)

http://localhost:8000/PAGES/05d_initializeVector/
http://localhost:8000/PAGES/05d_initializeVector/


5c. Assignments vs Mutations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KH�XSFRPLQJ�VHFWLRQV�ZLOO�EH�HQWLUHO\�GHYRWHG�WR�YHFWRU�PXWDWLRQ��+RZHYHU��WR�SURSHUO\�FRYHU�WKLV

VXEMHFW��ZH�íUVW�QHHG�WR�LQWURGXFH�VRPH�SUHOLPLQDU\�FRQFHSWV��LQFOXGLQJ�

WKH�GLVWLQFWLRQ�EHWZHHQ�DVVLJQPHQWV�DQG�PXWDWLRQV

PHWKRGV�IRU�LQLWLDOL]LQJ�DUUD\V�WR�HYHQWXDOO\�PXWDWH�WKHP

WHFKQLTXHV�IRU�YHFWRU�LQGH[LQJ�WR�VHOHFW�HOHPHQWV

7KH�FXUUHQW�VHFWLRQ�LQ�SDUWLFXODU�IRFXVHV�RQ�GLVWLQJXLVKLQJ�EHWZHHQ�DVVLJQPHQWV�DQG�PXWDWLRQV�RI

YDULDEOHV�� 7KH� GLìHUHQFH� EHWZHHQ� ERWK� RSHUDWLRQV� FDQ� HDVLO\� JR� XQQRWLFHG� E\� QHZ� XVHUV�� DV� ERWK

RSHUDWLRQV� XVH� WKH� RSHUDWRU� = �� GHVSLWH� EHLQJ� IXQGDPHQWDOO\� GLìHUHQW�� &OHDUO\� GHOLQHDWLQJ� WKHVH

RSHUDWLRQV�LV�LPSRUWDQW�QRW�RQO\�IRU�-XOLD��EXW�DOVR�RWKHU�SURJUDPPLQJ�ODQJXDJHV�

SOME BACKGROUND

5HFDOO� WKDW� YDULDEOHV� VHUYH� DV� ODEHOV� IRU� REMHFWV�� ZLWK� REMHFWV� LQ� WXUQ� KROGLQJ� YDOXHV�� 0RUHRYHU�

REMHFWV� FDQ� EH� FODVVLíHG� DFFRUGLQJ� WR� WKH� QXPEHU� RI� HOHPHQWV� FRQWDLQHG�� UDQJLQJ� IURP� VLQJOH�

HOHPHQW�REMHFWV��H�J��LQWHJHUV�DQG�îRDWLQJ�SRLQW�QXPEHUV��WR�FROOHFWLRQV��H�J��YHFWRUV��

NUMBER VECTOR

7KH�GLVWLQFWLRQ�EHWZHHQ�REMHFWV�DQG�WKHLU�HOHPHQWV�LV�FUXFLDO�IRU�WKH�UHPDLQGHU�RI�WKH�VHFWLRQ��7KLV�LV

EHFDXVH� assignments apply to objects, whereas mutations apply to elements�� 0RUH� VSHFLíFDOO\�

DVVLJQPHQWV�UHELQG�YDULDEOHV�WR�QHZ�REMHFWV��ZKLOH�PXWDWLRQV�VLPSO\�PRGLI\�H[LVWLQJ�HOHPHQWV�RI�DQ

H[LVWLQJ�REMHFW�

ASSIGNMENTS VS MUTATIONS

https://alfaromartino.github.io/


Assignments�ELQG�YDULDEOHV�WR�REMHFWV��D�SURFHVV�LPSOHPHQWHG�YLD�WKH� = �RSHUDWRU��)RU�LQVWDQFH�� x =

3 � DQG� x = [1,2,3] � DUH� H[DPSOHV� RI� DVVLJQPHQWV�� ZKHUH� 3 � DQG� [1,2,3] � UHSUHVHQW� WKH� REMHFWV

EHLQJ�DVVLJQHG�WR� x �

Mutations�� E\� FRQWUDVW��PRGLI\� WKH� HOHPHQWV� RI� DQ� REMHFW��ZLWKRXW� FUHDWLQJ� D� QHZ�RQH�� 7KHVH

RSHUDWLRQV�DOVR�UHO\�RQ�WKH� = �RSHUDWRU��ZLWK� x[1] = 0 �EHLQJ�DQ�H[DPSOH�RI�PXWDWLRQ�

'HVSLWH� VKDULQJ� WKH� VDPH� RSHUDWRU� = �� DVVLJQPHQWV� DQG� PXWDWLRQV� DUH� FRQFHSWXDOO\� GLVWLQFW�� 7KLV

GLìHUHQFH� FDQ� EH� EHWWHU� DSSUHFLDWHG� E\� YLVXDOL]LQJ� REMHFWV� DV� VSHFLíF�PHPRU\� DGGUHVVHV�� 7KLV

LPSOLHV�WKDW�DVVLJQPHQWV�OLNH� x = [4,5] �LQYROYH�WZR�VWHSV��i��íQGLQJ�D�PHPRU\�ORFDWLRQ�WR�VWRUH�WKH

REMHFW�ZLWK� YDOXH� [4,5] �� DQG� ii�� ODEHOLQJ� WKH�PHPRU\� DGGUHVV� DV� x � IRU� HDV\� DFFHVV�� ,Q� FRQWUDVW�� D

PXWDWLRQ�PRGLíHV�WKH�FRQWHQWV�RI�WKH�REMHFW��EXW�ZLWKRXW�FKDQJLQJ�LWV�PHPRU\�DGGUHVV�

7R�LOOXVWUDWH�WKLV��FRQVLGHU�WKH�H[DPSOH� x = [4,5] ��ZKHUH�WKH�REMHFW� [4,5] �LV�VWRUHG�LQ�D�SDUWLFXODU

PHPRU\� ORFDWLRQ�� ,I� \RX� WKHQ�UXQ� x = [6,7] �� x �EHFRPHV�DVVRFLDWHG�ZLWK�D�QHZ�REMHFW�FRQWDLQLQJ

[6,7] ��WKXV�FRQVWLWXWLQJ�DQ�assignment��+RZHYHU��LI�\RX�H[HFXWH� x[1] = 0 �DIWHUZDUGV��WKH�RSHUDWLRQ

PRGLíHV� WKH� RULJLQDO� REMHFW� [6,7] � WR� [6,0] �� 7KLV� RSHUDWLRQ� FRQVWLWXWHV� D� mutation� EHFDXVH� x

FRQWLQXHV�WR�UHIHUHQFH�WKH�VDPH�PHPRU\�DGGUHVV��HYHQ�WKRXJK�LWV�FRQWHQW�KDV�FKDQJHG�

MUTATION ASSIGNMENT

5HPDUN

<RX�FDQ�PXWDWH�DOO�WKH�HOHPHQWV�RI� x ��ZLWKRXW�WKLV�QHFHVVDULO\�HQWDLOLQJ

D�QHZ�DVVLJQPHQW��)RU�H[DPSOH��WKLV�RFFXUV�ZKHQ�ZH�PRGLI\�WKH�YDOXHV

RI� x �E\�PXWDWLQJ� x[:] �

julia> x
2-element Vector{Int64}:
 0
 0

x    = [4,5]

x[:] = [0,0]



7KH� GLVWLQFWLRQ� LV� SDUWLFXODUO\� LPSRUWDQW� VLQFH� PXWDWLRQV� WHQG� WR� EH

IDVWHU� WKDQ� FUHDWLQJ� QHZ� REMHFWV�� 7KLV� ZLOO� EHFRPH� UHOHYDQW� LQ� 3DUW� ,,�

ZKHUH�ZH�H[SORUH�VWUDWHJLHV�IRU�VSHHGLQJ�XS�RSHUDWLRQV�

ALIAS VS COPY

6R� IDU�� ZH
YH� HPSKDVL]HG� WKH� FULWLFDO� GLVWLQFWLRQ� EHWZHHQ� DVVLJQPHQWV� DQG� PXWDWLRQV�� 6LQFH� ERWK

RSHUDWLRQV� UHO\� RQ� WKH� = � RSHUDWRU�� ZH� PXVW� WKHQ� LQTXLUH� ZKHQ� = � ZLOO� HQWDLO� RQH� RU� WKH� RWKHU

RSHUDWLRQ��1H[W��ZH�H[SORUH� LQ�SDUWLFXODU�FDVHV� OLNH� y = x �� FKDUDFWHUL]HG�E\�HQWLUH�REMHFWV�RQ�HDFK

VLGH�RI� = ��2WKHU�FDVHV�DUH�OHIW�IRU�WKH�XSFRPLQJ�VHFWLRQV��DIWHU�ZH�LQWURGXFH�WKH�FRQFHSW�RI�VOLFHV��L�H�

VXEVHWV�RI�HOHPHQWV�IURP�D�YHFWRU��

,Q�-XOLD��H[HFXWLQJ� y = x �PDNHV� y �DQRWKHU�QDPH�IRU�WKH�REMHFW�UHIHUHQFHG�E\� x ��7KLV�PHDQV�WKDW� x

DQG� y �EHFRPH�GLìHUHQW�ODEHOV�IRU�WKH�VDPH�XQGHUO\LQJ�REMHFW��)RUPDOO\�� LW
V�VDLG�WKDW� y �FRQVWLWXWHV

DQ�alias�RI� x �

1RWH�WKDW� y = x �VKRXOGQ
W�EH�XQGHUVWRRG�DV�ELQGLQJ� y �WR� x �LWVHOI��5DWKHU��LW�PHDQV�WKDW� y �EHFRPHV

DQRWKHU� ODEHO� IRU� WKH� REMHFW� WKDW� x � UHIHUHQFHV�� 7KLV� VXEWOH� GLVWLQFWLRQ� FDUULHV� D� VLJQLíFDQW� SUDFWLFDO

LPSOLFDWLRQ��UHDVVLJQLQJ� x �WR�D�QHZ�REMHFW�ZRQ
W�DìHFW� y 
V�UHIHUHQFH�

7R�FODULI\�WKLV�IXUWKHU�� OHW
V�FRQVLGHU�DQ�H[DPSOH�ZKHUH�ZH�íUVW�H[HFXWH� x = 2 �DQG�WKHQ� y = x ��$W

WKLV� SRLQW�� ERWK� x � DQG� y � UHIHUHQFH� WKH� VDPH� REMHFW�� ZKLFK� KROGV� WKH� YDOXH� 2 �� ,I� ZH� HYHQWXDOO\

H[HFXWH� x = 4 ��WKH�YDULDEOH� x �ZLOO�VWDUW�SRLQWLQJ�WR�D�QHZ�REMHFW�WKDW�KROGV�WKH�YDOXH� 4 ��+RZHYHU�

WKLV�ZRQ
W�DìHFW�WKH�RULJLQDO�REMHFW�WKDW� x �ZDV�UHIHUHQFLQJ��$V�D�UHVXOW�� y �ZLOO�VWLOO�SRLQW�WR�WKH�RULJLQDO

REMHFW�ZLWK�YDOXH� 2 ��7KLV�EHKDYLRU�LV�LOOXVWUDWHG�EHORZ�

CORRECT INCORRECT

CONSEQUENCE NOT THE CONSEQUENCE



julia> x

4

julia> y

2

5HPDUN

7ZR�YDULDEOHV� FRXOG� FRPSULVH� LGHQWLFDO� HOHPHQWV�DQG�\HW� UHIHU� WR

GLìHUHQW�REMHFWV�

7KLV� FDQ� EH� GHPRQVWUDWHG� XVLQJ� WKH� RSHUDWRUV� == � DQG� === �� ZKLFK

DVVHVV� WZR� GLìHUHQW� W\SHV� RI� HTXDOLW\�� 6SHFLíFDOO\�� x == y � FKHFNV

ZKHWKHU� x �DQG� y �KDYH�HTXDO�YDOXHV��UHJDUGOHVV�RI�ZKHWKHU�WKH\�UHIHU

WR�WKH�VDPH�REMHFW�� ,Q�FRQWUDVW�� x === y �FKHFNV�ZKHWKHU�ERWK� x �DQG

y � SRLQW� WR� WKH� VDPH� REMHFW�� WKXV� YHULI\LQJ� LI� WKH\� VKDUH� WKH� VDPH

PHPRU\� DGGUHVV�� %\� DSSO\LQJ� WKHVH� RSHUDWRUV�� WKH� IROORZLQJ� H[DPSOH

LOOXVWUDWHV� WKDW� REMHFWV� ZLWK� LGHQWLFDO� HOHPHQWV� DUHQ
W� QHFHVVDULO\

UHIHUHQFLQJ�WKH�VDPH�REMHFW�

julia> x == y
true                    #`x` and `y` have identical elements

julia> x === y
true                    #`x` and `y` DO point to the same 
object

julia> x == y
true                    #`x` and `y` have identical elements

julia> x === y
false                   #`x` and `y` DO NOT point to the same 
object

x = 2   #'x' points to an object with value 2
y = x   #'y' points to the same object as 'x' (do not interpret it as 'y' pointing to 'x') 

x = 4   #'x' now points to another object (but 'y' still points to the object holding 2)

x = [4,5]

y = x

x = [4,5]

y = [4,5]



GRAPHICAL REPRESENTATION

:H
YH�LQGLFDWHG�WKDW�WKH�RSHUDWLRQ� y = x �FUHDWHV�DQ�DOLDV�RI� x ��PDNLQJ� y �DQG� x �WZR�GLìHUHQW�ODEHOV

IRU� WKH�VDPH�REMHFW��7KLV� LPSOLHV� WKDW�PRGLI\LQJ�WKH�HOHPHQWV�RI�HLWKHU x RU y ZLOO�QHFHVVDULO\

FKDQJH�WKH�HOHPHQWV�KHOG�E\�ERWK��7KH�IROORZLQJ�GLDJUDP�DQG�FRGH�VQLSSHW�LOOXVWUDWH�WKLV�

GRAPHICAL REPRESENTATION

julia> x

2-element Vector{Int64}:
 0
 5

julia> y

2-element Vector{Int64}:
 0
 5

,I�\RX� LQVWHDG�ZDQW� WR� WUHDW� x �DQG� y �DV�VHSDUDWH�REMHFWV��\RX�PXVW�DSSO\� WKH� IXQFWLRQ� copy ��7KLV

FUHDWHV�D�new object�ZLWK� LGHQWLFDO�HOHPHQWV�DV�WKH�RULJLQDO�� ,Q�WKLV�ZD\��DQ\�PRGLíFDWLRQ�WR�WKH�QHZ

REMHFW�ZRQ
W�DìHFW�WKH�RULJLQDO�RQH��DOORZLQJ�\RX�WR�ZRUN�ZLWK� x �DQG� y �LQGHSHQGHQWO\�

julia> x
2-element Vector{Int64}:
 0
 5

julia> y
2-element Vector{Int64}:
 4
 5

x    = [4,5]
y    = x

x[1] = 0

x    = [4,5]
y    = copy(x)

x[1] = 0



5d. Initializing Vectors

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

:H� FRQWLQXH� LQWURGXFLQJ� SUHOLPLQDU\� FRQFHSWV� IRU� PXWDWLRQV�� 7KH� SUHYLRXV� VHFWLRQ� GLVWLQJXLVKHG

EHWZHHQ� WKH�XVH�RI� = � IRU�DVVLJQPHQWV�DQG�PXWDWLRQV��1RZ��ZH
OO�GHDO�ZLWK�DSSURDFKHV� WR�FUHDWLQJ

YHFWRUV�

2XU� SUHVHQWDWLRQ� VWDUWV� E\� RXWOLQLQJ� WKH� SURFHVV� RI� LQLWLDOL]LQJ� YHFWRUV�� ZKHUH� PHPRU\� LV� UHVHUYHG

ZLWKRXW�DVVLJQLQJ�LQLWLDO�YDOXHV��:H
OO�WKHQ�GLVFXVV�KRZ�WR�FUHDWH�YHFWRUV�íOOHG�ZLWK�SUHGHíQHG�YDOXHV

VXFK�DV�]HURV�RU�RQHV��)LQDOO\��ZH�VKRZ�KRZ�WR�FRQFDWHQDWH�PXOWLSOH�YHFWRUV�LQWR�QHZ�RQHV�

INITIALIZING VECTORS

&UHDWLQJ�DQ�DUUD\� LQYROYHV� WZR� VWHSV�� UHVHUYLQJ�PHPRU\� IRU�KROGLQJ� LWV� FRQWHQW�DQG�DVVLJQLQJ� LQLWLDO

YDOXHV�WR�LWV�HOHPHQWV��+RZHYHU��LI�\RX�GRQ
W�LQWHQG�WR�SRSXODWH�WKH�DUUD\�ZLWK�YDOXHV�ULJKW�DZD\��LW
V

PRUH�HïFLHQW�WR�RQO\�LQLWLDOL]H�WKH�DUUD\��7KLV�PHDQV�UHVHUYLQJ�PHPRU\�VSDFH��EXW�ZLWKRXW�VHWWLQJ�DQ\

LQLWLDO�YDOXHV�

7HFKQLFDOO\�� LQLWLDOL]LQJ� DQ� DUUD\� HQWDLOV� FUHDWLQJ� DQ� DUUD\� íOOHG� ZLWK� undef � YDOXHV�� 7KHVH� YDOXHV

UHSUHVHQW�DUELWUDU\�FRQWHQW�LQ�PHPRU\�DW�WKH�PRPHQW�RI�DOORFDWLRQ��,PSRUWDQWO\��ZKLOH� undef �GLVSOD\V

FRQFUHWH�QXPEHUV�ZKHQ�\RX�RXWSXW�WKH�DUUD\
V�FRQWHQW��WKH\
UH�PHDQLQJOHVV�DQG�YDU\�HYHU\�WLPH�\RX

LQLWLDOL]H�D�QHZ�DUUD\�

7KHUH�DUH�WZR�PHWKRGV�IRU�FUHDWLQJ�YHFWRUV�ZLWK� undef �YDOXHV��7KH�íUVW�RQH�UHTXLUHV�\RX�WR�H[SOLFLWO\

VSHFLI\�WKH�W\SH�DQG�OHQJWK�RI�WKH�DUUD\��ZKLFK�LV�DFFRPSOLVKHG�YLD� Vector{<elements' type>}(undef,

<length>) ��7KH�VHFRQG�DSSURDFK�LV�EDVHG�RQ�WKH�IXQFWLRQ� similar(x) ��ZKLFK�FUHDWHV�D�YHFWRU�ZLWK

WKH�VDPH�W\SH�DQG�GLPHQVLRQV�DV�DQ�H[LVWLQJ�YHFWRU� x �

julia> x

x_length = 3

x = Vector{Int64}(undef, x_length)  # `x` can hold `Int64` values, and is initialized with
3 undefined elements

3-element Vector{Int64}:
 140724480121488
   2497084710592
   2497285012816

https://alfaromartino.github.io/


julia> x

7KH� H[DPSOH�GHPRQVWUDWHV� WKDW� undef � YDOXHV� GRQ
W� IROORZ� DQ\�SDUWLFXODU� SDWWHUQ��0RUHRYHU�� WKHVH

YDOXHV�YDU\�LQ�HDFK�H[HFXWLRQ��DV�WKH\�UHîHFW�DQ\�FRQWHQW�KHOG�LQ�5$0�DW�WKH�PRPHQW�RI�DOORFDWLRQ��,Q

IDFW��D�PRUH�GHVFULSWLYH�ZD\�WR�FDOO� undef �YDOXHV�ZRXOG�EH�uninitialized values�

CREATING VECTORS WITH GIVEN VALUES

,Q�WKH�IROORZLQJ��ZH�SUHVHQW�VHYHUDO�DSSURDFKHV�WR�FUHDWLQJ�DUUD\V�íOOHG�ZLWK�SUHGHíQHG�YDOXHV�

VECTORS WITH RANGE

,I�RXU�JRDO�LV�WR�JHQHUDWH�D�VHTXHQFH�RI�YDOXHV��ZH�FDQ�HPSOR\�WKH�IXQFWLRQ� collect(<range>) ��5HFDOO

WKDW� WKH� V\QWD[� IRU� GHíQLQJ� UDQJHV� LV� <start>: <steps>: <stop> ��ZKHUH� <steps> � HVWDEOLVKHV� WKH

JDS�EHWZHHQ�HOHPHQWV�

julia> x

1RWLFH� WKDW� ZKHQ� D� UDQJH� LV� FUHDWHG�� <steps> � LPSOLFLWO\� GLFWDWHV� WKH� QXPEHU� RI� HOHPHQWV� WR� EH

JHQHUDWHG��$OWHUQDWLYHO\��\RX�FRXOG�VSHFLI\�WKH�QXPEHU�RI�HOHPHQWV�WR�EH�VWRUHG��OHWWLQJ� <steps> �EH

LPSOLFLWO\� GHWHUPLQHG�� 7KLV� LV� DFKLHYHG� E\� WKH� IXQFWLRQ� range �� ZKRVH� V\QWD[� LV� range(<start>,

<end>, <number of elements>) ��

7KH� IROORZLQJ� FRGH� VQLSSHW� GHPRQVWUDWHV� WKH� XVH� RI� range �� E\� JHQHUDWLQJ� íYH� HYHQO\� VSDFHG

HOHPHQWV�EHWZHHQ���DQG���

julia> x

y = [3,4,5]

x = similar(y)                      # `x` has the same type as `y`, which is Vector{Int64}
(undef, 3)

3-element Vector{Int64}:
 2497063587648
 2497063587664
 2497355825296

some_range = 2:5

x          = collect(some_range)

4-element Vector{Int64}:
 2
 3
 4
 5

1

x = range(0, 1, 5)

0.0:0.25:1.0



julia> x

julia> x

VECTORS WITH SPECIFIC VALUES

:H�FDQ�DOVR�FUHDWH�YHFWRUV�RI�VRPH�JLYHQ�OHQJWK�íOOHG�ZLWK�WKH�VDPH�UHSHDWHG�YDOXH��,Q�SDUWLFXODU��WKH

IXQFWLRQV� zeros � DQG� ones � UHVSHFWLYHO\� FUHDWH� YHFWRUV� ZLWK� ]HURV� DQG� RQHV�� %\� GHIDXOW�� WKHVH

IXQFWLRQV�GHíQH� Float64 �HOHPHQWV��DOWKRXJK�\RX�FDQ�VSHFLI\�D�GLìHUHQW�W\SH�LQ�WKH�íUVW�DUJXPHQW�RI

WKH�IXQFWLRQ�

julia> x

julia> x

julia> x

x = range(start=0, stop=1, length=5)

0.0:0.25:1.0

x = range(start=0, length=5, stop=1)    # any order for keyword arguments

0.0:0.25:1.0

length_vector = 3

x             = zeros(length_vector)

3-element Vector{Float64}:
 0.0
 0.0
 0.0

length_vector = 3

x             = zeros(Int, length_vector)

3-element Vector{Int64}:
 0
 0
 0

length_vector = 3

x             = ones(length_vector)

3-element Vector{Float64}:
 1.0
 1.0
 1.0



julia> x

)RU�FUHDWLQJ�%RROHDQ�YHFWRUV��-XOLD�SURYLGHV�WZR�FRQYHQLHQW�IXQFWLRQV�FDOOHG� trues �DQG� falses �

julia> x

julia> x

VECTORS FILLED WITH A REPEATED OBJECT

7R�GHíQH�YHFWRUV�FRPSULVLQJ�HOHPHQWV�GLìHUHQW�IURP�]HURV�RU�RQHV��-XOLD�SURYLGHV�WKH� fill �IXQFWLRQ�

8QOLNH�WKH�SUHYLRXV�IXQFWLRQV��WKLV�DFFHSWV�DQ\�DUELWUDU\�VFDODU�WR�EH�UHSHDWHG�

julia> x

length_vector = 3

x             = ones(Int, length_vector)

3-element Vector{Int64}:
 1
 1
 1

length_vector = 3

x             = trues(length_vector)

3-element BitVector:
 1
 1
 1

length_vector = 3

x             = falses(length_vector)

3-element BitVector:
 0
 0
 0

length_vector    = 3
filling_object   = 1

x                = fill(filling_object, length_vector)

3-element Vector{Int64}:
 1
 1
 1



julia> x

julia> x

CONCATENATING VECTORS

)LQDOO\��ZH�FDQ�FUHDWH�D�YHFWRU� z �WKDW�PHUJHV�DOO�WKH�HOHPHQWV�RI�WZR�YHFWRUV� x �DQG� y ��2QH�VLPSOH

DSSURDFK�IRU�GRLQJ�WKLV�LV�WKURXJK� z = [x ; y] ��:KLOH�WKLV�PHWKRG�LV�VXLWDEOH�IRU�FRQFDWHQDWLQJ�D�IHZ

YHFWRUV�� LW� EHFRPHV� LPSUDFWLFDO� ZLWK� D� ODUJH� QXPEHU� RI� YHFWRUV�� DQG� GLUHFWO\� LQIHDVLEOH� ZKHQ� WKH

QXPEHU�RI�YHFWRUV�WR�FRQFDWHQDWH�LV�XQNQRZQ�

)RU�WKHVH�VFHQDULRV��ZH�FDQ� LQVWHDG�HPSOR\�WKH�IXQFWLRQ� vcat ��ZKLFK�PHUJHV�DOO� LWV�DUJXPHQWV� LQWR

RQH�YHFWRU��%\�XVH�RI�WKH�VSODW�RSHUDWRU� ... ���WKH�IXQFWLRQ�FDQ�DOVR�EH�DSSOLHG�ZLWK�D�VLQJOH�DUJXPHQW

WKDW�FRPSULVHV�D�OLVW�RI�YHFWRUV��

julia> x

length_vector    = 3
filling_object   = [1,2]

x                = fill(filling_object, length_vector)

3-element Vector{Vector{Int64}}:
 [1, 2]
 [1, 2]
 [1, 2]

length_vector    = 3
filling_object   = [1]

x                = fill(filling_object, length_vector)

3-element Vector{Vector{Int64}}:
 [1]
 [1]
 [1]

2

x = [3,4,5]
y = [6,7,8]

z = vcat(x,y)

6-element Vector{Int64}:
 3
 4
 ⋮
 7
 8



julia> x

&ORVHO\�UHODWHG�WR�YHFWRU�FRQFDWHQDWLRQ�LV�WKH� repeat �IXQFWLRQ��ZKLFK�GHíQHV�D�YHFWRU�FRQWDLQLQJ�WKH

VDPH� REMHFW� PXOWLSOH� WLPHV�� ,PSRUWDQWO\�� XQOLNH� fill �� repeat requires an array as its input�

WKURZLQJ�DQ�HUURU�LI�D�VFDODU�LV�SDVVHG�LQ�SDUWLFXODU�

julia> x

julia> x

ERROR: MethodError: no method matching repeat(::Int64, ::Int64)

ADDING, REMOVING, AND REPLACING ELEMENTS (OPTIONAL)

x = [3,4,5]
y = [6,7,8]

A = [x, y]
z = vcat(A...)

6-element Vector{Int64}:
 3
 4
 ⋮
 7
 8

nr_repetitions   = 3
vector_to_repeat = [1,2]

x                = repeat(vector_to_repeat, nr_repetitions)

6-element Vector{Int64}:
 1
 2
 ⋮
 1
 2

nr_repetitions   = 3
vector_to_repeat = [1]

x                = repeat(vector_to_repeat, nr_repetitions)

3-element Vector{Int64}:
 1
 1
 1

nr_repetitions   = 3
vector_to_repeat = 1

x                = repeat(vector_to_repeat, nr_repetitions)



Warning!

7KLV�VXEVHFWLRQ�UHTXLUHV�NQRZOHGJH�RI�D�IHZ�concepts that we haven't

discussed yet��$V�VXFK��LW
V�PDUNHG�DV�RSWLRQDO�

2QH� VXFK� FRQFHSW� LV� in-place functions�� LGHQWLíHG� E\� WKH� V\PERO� !

DSSHQGHG� WR� WKH� IXQFWLRQ
V� QDPH�� 7KH� V\PERO� LV� VLPSO\� D� QRWDWLRQ

DGGHG�E\�GHYHORSHUV��KLQWLQJ�WKDW�WKH�IXQFWLRQ�PRGLíHV�WKH�YDOXH�RI�DW

OHDVW� RQH� RI� LWV� DUJXPHQWV�� ,Q�SODFH� IXQFWLRQV� ZLOO� EH� H[SORUHG

WKRURXJKO\�later��

$QRWKHU� FRQFHSW� LQWURGXFHG� LV� pairs�� ZKLFK� ZLOO� DOVR� EH� H[DPLQHG

FRPSUHKHQVLYHO\� LQ� a future section�� )RU� WKH� SXUSRVHV� RI� WKLV

VXEVHFWLRQ�� LW
V� VXïFLHQW� WR� NQRZ� WKDW� SDLUV� DUH� GHQRWHG� E\� a => b �

ZKHUH� a � LQ�RXU�DSSOLFDWLRQ�UHIHUV�WR�VRPH�YDOXH�DQG� b �UHSUHVHQWV�LWV

FRUUHVSRQGLQJ�UHSODFHPHQW�YDOXH�

1H[W��ZH� VKRZ�KRZ� WR� DGG�� UHPRYH�� DQG� UHSODFH� HOHPHQWV� RI� D� YHFWRU�� 7R� DGG� D� VLQJOH� HOHPHQW� LQ

SDUWLFXODU��WKH�PHWKRGV�DUH�DV�IROORZV�

julia> x

julia> x

x                 = [3,4,5]
element_to_insert = 0

push!(x, element_to_insert)                 # add 0 at the end - faster

4-element Vector{Int64}:
 3
 4
 5
 0

x                 = [3,4,5]
element_to_insert = 0

pushfirst!(x, element_to_insert)            # add 0 at the beginning - slower

4-element Vector{Int64}:
 0
 3
 4
 5

http://localhost:8000/PAGES/05g_inplace_functions/
http://localhost:8000/PAGES/06b_namedtuples/#keys_and_values


julia> x

julia> x

7KH�IXQFWLRQ� push! � LV�SDUWLFXODUO\�KHOSIXO�WR�FROOHFW�UHVXOWV� LQ�D�YHFWRU��7KLV� LV�EHFDXVH��DV� LW�GRHVQ
W

UHTXLUH�DQ\�SULRU�NQRZOHGJH�DERXW�WKH�QXPEHU�RI�HOHPHQWV�WR�EH�VWRUHG��ZH�FDQ�G\QDPLFDOO\�JURZ�WKH

YHFWRU�E\�DGGLQJ�PRUH�UHVXOWV��1RWLFH�WKDW�DGGLQJ�HOHPHQWV�DW�WKH�HQG�YLD� push! �LV�IDVWHU�WKDQ�GRLQJ

VR�DW�WKH�EHJLQQLQJ�YLD� pushfirst! �

$QDORJRXV�IXQFWLRQV�H[LVW�WR�UHPRYH�HOHPHQWV��DV�VKRZQ�EHORZ�

julia> x

julia> x

x                 = [3,4,5]
element_to_insert = 0
at_index          = 2

insert!(x, at_index, element_to_insert)     # add 0 at index 2

4-element Vector{Int64}:
 3
 0
 4
 5

x                 = [3,4,5]
vector_to_insert  = [6,7]

append!(x, vector_to_insert)                # add 6 and 7 at the end

5-element Vector{Int64}:
 3
 4
 5
 6
 7

x                  = [5,6,7]

pop!(x)                            # delete last element

2-element Vector{Int64}:
 5
 6

x                  = [5,6,7]

popfirst!(x)                       # delete first element

2-element Vector{Int64}:
 6
 7



julia> x

julia> x

(PXODWLQJ�WKH�EHKDYLRU�RI� deleteat! ��ZH�FDQ�DOVR�LQGLFDWH�ZKLFK�HOHPHQWV�VKRXOG�EH�UHWDLQHG�

julia> x

julia> x

)LQDOO\��ZH� FDQ� UHSODFH� VSHFLíF� YDOXHV�ZLWK�QHZ�RQHV�� 7KLV� FDQ�EH�GRQH�E\� FUHDWLQJ� D�QHZ� FRS\� YLD

replace �RU�E\�XSGDWLQJ�WKH�RULJLQDO�YHFWRU�ZLWK� replace! �

%RWK� IXQFWLRQV� PDNH� XVH� RI� SDLUV� a => b �� ZKHUH� a � LV� VRPH� YDOXH� DQG� b � LWV� FRUUHVSRQGLQJ

UHSODFHPHQW� YDOXH�� 1RWH� WKDW� WKHVH� IXQFWLRQV� SHUIRUP� VXEVWLWXWLRQV� EDVHG� RQ� YDOXHV�� UDWKHU� WKDQ

LQGLFHV�

x                  = [5,6,7]
index_of_removal   = 2

deleteat!(x, index_of_removal)      # delete element at index 2

2-element Vector{Int64}:
 5
 7

x                  = [5,6,7]
indices_of_removal = [1,3]

deleteat!(x, indices_of_removal)    # delete elements at indices 1 and 3

1-element Vector{Int64}:
 6

x               = [5,6,7]
index_to_keep   = 2

keepat!(x, index_to_keep)

1-element Vector{Int64}:
 6

x               = [5,6,7]
indices_to_keep = [2,3]

keepat!(x, index_to_keep)

1-element Vector{Int64}:
 6



julia> x

julia> x

julia> y

julia> y

FOOTNOTES

 Note that range  represents a convenient syntax for <start> : 1 / <number of elements> : <end> .

 Recall that the operator ...  splits a collection into multiple arguments. This enables the use of a vector or tuple

to denote multiple function arguments. For further details, see here under the subsection "Splatting".

x = [3,3,5]

replace!(x, 3 => 0)              # in-place (it updates x)

3-element Vector{Int64}:
 0
 0
 5

x = [3,3,5]

replace!(x, 3 => 0, 5 => 1)      # in-place (it updates x)

3-element Vector{Int64}:
 0
 0
 1

x = [3,3,5]

y = replace(x, 3 => 0)           # new copy

3-element Vector{Int64}:
 0
 0
 5

x = [3,3,5]

y = replace(x, 3 => 0, 5 => 1)   # new copy

3-element Vector{Int64}:
 0
 0
 1

1.

2.

http://localhost:8000/PAGES/03c_functions/#positional_and_keyword_arguments


5e. Slices: Copies vs Views

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV�VHFWLRQ�FRQFOXGHV�WKH�FRYHUDJH�RI�SUHOLPLQDU\�FRQFHSWV�IRU�VWXG\LQJ�PXWDWLRQV�E\�IRFXVLQJ�RQ�WKH

EHKDYLRU�RI�D�YHFWRU
V�slice��7KLV�LV�GHíQHG�DV�D�VXEVHW�RI�D�YHFWRU
V�HOHPHQWV��IRUPDOO\�UHSUHVHQWHG�DV

x[<indices>] �

,PSRUWDQWO\��VOLFHV�DFW�GLìHUHQWO\�GHSHQGLQJ�RQ�KRZ�WKH\
UH�LQFOXGHG�LQ�D�VWDWHPHQW��IXQFWLRQLQJ

DV�HLWKHU�

copies�RI�WKH�RULJLQDO�YHFWRU��WKXV�FUHDWLQJ�D�QHZ�REMHFW�DW�D�QHZ�PHPRU\�DGGUHVV�

views� RI� WKH� RULJLQDO� YHFWRU�� ZKHUH� WKH� RULJLQDO� REMHFW� DQG� WKH� VOLFH� VKDUH� WKH� VDPH� PHPRU\

DGGUHVV�

,Q� WKH� IROORZLQJ��ZH� H[SODLQ� WKH� GLVWLQFWLRQ� EHWZHHQ� FRSLHV� DQG� YLHZV� LQ� GHWDLO�� 8QGHUVWDQGLQJ� LW� LV

FUXFLDO�IRU�PXWDWLQJ�VOLFHV��DV�PXWDWLRQV�FDQ�RQO\�RFFXU�ZKHQ�WKH�VOLFH�UHIHUHQFHV�WKH�RULJLQDO�REMHFW��,Q

FRQWUDVW�� LI�D�VOLFH�DFWV�DV�D�FRS\�� WKH�SDUHQW�REMHFW�DQG�WKH�VOLFH�DUH�XQUHODWHG��ZLWK�FKDQJHV�WR� WKH

VOLFH�KDYLQJ�QR�LPSDFW�RQ�WKH�RULJLQDO�REMHFW�

SLICES AND THE ASSIGNMENT OPERATOR

9HFWRU� PXWDWLRQ� LQYROYHV� PRGLI\LQJ� VOLFHV� WKURXJK� WKH� RSHUDWRU� = �� )RU� WKLV� WR� EH� SRVVLEOH�� D

SUHUHTXLVLWH� LV� WKDW� WKH� VOLFH� UHIHUHQFHV� WKH� RULJLQDO� REMHFW�� 1RQHWKHOHVV�� WKH� EHKDYLRU� RI� VOLFHV� LQ

DVVLJQPHQWV�YDULHV�GHSHQGLQJ�RQ�WKHLU�SRVLWLRQ�ZLWKLQ�WKH�H[SUHVVLRQ�

6SHFLíFDOO\��VOLFHV�RQ�WKH�OHIW�KDQG��/+6��VLGH�RI = DFW�DV�YLHZV�� ,Q�WKLV�FDVH��VOLFHV�UHIHUHQFH�WKH

RULJLQDO�HOHPHQWV��WKXV�DOORZLQJ�IRU�WKH�PXWDWLRQ�RI�LWV�SDUHQW�REMHFW��,Q�FRQWUDVW��VOLFHV�RQ�WKH�ULJKW�

KDQG�VLGH��5+6��RI = FUHDWH�D�FRS\��6LQFH�FRSLHV�SRLQW�WR�D�QHZ�REMHFW��DQ\�PRGLíFDWLRQ�WR�WKH�VOLFH

ZRQ
W�DìHFW�WKH�RULJLQDO�REMHFW�

7KH�IROORZLQJ�FRGH�VQLSSHW�GHPRQVWUDWHV�ERWK�EHKDYLRUV�

julia> x

2-element Vector{Int64}:
 0
 5

x    = [4,5]

x[1] = 0        # 'x[1]' is a view and mutates 'x'

https://alfaromartino.github.io/


julia> y

4

$OLDVLQJ�YV�&RS\

2EMHFWV�RQ� WKH�5+6�RI� = �DUH�RQO\� WUHDWHG�DV�FRSLHV�ZKHQ� LW�FRPHV� WR

VOLFHV�� VXFK�DV� LQ� VWDWHPHQWV� y = x[<indices>] �� ,QVWHDG�� LI�ZH� LQVHUW

WKH� ZKROH� REMHFW� x � RQ� WKH� 5+6� RI� = �� DV� LQ� y = x �� WKH� RSHUDWLRQ

FUHDWHV�DQ�DOLDV��,Q�WKLV�FDVH�� y �DQG� x �ZLOO�UHIHUHQFH�WKH�VDPH�REMHFW�

DQG�VR�DQ\�PRGLíFDWLRQ�PDGH�WR� y �ZLOO�DOVR�EH�UHîHFWHG�LQ� x �

julia> y
2-element Vector{Int64}:
 4
 5

julia> y
2-element Vector{Int64}:
 0
 5

THE FUNCTION 'VIEW'

,GHQWLI\LQJ�ZKHQ�VOLFHV�DFW�DV�FRSLHV�RU�YLHZV�LV�UHOHYDQW�IRU�KLJK�SHUIRUPDQFH��DV�YLHZV�HOLPLQDWH�WKH

RYHUKHDG� DVVRFLDWHG�ZLWK�PHPRU\� DOORFDWLRQV�� $OWKRXJK� WKLV� WRSLF�ZLOO� EH� H[SORUHG� LQ� 3DUW� ,,� RI� WKH

ZHEVLWH��VXFK�FRQVLGHUDWLRQV�XQGHUVFRUH�WKH�LPSRUWDQFH�RI�GLVWLQJXLVKLQJ�EHWZHHQ�FRSLHV�DQG�VOLFHV�

EH\RQG�WKHLU�XVH�LQ�DVVLJQPHQWV�

$V�D�UXOH�RI�WKXPE��VOLFHV�W\SLFDOO\�GHIDXOW�WR�FUHDWLQJ�FRSLHV��7KLV�LV�WKH�FDVH�ZKHQ��IRU�LQVWDQFH��D

VOLFH�LV�SDVVHG�DV�D�IXQFWLRQ�DUJXPHQW�RU�ZKHQ�XVHG�ZLWKLQ�DQ�H[SUHVVLRQ�QRW�LQYROYLQJ�DQ�DVVLJQPHQW�

7KHVH�VFHQDULRV�DUH�LOOXVWUDWHG�EHORZ�

x    = [4,5]
y    = x[1]     # 'y' is unrelated to 'x' because 'x[1]' is a copy

x[1] = 0        # it mutates 'x' but does NOT modify 'y'

x    = [4,5]
y    = x        # the whole object (a view)

x[1] = 0        # it DOES modify 'y'

x    = [4,5]
y    = x[:]     # a slice of the whole object (a copy)

x[1] = 0        # it does NOT modify 'y'



,Q�DOO� WKHVH�FDVHV�� WUDQVIRUPLQJ�VOLFHV� LQWR�YLHZV� UHTXLUHV�DQ�H[SOLFLW� LQGLFDWLRQ��7R�DFKLHYH� WKLV�� \RX

QHHG�WR�HPSOR\�WKH�IXQFWLRQ� view �� ,WV�V\QWD[� LV� view(x, <indices>) ��ZKHUH� <indices> � UHSUHVHQW

WKH�VXEVHW�RI�LQGLFHV�GHíQLQJ�WKH�VOLFH��7R�GHPRQVWUDWH�LWV�XVDJH��ZH�UHYLVLW�DQG�FRPSDUH�WKH�SUHYLRXV

FRGH�VQLSSHW�

7KHVH�H[DPSOHV� UHYHDO� WKH�SRWHQWLDO� YHUERVLW\� LQYROYHG�ZKHQ� view � LVQ
W�XVHG�VSDULQJO\��7R�DGGUHVV

WKLV�LVVXH��-XOLD�SURYLGHV�WKH�PDFURV� @view �DQG� @views �

7KH� @view �PDFUR� LV� HTXLYDOHQW� WR� view �� DOORZLQJ� \RX� WR�ZULWH� @view x[1:2] � LQVWHDG� RI� view(x,

1:2) ��+RZHYHU��LWV�DGYDQWDJHV�DUH�VRPHZKDW�OLPLWHG��LW�VDYHV�RQO\�D�IHZ�FKDUDFWHUV��DQG�DGGLWLRQDOO\

QHFHVVDULO\� UHTXLUHV� SDUHQWKHVHV� ZKHQ� PXOWLSOH� VOLFHV� DUH� XVHG� �H�J��� @view(x[1:2]) .+

@view(x[2:3]) ��� ,Q� FRQWUDVW�� WKH� @views �PDFUR� VLJQLíFDQWO\� VWUHDPOLQHV� QRWDWLRQ�� E\� DXWRPDWLFDOO\

FRQYHUWLQJ�every�VOLFH�ZLWKLQ�DQ�H[SUHVVLRQ�LQWR�D�YLHZ�

x = [3,4,5]

#the following slices are all copies
log.(x[1:2])

x[1:2] .+ 2

[sum(x[:]) * a for a in 1:3]

(sum(x[1:2]) > 0) && true

x = [3,4,5]

#we make explicit that we want views
log.(view(x,1:2))

view(x,1:2) .+ 2

[sum(view(x,:)) * a for a in 1:3]

(sum(view(x,:)) > 0) && true

x = [3,4,5]

#the following slices are all copies
log.(x[1:2])

x[1:2] .+ 2

[sum(x[:]) * a for a in 1:3]

(sum(x[1:2]) > 0) && true



2QH�RI�WKH�PRVW�QRWDEOH�DSSOLFDWLRQV�RI� @views �LV�LQ�IXQFWLRQV��%\�SODFLQJ� @views �DW�WKH�EHJLQQLQJ�RI

D� IXQFWLRQ�� \RX� DXWRPDWLFDOO\� FRQYHUW� HYHU\� VOLFH�ZLWKLQ� WKH� IXQFWLRQ�ERG\� DQG� LWV� DUJXPHQWV� LQWR� D

YLHZ�

x = [4,5,6]

# the following are all equivalent
       y = view(x, 1:2)  .+ view(x, 2:3)
       y = @view(x[1:2]) .+ @view(x[2:3])
@views y = x[1:2] .+ x[2:3]

@views function foo(x)
  y = x[1:2] .+ x[2:3]
  z = sum(x[:]) .+ sum(y)

  return z
end

function foo(x)
  y = @view(x[1:2]) .+ @view(x[2:3])
  z = sum(@view x[:]) .+ sum(y)

  return z
end



5f. Array Indexing

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

,Q�RUGHU�WR�PXWDWH�YHFWRUV��\RX�íUVW�QHHG�WR�LGHQWLI\�WKH�HOHPHQWV�\RX�ZLVK�WR�PRGLI\��7KLV�SURFHVV�LV

NQRZQ� DV� vector indexing�� :H
YH� DOUHDG\� FRYHUHG� VHYHUDO� EDVLF� PHWKRGV� IRU� LQGH[LQJ�� LQFOXGLQJ

YHFWRUV� DQG� UDQJHV� �H�J��� x[[1,2,3]] � RU� x[1:3] ���:KLOH� WKHVH� DSSURDFKHV� DUH� HìHFWLYH� IRU� VLPSOH

VHOHFWLRQV�� WKH\� IDOO� VKRUW� IRU�PRUH� FRPSOH[� VFHQDULRV�� SUHFOXGLQJ� IRU� H[DPSOH� VHOHFWLRQV� EDVHG� RQ

FRQGLWLRQV�

7KLV� VHFWLRQ� H[SDQGV� RXU� WRRONLW� E\� LQWURGXFLQJ� VRPH� DGGLWLRQDO� IRUPV� RI� LQGH[LQJ�� 7KH� WHFKQLTXHV

SUHVHQWHG�SULPDULO\�EXLOG�RQ�EURDGFDVWLQJ�%RROHDQ�RSHUDWLRQV�

LOGICAL INDEXING

Logical indexing��DOVR�NQRZQ�DV�Boolean indexing�RU�masking��DOORZV�\RX�WR�VHOHFW�HOHPHQWV�EDVHG�RQ

FRQGLWLRQV��&RQVLGHULQJ�D�YHFWRU� x ��WKLV�LV�DFKLHYHG�XVLQJ�D�%RROHDQ�YHFWRU� y �RI�WKH�VDPH�OHQJWK�DV

x ��ZKLFK�DFWV�DV�D�íOWHU�� x[y] � UHWDLQV�HOHPHQWV�ZKHUH� y � LV� true �DQG�H[FOXGHV�WKRVH�ZKHUH� y � LV

false �

LOGICAL INDEXING

julia> x[y]
2-element Vector{Int64}:
 1
 3

OPERATORS AND FUNCTIONS FOR LOGICAL INDEXING

/RJLFDO�LQGH[LQJ�EHFRPHV�D�SRZHUIXO�WRRO�ZKHQ�ZH�OHYHUDJH�EURDGFDVWLQJ�RSHUDWLRQV��DOORZLQJ�\RX�WR

HDVLO\�VSHFLI\�FRQGLWLRQV�YLD�%RROHDQ�YHFWRUV��)RU�LQVWDQFH��WR�VHOHFW�DOO�WKH�HOHPHQWV�RI� x �ORZHU�WKDQ

����\RX�FDQ�EURDGFDVW�D�FRPSDULVRQ�RSHUDWRU�RU�D�FXVWRP�IXQFWLRQ�

x = [1,2,3]
y = [true, false, true]



INDEXING VIA BROADCASTING OPERATOR

julia> y

3-element Vector{Int64}:
 1
 2
 3

INDEXING VIA BROADCASTING FUNCTION

julia> y
3-element Vector{Int64}:
 1
 2
 3

:KHQ�GHDOLQJ�ZLWK�PXOWLSOH�FRQGLWLRQV��WKH�FRQGLWLRQV�PXVW�EH�FRPELQHG�XVLQJ�WKH�ORJLFDO�RSHUDWRUV

&& �DQG� || �� �7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKH�V\QWD[�IRU�GRLQJ�WKLV��1RWH�WKDW�all�RSHUDWRUV�PXVW

EH�EURDGFDVWHG��VLQFH�ORJLFDO�RSHUDWRUV�RQO\�ZRUN�ZLWK�VFDODU�YDOXHV�

INDEXING VIA BROADCASTING OPERATOR

julia> y

1-element Vector{Int64}:
 6

INDEXING VIA @.

julia> y

1-element Vector{Int64}:
 6

x            = [1, 2, 3, 100, 200]

y            = x[x .< 10]

x            = [1, 2, 3, 100, 200]

condition(a) = (a < 10)             #function to eventually broadcast
y            = x[condition.(x)]

1

x            = [3, 6, 8, 100]

# numbers greater than 5, lower than 10, but not including 8
y            = x[(x .> 5) .&& (x .< 10) .&& (x .≠ 8)]

x            = [3, 6, 8, 100]

# numbers greater than 5, lower than 10, but not including 8
y            = x[@. (x > 5) && (x < 10) && (x ≠ 8)]



INDEXING VIA BROADCASTING FUNCTION

julia> y

1-element Vector{Int64}:
 6

7KH� H[DPSOH� UHYHDOV� WKDW� GLUHFWO\� EURDGFDVWLQJ� operators� PD\� UHVXOW� LQ� YHUERVH� FRGH�� GXH� WR� WKH

UHSHDWHG�XVH�RI�GRWV�LQ�WKH�H[SUHVVLRQ��,Q�FRQWUDVW��DSSURDFKHV�EDVHG�RQ�IXQFWLRQV�RU�WKH�PDFUR� @.

NHHS�WKH�V\QWD[�VLPSOH��UHGXFLQJ�boilerplate code�

LOGICAL INDEXING VIA IN  AND ∈

Remark

7KH� V\PEROV� ∈ � DQG� ∉ � XVHG� LQ� WKLV� VHFWLRQ� FDQ� EH� LQVHUWHG� YLD� WDE

FRPSOHWLRQ�

∈ �E\� \in

∉ �E\� \notin

$QRWKHU�DSSURDFK�WR�VHOHFWLQJ�HOHPHQWV�WKURXJK� ORJLFDO� LQGH[LQJ� LQYROYHV� in �DQG� ∈ ��(DFK�RI� WKHVH

V\PEROV� LV�DYDLODEOH�DV�D�IXQFWLRQ�DQG�DQ�RSHUDWRU��DQG�WKH\�FKHFN�ZKHWKHU�D�scalar a �EHORQJV�WR�D

JLYHQ�FROOHFWLRQ� list ��)RU�VLPSOLFLW\��QH[W�ZH
OO�UHIHU�WR� in �DV�D�IXQFWLRQ�DQG� ∈ �DV�DQ�RSHUDWRU�

7KH�IXQFWLRQ� in(a, list) �HYDOXDWHV�ZKHWKHU�WKH�VFDODU� a �PDWFKHV�DQ\�HOHPHQW�LQ�WKH�YHFWRU� list �

\LHOGLQJ�WKH�VDPH�UHVXOW�DV� a ∈ list ��)RU�H[DPSOH��ERWK� in(2, [1, 2, 3]) �DQG� 2 ∈ [1, 2, 3]

UHWXUQ� true ��DV� 2 �LV�DQ�HOHPHQW�RI� [1,2,3] �

%\�UHSODFLQJ�WKH�VFDODU� a �ZLWK�D�FROOHFWLRQ� x �� in �DQG� ∈ �FDQ�GHíQH�%RROHDQ�YHFWRUV�YLD�EURDGFDVWLQJ�

5HFDOO�� WKRXJK�� WKDW� EURDGFDVWLQJ� GHIDXOWV� WR� LWHUDWLQJ� RYHU� SDLUV� RI� HOHPHQWV�� 7KLV� PHDQV� WKDW

H[HFXWLQJ� in.(x, list) �RU� x .∈ list �ZLOO�UHVXOW�LQ�D�VLPXOWDQHRXV�LWHUDWLRQ�RYHU�HDFK�SDLU�RI� x �DQG

list ��+RZHYHU��WKLV�LVQ
W�WKH�GHVLUHG�RSHUDWLRQ��5DWKHU��RXU�JRDO�LV�WR�FKHFN�ZKHWKHU�HDFK�HOHPHQW�RI

x � EHORQJV� WR� list ��ZKLFK� UHTXLUHV� WUHDWLQJ� list � DV� D� VLQJOH� REMHFW�� 7KLV� FDQ�EH� DFFRPSOLVKHG� LQ

VHYHUDO�ZD\V��DV�LW�ZDV�VKRZQ�here��LQFOXGLQJ�ZUDSSLQJ� list �LQ� Ref �

$V�DQ�LOOXVWUDWLRQ��EHORZ�ZH�FUHDWH�D�YHFWRU� y �WKDW�FRQWDLQV�WKH�PLQLPXP�DQG�PD[LPXP�RI�WKH�YHFWRU

x �

x            = [3, 6, 7, 8, 100]

# numbers greater than 5, lower than 10, but not including 8
condition(a) = (a > 5) && (a < 10) && (a ≠ 8)           #function to eventually broadcast
y            = x[condition.(x)]



FUNCTION 'IN' AND '∈'

julia> bool_indices

4-element BitVector:
 1
 0
 0
 1

julia> y
2-element Vector{Int64}:
 -100
  100

OPERATOR 'IN' AND '∈'

julia> bool_indices
4-element BitVector:
 1
 0
 0
 1

julia> y

2-element Vector{Int64}:
 -100
  100

Remark

7KH� in �IXQFWLRQ�KDV�DQ�DOWHUQDWLYH�curried version��DOORZLQJ�WKH�XVHU�WR

GLUHFWO\� EURDGFDVW� in � ZKLOH� WUHDWLQJ� list � DV� D� VLQJOH� HOHPHQW�� 7KH

V\QWD[�IRU�GRLQJ�WKLV�LV� in(list).(x) ��DV�VKRZQ�LQ�WKH�H[DPSOH�EHORZ�

x           = [-100, 2, 4, 100]
list = [minimum(x), maximum(x)]

# logical indexing (both versions are equivalent)
bool_indices = in.(x, Ref(list))    #`Ref(list)` can be replaced by `(list,)`
bool_indices = (∈).(x,Ref(list))

y            = x[bool_indices]

x           = [-100, 2, 4, 100]
list = [minimum(x), maximum(x)]

# logical indexing
bool_indices = x .∈ Ref(list)       #only option, not possible to broadcast `in`

y            = x[bool_indices]



CURRIED 'IN'

julia> bool_indices
4-element BitVector:
 1
 0
 0
 1

julia> y
2-element Vector{Int64}:
 -100
  100

Remark

7KH�IXQFWLRQV�DQG�RSHUDWRUV� in �DQG� ∈ �DOORZ�IRU�QHJDWHG�YHUVLRQV� !in

DQG� ∉ ��HTXLYDOHQW�WR� !∈ ���ZKLFK�VHOHFW�HOHPHQWV�not�EHORQJLQJ�WR�D�VHW�

%HORZ�� ZH� DSSO\� WKHP� WR� UHWDLQ� WKH� HOHPHQWV� RI� x � WKDW� DUH� QRW� LWV

PLQLPXP�RU�LWV�PD[LPXP�

FUNCTION '!IN' AND '∉'

julia> bool_indices
4-element BitVector:
 0
 1
 1
 0

julia> x[bool_indices]
2-element Vector{Int64}:
 2
 4

x           = [2, 4, 100]
list = [minimum(x), maximum(x)]

#logical indexing
bool_indices = x[in(list).(x)]   #no need to use `Ref(list)`
y            = x[bool_indices]

x           = [-100, 2, 4, 100]
list = [minimum(x), maximum(x)]

#identical vectors for logical indexing
bool_indices = (!in).(x, Ref(list))
bool_indices = (∉).(x, Ref(list))          #or `(!∈).(x, 
Ref(list))`



OPERATORS '!IN' AND '∉'

julia> bool_indices
4-element BitVector:
 0
 1
 1
 0

julia> x[bool_indices]
2-element Vector{Int64}:
 2
 4

THE FUNCTIONS 'FINDALL' AND 'FILTER'

:H�FORVH�WKLV�VHFWLRQ�E\�SUHVHQWLQJ�WZR�DGGLWLRQDO�PHWKRGV�IRU�HOHPHQW�VHOHFWLRQ��7KH\
UH�SURYLGHG�E\

WKH�IXQFWLRQV� filter �DQG� findall �

7KH�IXQFWLRQ� filter �UHWXUQV�WKH�elements�RI�D�YHFWRU� x �VDWLVI\LQJ�D�JLYHQ�FRQGLWLRQ��'HVSLWH�ZKDW�WKH

QDPH�PD\�VXJJHVW�� filter �UHWDLQV�HOHPHQWV�UDWKHU�WKDQ�GLVFDUG�WKHP��7KH�FRQGLWLRQ�LV�VSHFLíHG�E\�D

IXQFWLRQ�WKDW�UHWXUQV�D�%RROHDQ�VFDODU�

'FILTER'

julia> y

2-element Vector{Int64}:
 5
 6

7KH� IXQFWLRQ� findall � GRHV� WKH� VDPH�DV� filter �� EXW� UHWXUQV� WKH� indices� RI� x ��:LWK� findall �� WKH

FRQGLWLRQ�FDQ�EH�VWDWHG�LQ�WZR�ZD\V��HLWKHU�YLD�D�%RROHDQ�VFDODU�IXQFWLRQ�RU�D�%RROHDQ�YHFWRU�

x           = [-100, 2, 4, 100]
list = [minimum(x), maximum(x)]

#vector for logical indexing
bool_indices = x .∉ Ref(list)

x = [5, 6, 7, 8, 9]

y = filter(a -> a < 7, x)



'FINDALL' - VIA FUNCTION

julia> y
2-element Vector{Int64}:
 1
 2

julia> z

2-element Vector{Int64}:
 5
 6

'FINDALL' - VIA BOOLEAN VECTOR

julia> y
2-element Vector{Int64}:
 1
 2

julia> z

2-element Vector{Int64}:
 5
 6

FOOTNOTES

 The logical operators &&  and ||  were introduced in the section about conditional statements.

x = [5, 6, 7, 8, 9]

y = findall(a -> a < 7, x)
z = x[findall(a -> a < 7, x)]

x = [5, 6, 7, 8, 9]

y = findall(x .< 7)
z = x[findall(x .< 7)]

1.



5g. In-Place Operations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� IRFXVHV� RQ� in-place operations�� D� WHUP� WKDW� HQFRPSDVVHV� DQ\� PHWKRG� WKDW� PXWDWHV

FROOHFWLRQV��7KHVH�RSHUDWLRQV�DUH�FKDUDFWHUL]HG�E\�WKH�UHXVH�RI�H[LVWLQJ�REMHFWV��UDWKHU�WKDQ�JHQHUDWLQJ

QHZ�RQHV��JLYLQJ�ULVH�WR�WKH�H[SUHVVLRQ���modifying values in place��

8QGHUVWDQGLQJ� ZKHWKHU� DQ� RSHUDWLRQ�PXWDWHV� DQ� REMHFW� RU� JHQHUDWHV� D� QHZ� RQH� LV� FUXFLDO�� DV� WKH

RXWFRPHV�PD\� GLìHU� GHSHQGLQJ� RQ� WKH� DSSOLFDWLRQ�� )XUWKHUPRUH�� HYHQ� LI� UHVXOWV� ZHUH� LGHQWLFDO�� LQ�

SODFH�PRGLíFDWLRQV�FRPPRQO\�HQWDLO�SHUIRUPDQFH�EHQHíWV�UHODWLYH�WR�WKH�FUHDWLRQ�RI�QHZ�REMHFWV��7KLV

DVSHFW�ZLOO�EH�H[SORUHG�LQ�3DUW�,,�RI�WKH�ZHEVLWH��ZKHQ�ZH�GLVFXVV�KLJK�SHUIRUPDQFH�

Remark

%HIRUH� SURFHHGLQJ�� ,� UHFRPPHQG� UHYLHZLQJ� WKH� GHíQLWLRQV� RI� VOLFHV

LQWURGXFHG�in the previous section��5HFDOO�WKDW��JLYHQ�D�YHFWRU� x ��D�slice

UHIHUV�WR�D�VXEVHW�RI� x 
V�HOHPHQWV�VHOHFWHG�YLD� x[<indices>] �

0RUHRYHU��D�VOLFH�FDQ�DFW�DV�D�copy��LQ�ZKLFK�FDVH�ZH
UH�FUHDWLQJ�D�QHZ

REMHFW�ZLWK�LWV�RZQ�PHPRU\�DGGUHVV��$OWHUQDWLYHO\��WKH�VOLFH�FDQ�EHKDYH

DV�D�view��WKHUHE\�UHIHUHQFLQJ�WKH�RULJLQDO�PHPRU\�DGGUHVV�RI� x ��7KH

GLVWLQFWLRQ� LV� FUXFLDO�� DV� LW
OO�GHWHUPLQH�ZKHWKHU�PRGLI\LQJ� WKH�VOLFH�ZLOO

DìHFW�WKH�RULJLQDO�GDWD�RU�QRW�

MUTATIONS VIA COLLECTIONS

$�VLPSOH�ZD\�WR�PXWDWH�D�YHFWRU�LV�WR�UHSODFH�DQ�HQWLUH�VOLFH�ZLWK�DQRWKHU�FROOHFWLRQ��7KLV�LV�DFKLHYHG

XVLQJ�VWDWHPHQWV�RI�WKH�IRUP� x[<indices>] = <expression> ��ZKHUH� <expression> �PXVW�PDWFK�WKH

OHQJWK�RI� x[<indices>] ��7KH�DSSURDFK�HìHFWLYHO\�PXWDWHV� x �EHFDXVH�D�VOLFH�RQ�WKH�OHIW�KDQG�VLGH�RI

= �EHKDYHV�DV�D�YLHZ��WKXV�UHIHUHQFLQJ�WKH�RULJLQDO�REMHFW��%HORZ��ZH�SURYLGH�D�IHZ�H[DPSOHV�RI�WKLV

DSSURDFK�

https://alfaromartino.github.io/
http://localhost:8000/PAGES/05e_slices/


julia> x

julia> x

$�FRPPRQ�DSSOLFDWLRQ�RI�WKLV�PHWKRG�LQYROYHV�GHíQLQJ� <expression> �WKURXJK�HOHPHQWV�IURP�HLWKHU

WKH�RULJLQDO�YHFWRU�RU�WKH�VOLFH�EHLQJ�PRGLíHG��7KLV�DOORZV�IRU�VHOI�UHIHUHQFLQJ�XSGDWHV�RI�WKH�YDULDEOH�

julia> x

julia> x

,PSRUWDQWO\� IRU� WKH�PXWDWLRQV� YLD� IRU�ORRSV�� D� VFDODU� FDQ� EH� XVHG� RQ� WKH� ULJKW�KDQG� VLGH� RI� = � IRU

VLQJOH�HOHPHQW�VOLFHV�

x         = [1, 2, 3]

x[2:end]  = [20, 30]

3-element Vector{Int64}:
  1
 20
 30

x         = [1, 2, 3]

x[x .≥ 2] = [2, 3] .* 10

3-element Vector{Int64}:
  1
 20
 30

x         = [1, 2, 3]

x[2:end]  = [x[i] * 10 for i in 2:length(x)]

3-element Vector{Int64}:
  1
 20
 30

x         = [1, 2, 3]

x[x .≥ 2] = x[x .≥ 2] .* 10

3-element Vector{Int64}:
  1
 20
 30



julia> x

Warning! - Vectors can only be mutated by objects of the same type

:KHQ�D�YHFWRU�LV�GHíQHG��WKH�W\SH�RI�HOHPHQWV�WKDW�WKH�YHFWRU�FDQ�KROG

LV�LPSOLFLWO\�GHíQHG��&RQVHTXHQWO\��DWWHPSWLQJ�WR�UHSODFH�HOHPHQWV�ZLWK

D� GLìHUHQW� W\SH� ZLOO� UHVXOW� LQ� DQ� HUURU�� )RU� LQVWDQFH�� WKH� IROORZLQJ

H[DPSOHV�RQO\�DGPLW�PXWDWLRQV�ZLWK�YDOXHV�RI�W\SH� Int64 �

ERROR: InexactError: Int64(3.5)

julia> x
3-element Vector{Int64}:
 1
 3
 4

MUTATIONS VIA FOR-LOOPS

5HSODFLQJ� D� VLQJOH�HOHPHQW� VOLFH� ZLWK� D� VFDODU� YDOXH� HQDEOHV� PXWDWLRQV� WKURXJK� IRU�ORRSV�� 7KLV� LV

LPSOHPHQWHG�E\�VXEVWLWXWLQJ�WKH�YDOXH�RI�D�VLQJOH�HOHPHQW�GXULQJ�HDFK�LWHUDWLRQ�

7R� LOOXVWUDWH� WKH� SURFHGXUH�� OHW
V� FRQVLGHU� D� W\SLFDO� DSSOLFDWLRQ� RI� WKLV� DSSURDFK�� SRSXODWLQJ� YHFWRUV

ZLWK�YDOXHV��7KH�SURFHVV� LQYROYHV� LQLWLDOL]LQJ�D�YHFWRU��DQG� WKHQ� LWHUDWLQJ�RYHU� LWV�HOHPHQWV� WR�DVVLJQ

GHVLUHG�YDOXHV�

x         = [1, 2, 3]

x[3]      = 30

3-element Vector{Int64}:
  1
  2
 30

x         = [1, 2, 3]    # Vector{Int64}

x[2:3]    = [3.5, 4]     # 3.5 is Float64

x         = [1, 2, 3]    # Vector{Int64}

x[2:3]    = [3.0, 4]     # 3.0 is Float64 but accepts
conversion



julia> x

julia> x

7KH� DSSURDFK� UHOLHV� RQ� x[i] � RQ� WKH� OHIW�KDQG� VLGH� RI� = � DFWLQJ� DV� D� YLHZ�� $OWHUQDWLYHO\�� ZH� FRXOG

OHYHUDJH� WKH� IXQFWLRQ� view � WR� FUHDWH�D� YDULDEOH� WKDW� FRQWDLQV�DOO� WKH�HOHPHQWV� WR�EH�PRGLíHG�� 7KLV

DOORZV�XV�WR�ZRUN�ZLWK�IRU�ORRSV�WKDW�PXWDWH�HQWLUH�REMHFWV��UDWKHU�WKDQ�D�VXEVHW�RI�WKH�RULJLQDO�REMHFW�

7KH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV�WKLV�E\�PXWDWLQJ�D�YHFWRU�RI�]HURV��1RWH�WKDW�WKH�IXQFWLRQ� zeros

GHIDXOWV�WR�]HURV�ZLWK�W\SH� Float64 ��H[SODLQLQJ�ZK\� 1 �LV�DXWRPDWLFDOO\�FRQYHUWHG�WR� 1.0 �

julia> x

x    = Vector{Int64}(undef, 3)  # `x` is initialized with 3 undefined elements

x[1] = 0
x[2] = 0
x[3] = 0

3-element Vector{Int64}:
 0
 0
 0

x    = Vector{Int64}(undef, 3)  # `x` is initialized with 3 undefined elements

for i in eachindex(x)
    x[i] = 0
end

3-element Vector{Int64}:
 0
 0
 0

x     = zeros(3)

for i in 2:3
    x[i] = 1
end

3-element Vector{Float64}:
 0.0
 1.0
 1.0



julia> x

Warning! - For-Loops Should be Wrapped in Functions

5HFDOO�WKDW�IRU�ORRSV�VKRXOG�DOZD\V�EH�ZUDSSHG�LQ�IXQFWLRQV��DV�IDLOLQJ�WR

GR� VR� VHYHUHO\� DìHFWV� SHUIRUPDQFH�� ,Q� WKH� QH[W� VHFWLRQ�� ZKHUH� ZH
OO

FRYHU�PXWDWLQJ�IXQFWLRQV��PXWDWLRQV�YLD�IRU�ORRSV�ZLOO�EH�UHYLVLWHG�

MUTATIONS VIA .=

,Q�WHUPV�RI�V\QWD[��EURDGFDVWLQJ�VHUYHV�DV�D�VWUHDPOLQHG�DOWHUQDWLYH�WR�IRU�ORRSV��7KLV�SULQFLSOH�HYHQ

H[WHQGV� WR�PXWDWLRQV��ZKLFK�FDQ�EH� LPSOHPHQWHG�E\�EURDGFDVWLQJ� WKH�DVVLJQPHQW�RSHUDWRU� = ��7KH

V\QWD[� IRU� WKLV� LV� x[<indices>] .= <expression> ��ZKHUH� <expression> � FDQ�EH�HLWKHU�D�vector�RU�D

scalar�

,Q� WKH�VSHFLíF�FDVH�RI� x[<indices>] �RQ� WKH� OHIW�KDQG�VLGH�DQG�D�YHFWRU� IRU� <expression> �� WKH� .=

RSHUDWRU�SURGXFHV� WKH�VDPH�RXWFRPH�DV�XVLQJ� = �ZLWK�D�FRUUHVSRQGLQJ�FROOHFWLRQ�� ,Q� IDFW��XVLQJ� =

UDWKHU�WKDQ� .= �LQ�WKHVH�FDVHV�WHQGV�WR�EH�PRUH�SHUIRUPDQW�

julia> x

x     = zeros(3)
slice = view(x, 2:3)

for i in eachindex(slice)
    slice[i] = 1
end

3-element Vector{Float64}:
 0.0
 1.0
 1.0

x       = [3, 4, 5]

x[1:2]  = x[1:2] .* 10

3-element Vector{Int64}:
 30
 40
  5



julia> x

&RQVLGHULQJ�WKLV��WKH�SULPDU\�XVH�FDVHV�RI� .= �IRU�PXWDWLQJ� x �LQYROYH�H[SUHVVLRQV�OLNH�

x[<indices>] .= <scalar> ��DQG

y .= <expression> �ZKHUH� y �LV�HLWKHU�D�YLHZ�RI� x �RU� x �LWVHOI�

1H[W��ZH�DQDO\]H�HDFK�FDVH�VHSDUDWHO\�

SCALARS ON THE RIGHT-HAND SIDE OF =

$SSO\LQJ� = �WR�UHSODFH�PXOWLSOH�HOHPHQWV�ZLWK�WKH�same�VFDODU�YDOXH�UHTXLUHV�D�FROOHFWLRQ�PDWFKLQJ�WKH

QXPEHU� RI� HOHPHQWV� EHLQJ� VXEVWLWXWHG�� +RZHYHU�� ZLWK� WKH� .= � RSHUDWRU�� \RX� FDQ� VWUHDPOLQH� WKH

SURFHVV�E\�VLPSO\�ZULWLQJ� x[<indices>] .= <scalar> �

)RU�LQVWDQFH��WKH�IROORZLQJ�FRGH�VQLSSHW�XVHV�WKLV�DSSURDFK�WR�UHSODFH�HYHU\�QHJDWLYH�YDOXH�LQ� x �ZLWK

]HUR�

julia> x

VARIABLES ON THE LEFT-HAND SIDE OF =

6LQFH� ERWK� PXWDWLRQV� DQG� DVVLJQPHQWV� UHO\� RQ� = �� LW
V� HVVHQWLDO� WR� distinguish between in-place

operations and reassignments�� ,Q� SDUWLFXODU�� WKH� ODWWHU� GRHVQ
W� PRGLI\� WKH� RULJLQDO� REMHFW�� EXW

DFWXDOO\�FUHDWHV�D�QHZ�RQH�

:H
YH� DOUHDG\� VKRZQ� WKDW� SODFLQJ� VOLFHV� RQ� WKH� OHIW�KDQG� VLGH�RI� = � UHVXOWV� LQ�PXWDWLRQV��1RZ�� OHW
V

FRQVLGHU�FDVHV�ZKHUH�DQ�HQWLUH�REMHFW�OLNH� x �DSSHDUV�RQ�WKH�OHIW�KDQG�VLGH��,Q�WKHVH�FDVHV��ZH�QHHG�WR

EH�FDUHIXO��DV�RQO\� .= �ZLOO�UHVXOW�LQ�D�PXWDWLRQ��ZKHUHDV� = �ZLOO�SHUIRUP�D�UHDVVLJQPHQW�

)RU� H[DPSOH�� VXSSRVH� RXU� JRDO� LV� WR� PRGLI\� all� WKH� HOHPHQWV� RI� D� YHFWRU� x �� $OO� WKH� IROORZLQJ

DSSURDFKHV�GHWHUPLQH�WKDW� x �KROGV�WKH�VDPH�YDOXHV��EXW�RQO\�WKH�ODVW�WZR�DFKLHYH�WKLV�E\�PXWDWLQJ

x �

x       = [3, 4, 5]

x[1:2] .= x[1:2] .* 10    # identical output (less performant)

3-element Vector{Int64}:
 30
 40
  5

x          = [-2, -1, 1]

x[x .< 0] .= 0

3-element Vector{Int64}:
 0
 0
 1



julia> x

julia> x

julia> x

1RWLFH� WKDW� WKH� GLìHUHQFH� EHWZHHQ� DSSURDFKHV� FRXOG� JR� XQQRWLFHG�� DV� WKH\� DOO� \LHOG� WKH� VDPH

RXWFRPH��+RZHYHU��ZH
OO�VHH�LQ�3DUW�,,�RI�WKH�ZHEVLWH�WKDW�WKHVH�DSSURDFKHV�FDQ�HQWDLO�ELJ�GLìHUHQFHV

LQ�SHUIRUPDQFH��,Q�SDUWLFXODU��UHXVLQJ�WKH�RULJLQDO�PHPRU\�DGGUHVV�RI� x �WHQGV�WR�EH�PRUH�SHUIRUPDQW

WKDQ�FUHDWLQJ�D�QHZ�PHPRU\�DGGUHVV�IRU� x �

7KLV�GLìHUHQFH�ZLOO�DOVR�PDQLIHVW�ZKHQ�XVLQJ�WKH�PDFUR� @. �IRU�D�VHDPOHVV�EURDGFDVWLQJ��'HSHQGLQJ

RQ�ZKHUH� @. �LV�SODFHG�UHODWLYH�WR� = ��ZH�FRXOG�HQG�XS�ZLWK�DQ�DVVLJQPHQW�RU�D�PXWDWLRQ�

julia> x

x    = [1, 2, 3]

x    = x .* 10

3-element Vector{Int64}:
 10
 20
 30

x    = [1, 2, 3]

x   .= x .* 10

3-element Vector{Int64}:
 10
 20
 30

x    = [1, 2, 3]

x[:] = x .* 10

3-element Vector{Int64}:
 10
 20
 30

x    = [1, 2, 3]

x   .= x .* 10

3-element Vector{Int64}:
 10
 20
 30



julia> x

julia> x

VIEW ALIASES ON THE LEFT-HAND SIDE OF =

7KH� SUHYLRXV� FDVH� H[HPSOLíHG� D� VFHQDULR� ZKHUH� WKH� XOWLPDWH� RXWFRPH� LV� WKH� VDPH�� UHJDUGOHVV� RI

ZKHWKHU�ZH�HPSOR\� = �RU� .= �� ,QVWHDG�� WKH�UHVXOWV�ZLOO�GLìHU�ZKHQ�YLHZ�DOLDVHV�DUH�RQ�WKH� OHIW�KDQG

VLGH��9LHZ�DOLDVHV�DOORZ�XV� WR�ZRUN�ZLWK� slice = view(x, <indices>) �� UDWKHU� WKDQ� x[<indices>] �

'HíQLQJ�YLHZ�DOLDVHV�LV�FRQYHQLHQW�ZKHQ�ZH�QHHG�WR�SHUIRUP�YDULRXV�RSHUDWLRQV�RYHU�WKH�VDPH�VOLFH�

7KLV� DYRLGV� UHSHDWHGO\� UHIHUHQFLQJ� WKH� VOLFH� YLD� x[<indices>] �� ZKLFK� ZRXOG� EH� LQHïFLHQW�� HUURU�

SURQH��DQG�WHGLRXV�

,Q�WKHVH�FDVHV��LW
V�RQO\�ZKHQ�ZH�XVH� .= �WKDW�ZH
OO�SHUIRUP�D�PXWDWLRQ�

julia> x

julia> x

x    = [1, 2, 3]

@. x = x  * 10

3-element Vector{Int64}:
 10
 20
 30

x    = [1, 2, 3]

x    = @. x * 10

3-element Vector{Int64}:
 10
 20
 30

x      = [1, 2, 3]

slice  = view(x, x .≥ 2)
slice .= slice .* 10            # same as 'x[x .≥ 2] = x[x .≥ 2] .* 10'

3-element Vector{Int64}:
  1
 20
 30

x      = [1, 2, 3]

slice  = view(x, x .≥ 2)
slice  = slice .* 10            # this does NOT modify `x`

3-element Vector{Int64}:
 1
 2
 3



7KHUH�DUH�D� IHZ�DGGLWLRQDO� LQFRUUHFW�XVHV� WKDW� FDQ�HPHUJH�ZLWK�YLHZ�DOLDVHV��7R�GHPRQVWUDWH� WKHP�

OHW
V�FRQVLGHU�UHSODFLQJ�DOO�QHJDWLYH�YDOXHV�LQ� x �ZLWK�]HUR��%HORZ��RQO\�WKH�íUVW�DSSURDFK�DFKLHYHV�WKH

GHVLUHG�RXWFRPH�

julia> x

julia> x

julia> x

x      = [-2, -1, 1]

slice  = view(x, x .< 0)
slice .= 0

3-element Vector{Int64}:
 0
 0
 1

x      = [-2, -1, 1]

slice  = x[x .< 0]          # 'slice' is a copy
slice .= 0                  # this does NOT modify `x`

3-element Vector{Int64}:
 -2
 -1
  1

x      = [-2, -1, 1]

slice  = view(x, x .< 0)
slice  = 0                  # this creates a new object, it does NOT modify `x`

3-element Vector{Int64}:
 -2
 -1
  1



5h. In-Place Functions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV�VHFWLRQ�FRQWLQXHV�H[SORULQJ�approaches to mutating vectors��7KH�HPSKDVLV� LV� LQ�SDUWLFXODU�RQ

in-place functions��GHíQHG�DV�IXQFWLRQV�WKDW�PXWDWH�DW�OHDVW�RQH�RI�WKHLU�DUJXPHQWV�

0DQ\� EXLOW�LQ� IXQFWLRQV� LQ� -XOLD� KDYH� D� FRUUHVSRQGLQJ� LQ�SODFH� FRXQWHUSDUW�� 7KHVH� YHUVLRQV� FDQ� EH

HDVLO\�LGHQWLíHG�E\�WKH�V\PERO� ! �DSSHQGHG�WR�WKHLU�QDPHV��,Q�SODFH�IXQFWLRQV�HQDEOH�XVHUV�WR�VWRUH

WKH�RXWSXW�LQ�RQH�RI�WKH�IXQFWLRQ
V�DUJXPHQWV��WKHUHE\�DYRLGLQJ�WKH�FUHDWLRQ�RI�D�QHZ�REMHFW��7KH\�FDQ

DOVR� EH� XVHG� WR� XSGDWH� WKH� YDOXHV� RI� D� YDULDEOH� GLUHFWO\�� )RU� H[DPSOH�� JLYHQ� D� YHFWRU� x �� sort(x)

UHWXUQV�D�QHZ�YHFWRU�ZLWK�RUGHUHG�HOHPHQWV��EXW�ZLWKRXW�DOWHULQJ�WKH�RULJLQDO� x �� ,Q�FRQWUDVW��WKH�LQ�

SODFH�YHUVLRQ� sort!(x) �GLUHFWO\�VWRUHV�WKH�UHVXOW�ZLWKLQ� x �LWVHOI�

7KH�EHQHíWV�RI� LQ�SODFH� IXQFWLRQV�ZLOO� EHFRPH�HYLGHQW� LQ�3DUW� ,,��ZKHQ�GLVFXVVLQJ�KLJK�SHUIRUPDQFH

FRPSXWLQJ�� (VVHQWLDOO\�� E\� UHXVLQJ� H[LVWLQJ� REMHFWV�� LQ�SODFH� IXQFWLRQV� HOLPLQDWH� WKH� RYHUKHDG

DVVRFLDWHG�ZLWK�FUHDWLQJ�QHZ�REMHFWV�

IN-PLACE FUNCTIONS

In-place functions��DOVR�NQRZQ�DV�mutating functions��DUH�FKDUDFWHUL]HG�E\�WKHLU�DELOLW\�WR�PRGLI\�DW

OHDVW� RQH� RI� WKHLU� DUJXPHQWV�� )RU� H[DPSOH�� JLYHQ� D� YHFWRU� x �� WKH� IROORZLQJ� IXQFWLRQ� foo(x)

FRQVWLWXWHV�DQ�H[DPSOH�RI�LQ�SODFH�IXQFWLRQ��DV�LW�PRGLíHV�WKH�FRQWHQW�RI� x �

julia> y

2-element Vector{Int64}:
 0
 0

julia> foo(y)  #it mutates 'y'

julia> y
2-element Vector{Int64}:
 1
 0

Remark

y = [0,0]

function foo(x)
    x[1] = 1
end

https://alfaromartino.github.io/


:KLOH� IXQFWLRQV� DUH� FDSDEOH� RI� PXWDWLQJ� YDOXHV�� WKH\� can't reassign

variables�RXWVLGH�WKHLU�VFRSH��$Q\�DWWHPSW�WR�UHGHíQH�D�YDULDEOH�ZLWKLQ

D�IXQFWLRQ�ZLOO�EH�LQWHUSUHWHG�DV�WKH�FUHDWLRQ�RI�D�QHZ�ORFDO�YDULDEOH��

7KH� IROORZLQJ� FRGH� LOOXVWUDWHV� WKLV� EHKDYLRU� E\� UHGHíQLQJ� D� IXQFWLRQ

DUJXPHQW� DQG�D� JOREDO� YDULDEOH�� 7KH�RXWSXW� UHîHFWV� WKDW� foo � LQ� HDFK

H[DPSOH� WUHDWV� WKH� UHGHíQHG� x � DV� D� QHZ� ORFDO� YDULDEOH�� WKXV� RQO\

H[LVWLQJ�ZLWKLQ� foo 
V�VFRSH�

julia> x
2

julia> foo(x)

julia> x  #functions can't redefine variables globally, only
mutate them
2

julia> x
2-element Vector{Int64}:
 1
 2

julia> foo()

julia> x  #functions can't redefine variables globally, only
mutate them
2-element Vector{Int64}:
 1
 2

BUILT-IN IN-PLACE FUNCTIONS

,Q�-XOLD��PDQ\�EXLOW�LQ�IXQFWLRQV�WKDW�WDNH�YHFWRUV�DV�DUJXPHQWV�DUH�DYDLODEOH�LQ�WZR�IRUPV��D��VWDQGDUG�

YHUVLRQ�DQG�DQ� LQ�SODFH�YHUVLRQ��7R�GLVWLQJXLVK�EHWZHHQ�WKHP�� -XOLD
V�GHYHORSHUV�IROORZ�D�FRQYHQWLRQ

WKDW�any function ending with ! corresponds to an in-place function�

Remark

1

x = 2

function foo(x)
    x = 3
end

x = [1,2]

function foo()
    x = [0,0]
end



Appending ! to a function has no impact on the function's

behavior at all�� ,W
V�VLPSO\�D�FRQYHQWLRQ�DGRSWHG�E\� -XOLD
V�GHYHORSHUV

WR� HPSKDVL]H� WKH� PXWDEOH� QDWXUH� RI� WKH� RSHUDWLRQ�� ,WV� SXUSRVH� LV� WR

DOHUW� XVHUV� DERXW� WKH� SRWHQWLDO� VLGH� HìHFWV� RI� WKH� IXQFWLRQ�� WKXV

SUHYHQWLQJ�XQLQWHQGHG�PRGLíFDWLRQV�RI�REMHFWV�

7R�LOOXVWUDWH�WKHVH�IRUPV��OHW
V�VWDUW�FRQVLGHULQJ�VLQJOH�DUJXPHQW�IXQFWLRQV��,Q�SDUWLFXODU��ZH
OO�IRFXV�RQ

sort �� 7KLV� DUUDQJHV� WKH� HOHPHQWV� RI� D� YHFWRU� LQ� DVFHQGLQJ� RUGHU�� ZLWK� WKH� RSWLRQ� rev=true

LPSOHPHQWLQJ�D�GHVFHQGLQJ�RUGHU��,Q�LWV�VWDQGDUG�IRUP�� sort(x) �FUHDWHV�D�QHZ�YHFWRU�FRQWDLQLQJ�WKH

VRUWHG�HOHPHQWV��OHDYLQJ�WKH�RULJLQDO�YHFWRU� x �XQFKDQJHG��,Q�FRQWUDVW��WKH�LQ�SODFH�YHUVLRQ� sort!(x)

XSGDWHV�WKH�RULJLQDO�YHFWRU� x �GLUHFWO\��RYHUZULWLQJ�LWV�YDOXHV�ZLWK�WKH�VRUWHG�UHVXOW�

julia> x

3-element Vector{Int64}:
 2
 1
 3

julia> y

3-element Vector{Int64}:
 1
 2
 3

julia> x

3-element Vector{Int64}:
 1
 2
 3

5HJDUGLQJ�PXOWLSOH�DUJXPHQW�IXQFWLRQV��LW
V�FRPPRQ�WR�LQFOXGH�DQ�DUJXPHQW�ZKRVH�VROH�SXUSRVH�LV�WR

VWRUH�RXWSXWV��)RU�LQVWDQFH��JLYHQ�D�IXQFWLRQ� foo �DQG�D�YHFWRU� x ��WKH�EXLOW�LQ�IXQFWLRQ� map(foo, x)

KDV�DQ�LQ�SODFH�YHUVLRQ� map!(foo, <output vector>, x) �

x = [2, 1, 3] 

y = sort(x)

x = [2, 1, 3]

sort!(x)



julia> x

3-element Vector{Int64}:
 1
 2
 3

julia> output

3-element Vector{Int64}:
 1
 4
 9

julia> x
3-element Vector{Int64}:
 1
 2
 3

julia> output

3-element Vector{Int64}:
 1
 4
 9

MUTATIONS VIA FOR-LOOPS

5HFDOO�WKDW�IRU�ORRSV�LQ�-XOLD�VKRXOG�DOZD\V�EH�ZUDSSHG�LQ�IXQFWLRQV��7KLV�QRW�RQO\�SUHYHQWV�LVVXHV�ZLWK

YDULDEOH�VFRSH��EXW�LV�DOVR�NH\�IRU�SHUIRUPDQFH��DV�ZH
OO�GLVFXVV�LQ�3DUW�,,�

,Q�WKLV�FRQWH[W��WKH�DELOLW\�RI�IXQFWLRQV�WR�PXWDWH�WKHLU�DUJXPHQWV�LV�FUXFLDO��,W�GHWHUPLQHV�WKDW�ZH�FDQ

LQLWLDOL]H�YHFWRUV�ZLWK� undef �YDOXHV��SDVV�WKHP�WR�D�IXQFWLRQ��DQG�íOO�WKHP�WKURXJK�D�IXQFWLRQ�YLD�IRU�

ORRSV��7KH�H[DPSOHV�EHORZ�LOOXVWUDWH�WKLV�DSSOLFDWLRQ�

x      = [1, 2, 3]

output = map(a -> a^2, x)

x      = [1, 2, 3]
output = similar(x)             # we initialize `output`

map!(a -> a^2, output, x)       # we update `output`



julia> foo!(x)

julia> x

3-element Vector{Int64}:
 0
 0
 5

julia> foo!(x)

julia> x

3-element Vector{Int64}:
 0
 0
 0

FOOTNOTES

 Strictly speaking, it's possible to reassign a variable by using the global  keyword. However, its use is typically

discouraged, explaining why we won't cover it.

x = [3,4,5]

function foo!(x)
    for i in 1:2
        x[i] = 0
    end
end

x = Vector{Float64}(undef, 3)           # initialize a vector with 3 elements

function foo!(x)
    for i in eachindex(x)
        x[i] = 0
    end
end

1.



6a. Overview and Goals

Martin Alfaro
PhD in Economics

The previous chapter equipped us with techniques for indexing and modifying vectors, expanding our

toolkit for working with data collections. This section builds on this knowledge to achieve several goals.

Firstly, we'll introduce additional types for collections, including dictionaries and named tuples.

Building on our grasp of tuples and vectors, we're now well-positioned to appreciate the unique

features of these alternatives and understand when they're more suitable.

Secondly, we'll expand on tools for streamlining code, which will become indispensable in your daily

use of Julia. These tools will make your coding experience smoother, by reducing boilerplate code and

improving syntax readability. One notable example is the use of pipes.

Thirdly, we'll introduce several standard functions for manipulating vectors, enabling you to perform

operations such as removing duplicates and sorting elements.

To conclude the chapter, we'll put into practice all the tools we've covered. This will be done

through a hypothetical scenario involving a YouTuber's earnings. This hands-on approach will

demonstrate how to apply the tools learned, helping you bridge the gap between theory and practice.

Furthermore, it'll lay the foundation for more advanced data analysis tools: by mastering the

application of fundamentals such as vector indexing, you'll be well-equipped to seamlessly transition

to typical data-analysis tools (e.g., the DataFrames  package).

https://alfaromartino.github.io/
https://en.wikipedia.org/wiki/Boilerplate_code


6b. Named Tuples and Dictionaries

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

2XU�SUHYLRXV�GLVFXVVLRQV�RQ�FROOHFWLRQV�KDYH�FHQWHUHG�DURXQG�YHFWRUV�DQG�WXSOHV��7KH�FXUUHQW�VHFWLRQ

H[SDQGV�RQ�WKH�VXEMHFW��RìHULQJ�D�PRUH�FRPSUHKHQVLYH�DQDO\VLV�RI� WXSOHV�DQG� LQWURGXFLQJ� WZR�QHZ

W\SHV�RI�FROOHFWLRQV��named tuples�DQG�dictionaries�

,Q� SDUWLFXODU�� ZH
OO� FRYHU� KRZ� WR� FKDUDFWHUL]H� FROOHFWLRQV� WKURXJK� NH\V� DQG� YDOXHV��PHWKRGV� IRU� WKH

PDQLSXODWLRQ�RI�FROOHFWLRQV��DQG�DSSURDFKHV�WR�WUDQVIRUPLQJ�RQH�FROOHFWLRQ�LQWR�DQRWKHU�

KEYS AND VALUES

0RVW�FROOHFWLRQV�LQ�-XOLD�DUH�FKDUDFWHUL]HG�E\�keys��7KH\�VHUYH�DV�XQLTXH�LGHQWLíHUV�RI�WKHLU�HOHPHQWV�

DQG�KDYH�D�FRUUHVSRQGLQJ�value�DVVRFLDWHG�ZLWK�HDFK�� �)RU�LQVWDQFH��WKH�YHFWRU� x = [2, 4, 6] �KDV

WKH�LQGLFHV� 1, 2, 3 �DV�LWV�NH\V��DQG� 2, 4, 6 �DV�WKHLU�UHVSHFWLYH�YDOXHV�

Keys are more general than indicesÌWKH\� HQFRPSDVV� DOO� WKH� SRVVLEOH� LGHQWLíHUV� RI� D� FROOHFWLRQ
V

HOHPHQWV� �H�J��� VWULQJV�� QXPEHUV�� RU� RWKHU� REMHFWV��� ,QVWHDG�� LQGLFHV� H[FOXVLYHO\� HPSOR\� LQWHJHUV� DV

LGHQWLíHUV�

7R� LGHQWLI\� WKH� NH\V� DQG� YDOXHV� RI� D� FROOHFWLRQ�� -XOLD� RìHUV� WKH� IXQFWLRQV� keys � DQG� values �� 7KH

IROORZLQJ� FRGH� VQLSSHWV� GHPRQVWUDWH� WKHLU� XVDJH� EDVHG� RQ� YHFWRUV� DQG� WXSOHV�� ZKRVH� NH\V� DUH

UHSUHVHQWHG�E\�LQGLFHV��1RWH�WKDW�QHLWKHU� keys �QRU� values �UHWXUQ�D�YHFWRU��UHTXLULQJ�WKH� collect

IXQFWLRQ�IRU�WKLV�SXUSRVH�

julia> collect(keys(x))

julia> collect(values(x))

1

x = [4, 5, 6]

3-element Vector{Int64}:
 1
 2
 3

3-element Vector{Int64}:
 4
 5
 6

https://alfaromartino.github.io/


julia> collect(keys(x))

julia> collect(values(x))

THE TYPE PAIR

&ROOHFWLRQV�RI�NH\�YDOXH�SDLUV�LQ�-XOLD�DUH�UHSUHVHQWHG�E\�WKH�W\SH� Pair{<key type>, <value type>} �

$OWKRXJK�ZH�ZRQ
W�GLUHFWO\�ZRUN�ZLWK�REMHFWV�RI�WKLV�W\SH��WKH\�IRUP�WKH�EDVLV�IRU�FRQVWUXFWLQJ�RWKHU

FROOHFWLRQV�VXFK�DV�GLFWLRQDULHV�DQG�QDPHG�WXSOHV�

A key-value pair� FDQ�EH�FUHDWHG�E\�XVLQJ� WKH�RSHUDWRU� => � DV� LQ� <key> => <value> �� )RU� LQVWDQFH�

"a" => 1 �UHSUHVHQWV�D�SDLU��ZKHUH� a � LV� LWV�NH\�DQG� 1 � LWV�FRUUHVSRQGLQJ�YDOXH�� ,Q�DGGLWLRQ��ZH�FDQ

FUHDWH� SDLUV� WKURXJK� WKH� IXQFWLRQ� Pair(<key>, <value>) �� PDNLQJ� Pair("a",1) � HTXLYDOHQW� WR� WKH

SUHYLRXV�H[DPSOH��)LQDOO\��JLYHQ�D�SDLU� x ��LWV�NH\�FDQ�EH�DFFHVVHG�E\�HLWKHU� x[1] �RU� x.first ��ZKLOH

LWV�YDOXH�FDQ�EH�UHWULHYHG�XVLQJ� x[2] �RU� x.second ��$OO�WKLV�LV�GHPRQVWUDWHG�EHORZ�

julia> some_pair

julia> some_pair[1]

julia> some_pair.first

julia> some_pair

julia> some_pair[2]

julia> some_pair.second

THE TYPE SYMBOL

7KH�W\SH�XVHG�WR�UHSUHVHQW�NH\V�FDQ�YDU\�GHSHQGLQJ�RQ�WKH�FROOHFWLRQ��$Q� LPSRUWDQW�W\SH�XVHG�DV�D

NH\�LV� Symbol ��ZKLFK�SURYLGHV�DQ�HïFLHQW�ZD\�WR�UHSUHVHQW�VWULQJ�EDVHG�NH\V��$�V\PERO�ODEHOHG� x �LV

GHQRWHG� :x ��DQG�FDQ�EH�FUHDWHG�IURP�VWULQJV�XVLQJ�WKH�IXQFWLRQ� Symbol(<some string>) ��

some_pair = Pair("a", 1)            # equivalent

"a" => 1

1

some_pair = ("a" => 1)      # or simply 'some_pair = "a" => 1'

some_pair = Pair("a", 1)    # equivalent

"a" => 1

"a"

"a"

some_pair = ("a" => 1)      # or simply 'some_pair = "a" => 1'

some_pair = Pair("a", 1)    # equivalent

"a" => 1

1

1

2



julia> some_symbol

julia> vector_symbols

NAMED TUPLES

Warning!

Tuples and named tuples should only be used for small collections�

8VLQJ�WKHP�IRU�ODUJH�FROOHFWLRQV�FDQ�OHDG�WR�VORZ�RSHUDWLRQV�RU�GLUHFWO\

UHVXOW� LQ�D� IDWDO� HUURU� �WKH� VR�FDOOHG� VWDFN�RYHUîRZ���$UUD\V� UHPDLQ� WKH

SUHIHUUHG�FKRLFH�IRU�ODUJH�FROOHFWLRQV�

'HíQLQJ�ZKDW�FRQVWLWXWHV�small�LV�FKDOOHQJLQJ��DQG�XQIRUWXQDWHO\�WKHUH
V

QR� GHíQLWLYH� DQVZHU��:H� FDQ� RQO\� LQGLFDWH� WKDW� FROOHFWLRQV�ZLWK� IHZHU

WKDQ� ��� HOHPHQWV� DUH� XQGRXEWHGO\� VPDOO�� ZKLOH� WKRVH� H[FHHGLQJ� ���

HOHPHQWV�YLRODWH�WKH�GHíQLWLRQ�

1DPHG� WXSOHV� VKDUH� VHYHUDO� VLPLODULWLHV�ZLWK� UHJXODU� WXSOHV�� LQFOXGLQJ� WKHLU� immutability��+RZHYHU�

WKH\� DOVR� H[KLELW� VRPH� QRWDEOH� GLìHUHQFHV�� 2QH� RI� WKHP� LV� WKDW� the keys of named tuples are

objects of type Symbol ��LQ�FRQWUDVW�WR�WKH�QXPHULFDO�LQGLFHV�XVHG�IRU�UHJXODU�WXSOHV�

1DPHG�WXSOHV�DOVR�GLìHU�V\QWDFWLFDOO\��UHTXLULQJ�EHLQJ�HQFORVHG�LQ�SDUHQWKHVHV� () ÌRPLWWLQJ�WKHP�LV

QRW� SRVVLEOH�� XQOLNH� ZLWK� UHJXODU� WXSOHV�� )XUWKHUPRUH�� ZKHQ� FUHDWLQJ� D� QDPHG� WXSOH� ZLWK� D� VLQJOH

HOHPHQW��WKH�QRWDWLRQ�UHTXLUHV�HLWKHU�D�WUDLOLQJ�FRPPD� , �DIWHU�WKH�HOHPHQW��VLPLODU�WR�UHJXODU�WXSOHV�

RU�D�OHDGLQJ�VHPLFRORQ� ; �EHIRUH�WKH�HOHPHQW��

7R�FRQVWUXFW�D�QDPHG�WXSOH��HDFK�HOHPHQW�PXVW�EH�VSHFLíHG�LQ�WKH�IRUPDW� <key> = <value> ��VXFK�DV

a = 10 ��$OWHUQDWLYHO\�� \RX�FDQ�XVH�D�SDLU� <key with Symbol type> => <value> �� DV� LQ� :a => 10 �

2QFH�D�QDPHG�WXSOH� nt �LV�FUHDWHG��\RX�FDQ�DFFHVV�LWV�HOHPHQW� a �E\�XVLQJ�HLWKHU� nt[:a] �RU� nt.a �

7KH�IROORZLQJ�FRGH�VQLSSHWV�LOOXVWUDWH�DOO�WKLV�

x = (a=4, b=5, c=6)

3-element Vector{Symbol}:
 :a
 :b
 :c

3



julia> nt

(a = 10, b = 20)

julia> nt.a

10

julia> nt[:a]  #alternative way to access 'a'
10

julia> nt

(a = 10, )

julia> nt.a

10

julia> nt[:a]  #alternative way to access 'a'
10

Remark

7R�VHH� WKH� OLVW�RI�NH\V�DQG�YDOXHV��ZH�FDQ�HPSOR\� WKH� IXQFWLRQV� keys

DQG� values �

julia> collect(keys(nt))
2-element Vector{Symbol}:
 :a
 :b

julia> values(nt)
(10, 20)

DISTINCTION BETWEEN THE CREATION OF TUPLES AND NAMED TUPLES

# all 'nt' are equivalent
nt = (  a=10, b=20)
nt = (; a=10, b=20)

nt = (  :a => 10, :b => 10)
nt = (; :a => 10, :b => 10)

# all 'nt' are equivalent
nt = (  a=10,)
nt = (; a=10 )

nt = (  :a => 10,)
nt = (; :a => 10 )

#not 'nt =  (a = 10)'  -> this is interpreted as 'nt = a = 10'
#not 'nt = (:a => 10)' -> this is interpreted as a pair

nt = (a=10, b=20)



,W
V�SRVVLEOH� WR�FUHDWH�QDPHG�WXSOHV� IURP� LQGLYLGXDO�YDULDEOHV��)RU� LQVWDQFH��JLYHQ�YDULDEOHV� x = 10

DQG� y = 20 ��\RX�FDQ�GHíQH� nt = (; x, y) ��7KLV�FUHDWHV�D�QDPHG�WXSOH�ZLWK�NH\V� x �DQG� y ��DQG

FRUUHVSRQGLQJ�YDOXHV� 10 �DQG� 20 �

7KH�VHPLFRORQ� ; �LV�FUXFLDO�LQ�WKLV�FRQVWUXFWLRQ��DV�LW�GLVWLQJXLVKHV�QDPHG�WXSOHV�IURP�UHJXODU�WXSOHV�

2PLWWLQJ�LW��DV�LQ� nt = (x, y) ��ZRXOG�UHVXOW�LQ�D�UHJXODU�WXSOH�LQVWHDG�

julia> nt

(x = 10, y = 20)

julia> tup

(10, 20)

julia> nt
(x = 10,)

julia> tup
(10,)

DICTIONARIES

'LFWLRQDULHV�DUH�FROOHFWLRQV�RI�NH\�YDOXH�SDLUV��H[KLELWLQJ�WKUHH�GLVWLQFWLYH�IHDWXUHV�

The keys of dictionaries can be any object�� VWULQJV�� QXPEHUV�� DQG� RWKHU� REMHFWV� DUH

SRVVLEOH�

Dictionaries are mutable��\RX�FDQ�PRGLI\��DGG��DQG�UHPRYH�HOHPHQWV�

Dictionaries are unordered��NH\V�GRQ
W�KDYH�DQ\�RUGHU�DWWDFKHG�

'LFWLRQDULHV�DUH�FUHDWHG�XVLQJ�WKH�IXQFWLRQ� Dict ��ZLWK�HDFK�DUJXPHQW�FRQVLVWLQJ�RI�D�NH\�YDOXH�SDLU

GHQRWHG�E\� <key> => <value> �

x = 10
y = 20

nt  = (; x, y)
tup = (x, y)

x = 10

nt  = (; x)
tup = (x, )



julia> dict

julia> dict[1]

julia> dict

julia> dict["a"]

julia> dict

julia> dict[:a]

julia> dict

julia> dict[(1,1)]

1RWH� WKDW� UHJXODU� GLFWLRQDULHV� DUH� LQKHUHQWO\� XQRUGHUHG��PHDQLQJ� DFFHVV� WR� WKHLU� HOHPHQWV� GRHVQ
W

IROORZ� DQ\� SDWWHUQ�� 7KH� IROORZLQJ� H[DPSOH� LOOXVWUDWHV� WKLV�� ZKHUH� D� YHFWRU� FROOHFWV� WKH� NH\V� RI� D

GLFWLRQDU\��

julia> keys_from_dict

some_dict = Dict(3 => 10, 4 => 20)

Dict{Int64, Int64} with 2 entries:
  4 => 20
  3 => 10

10

dict = Dict("a" => 10, "b" => 20)

Dict{String, Int64} with 2 entries:
  "b" => 20
  "a" => 10

10

some_dict = Dict(:a => 10, :b => 20)

Dict{Symbol, Int64} with 2 entries:
  :a => 10
  :b => 20

10

some_dict = Dict((1,1) => 10, (1,2) => 20)

Dict{Tuple{Int64, Int64}, Int64} with 2 entries:
  (1, 2) => 20
  (1, 1) => 10

10

4

some_dict = Dict(3 => 10, 4 => 20)

keys_from_dict = collect(keys(some_dict))

2-element Vector{Int64}:
 4
 3



julia> keys_from_dict

julia> keys_from_dict

julia> keys_from_dict

CREATING TUPLES, NAMED TUPLES, AND DICTIONARIES

7XSOHV��QDPHG�WXSOHV��DQG�GLFWLRQDULHV�FDQ�EH�FRQVWUXFWHG�IURP�RWKHU�FROOHFWLRQV��SURYLGHG�WKDW� WKH

VRXUFH�FROOHFWLRQ�SRVVHVVHV�D�NH\�YDOXH�VWUXFWXUH��7KH�IROORZLQJ�H[DPSOHV�GHPRQVWUDWH�KRZ�YDULRXV

FROOHFWLRQV�FDQ�EH�XVHG�WR�FUHDWH�dictionaries�LQ�SDUWLFXODU�

julia> dict

some_dict = Dict("a" => 10, "b" => 20)

keys_from_dict = collect(keys(some_dict))

2-element Vector{String}:
 "b"
 "a"

some_dict = Dict(:a => 10, :b => 20)

keys_from_dict = collect(keys(some_dict))

2-element Vector{Symbol}:
 :a
 :b

some_dict = Dict((1,1) => 10, (1,2) => 20)

keys_from_dict = collect(keys(some_dict))

2-element Vector{Tuple{Int64, Int64}}:
 (1, 2)
 (1, 1)

vector = [10, 20] # or tupl = (10,20)

dict = Dict(pairs(vector))

Dict{Int64, Int64} with 2 entries:
  2 => 20
  1 => 10



julia> dict

julia> dict

julia> dict

julia> dict

/LNHZLVH��ZH�FDQ�GHíQH�D�tuple�IURP�RWKHU�FROOHFWLRQV��DV�VKRZQ�EHORZ�

keys_for_dict   = [:a, :b]
values_for_dict = [10, 20]

dict = Dict(zip(keys_for_dict, values_for_dict))

Dict{Symbol, Int64} with 2 entries:
  :a => 10
  :b => 20

keys_for_dict   = (:a, :b)
values_for_dict = (10, 20)

dict = Dict(zip(keys_for_dict, values_for_dict))

Dict{Symbol, Int64} with 2 entries:
  :a => 10
  :b => 20

nt_for_dict = (a = 10, b = 20)

dict = Dict(pairs(nt_for_dict))

Dict{Symbol, Int64} with 2 entries:
  :a => 10
  :b => 20

keys_for_dict      = (:a, :b)
values_for_dict    = (10, 20)
vector_keys_values = [(keys_for_dict[i], values_for_dict[i]) for i in
eachindex(keys_for_dict)]

dict = Dict(vector_keys_values)

Dict{Symbol, Int64} with 2 entries:
  :a => 10
  :b => 20



julia> tup

julia> tup

julia> tup

)LQDOO\��named tuples�FDQ�EH�FRQVWUXFWHG�IURP�RWKHU�FROOHFWLRQV�

julia> nt

julia> nt

a = 10
b = 20

tup = (a, b)

(10, 20)

values_for_tup = [10, 20]

tup = (values_for_tup... ,)

(10, 20)

values_for_tup = [10, 20]

tup = Tuple(values_for_tup)

(10, 20)

a = 10
b = 20

nt = (; a, b)

(a = 10, b = 20)

keys_for_nt   = [:a, :b]
values_for_nt = [10, 20]

nt = (; zip(keys_for_nt, values_for_nt)...)

(a = 10, b = 20)



julia> nt

julia> nt

julia> nt

julia> nt

DESTRUCTURING TUPLES AND NAMED TUPLES

3UHYLRXVO\��ZH
YH�GHPRQVWUDWHG�KRZ� WR� FUHDWH� D� WXSOH� DQG� D�QDPHG� WXSOH� IURP�YDULDEOHV��1H[W��ZH

VKRZ�WKDW�WKH�UHYHUVH�RSHUDWLRQ�LV�DOVR�SRVVLEOH��ZKHUH�values are extracted from a tuple or named

tuple and assigned to individual variables�� 7KLV� SURFHVV� LV� NQRZQ� DV�destructuring�� DQG� DOORZV

XVHUV�WR��XQSDFN��WKH�YDOXHV�RI�D�FROOHFWLRQ�LQWR�VHSDUDWH�YDULDEOHV�

'HVWUXFWXULQJ�LQYROYHV�WKH�DVVLJQPHQW�RSHUDWRU� = ��ZLWK�D�WXSOH�RU�QDPHG�WXSOH�RQ�WKH�OHIW�KDQG�VLGH�

7KH�NH\�GLìHUHQFH�EHWZHHQ�WKHP�OLHV�LQ�WKHLU�FRPSDWLELOLW\�ZLWK�RWKHU�FROOHFWLRQV��QDPHG�WXSOHV�RQ�WKH

OHIW�KDQG� VLGH� UHTXLUH� D� PDWFKLQJ� QDPHG� WXSOH�� ZKHUHDV� WXSOHV� FDQ� EH� SDLUHG� ZLWK� D� YDULHW\� RI

FROOHFWLRQ�W\SHV�RQ�WKH�ULJKW�KDQG�VLGH��:H�LOOXVWUDWH�HDFK�FDVH�EHORZ�

keys_for_nt   = [:a, :b]
values_for_nt = [10, 20]

nt = NamedTuple(zip(keys_for_nt, values_for_nt))

(a = 10, b = 20)

keys_for_nt   = (:a, :b)
values_for_nt = (10, 20)

nt = NamedTuple(zip(keys_for_nt, values_for_nt))

(a = 10, b = 20)

keys_for_nt        = [:a, :b]
values_for_nt      = [10, 20]
vector_keys_values = [(keys_for_nt[i], values_for_nt[i]) for i in eachindex(keys_for_nt)]

nt = NamedTuple(vector_keys_values)

(a = 10, b = 20)

dict = Dict(:a => 10, :b => 20)

nt = NamedTuple(vector_keys_values)

(a = 10, b = 20)



DESTRUCTURING COLLECTIONS THROUGH TUPLES

*LYHQ�D�FROOHFWLRQ� list �ZLWK�WZR�HOHPHQWV��GHVWUXFWXULQJ�HQDEOHV�WKH�XVHU�WR�FUHDWH�YDULDEOHV� x �DQG

y �ZLWK�WKH�YDOXHV�RI� list ��7KLV�LV�LPSOHPHQWHG�E\�WKH�V\QWD[� <tuple> = <collection> ��VXFK�DV� x,y

= list ��7KH�IROORZLQJ�H[DPSOHV�LOOXVWUDWH�WKLV�RSHUDWLRQ��DFFRUGLQJ�WR�GLìHUHQW�REMHFWV�WDNHQ�DV� list �

julia> x

3

julia> y

4

julia> x
3

julia> y
4

julia> x

3

julia> y
4

julia> x

3

julia> y

4

,Q� DGGLWLRQ� WR� GHVWUXFWXULQJ� DOO� HOHPHQWV� LQ� list �� \RX� FDQ� FKRRVH� WR� GHVWUXFWXUH� RQO\� D� VXEVHW� RI

HOHPHQWV��7KH�DVVLJQPHQW� LV� WKHQ�SHUIRUPHG� LQ� VHTXHQWLDO�RUGHU�� IROORZLQJ� WKH�FROOHFWLRQ
V� LQKHUHQW

RUGHU��ZLWKRXW�WKH�SRVVLELOLW\�RI�VNLSSLQJ�DQ\�VSHFLíF�YDOXH��7R�H[SOLFLWO\�GLVUHJDUG�D�YDOXH��LW
V�FRPPRQ

WR�XVH�WKH�VSHFLDO�YDULDEOH�QDPH� _ �DV�D�SODFHKROGHU��1RWH�WKDW�WKLV� LV�PHUHO\�D�FRQYHQWLRQ��ZLWKRXW

DQ\�LPSDFW�RQ�H[HFXWLRQ�

list = [3,4]

x,y  = list

list = 3:4

x,y  = list

list = (3,4)

x,y  = list

list = (a = 3, b = 4)

x,y  = list



)RU�LOOXVWUDWLRQ�SXUSRVHV��ZH
OO�XVH�D�YHFWRU�DV�DQ�H[DPSOH�RI� list ��EXW�WKH�VDPH�SULQFLSOH�DSSOLHV�WR

DQ\�REMHFW�

julia> x

3

julia> x

3

julia> y

4

julia> z
5

julia> x

3

julia> z

5

DESTRUCTURING WITH NAMED TUPLES ON BOTH SIDES

$Q�DOWHUQDWLYH� WR� VWDQGDUG� WXSOHV� IRU�GHVWUXFWXULQJ� LV� JLYHQ�E\�HPSOR\LQJ�QDPHG� WXSOHV�RQ� WKH� OHIW�

KDQG� VLGH�� 7KLV� DSSURDFK� OHWV� \RX� H[WUDFW� YDOXHV� E\� GLUHFWO\� UHIHUHQFLQJ� íHOG� QDPHV�� UDWKHU� WKDQ

UHO\LQJ� RQ� WKHLU� SRVLWLRQDO� RUGHU�� ,WV� NH\� DGYDQWDJH� LV� WKDW� YDULDEOHV� FDQ� EH� DVVLJQHG� YDOXHV� LQ� DQ\

RUGHU��SURYLGHG�WKHLU�QDPHV�FRUUHVSRQG�WR�WKH�íHOG�QDPHV�LQ�WKH�QDPHG�WXSOH�

list = [3,4,5]

(x,)    = list

list = [3,4,5]

x,y     = list

list = [3,4,5]

_,_,z   = list                  # _ skips the assignment of that value

list = [3,4,5]

x,_,z   = list                  # _ skips the assignment of that value



julia> key1
10

julia> key3
30

julia> key3

30

Remark

:KHQ� GHVWUXFWXULQJ� ZLWK� D� WXSOH� RQ� WKH� OHIW�KDQG� VLGH� DQG� D� QDPHG

WXSOH�RQ� WKH� ULJKW�KDQG�VLGH��NHHS� LQ�PLQG� WKDW� WXSOH�DVVLJQPHQWV�DUH

VWULFWO\� SRVLWLRQDO�� 7KLV�PHDQV� WKDW� YDULDEOH� QDPHV� GRQ
W� LQîXHQFH� WKH

DVVLJQPHQW��ZKLFK�H[FOXVLYHO\�KDSSHQV�EDVHG�RQ�WKH�SRVLWLRQ�RI�YDOXHV�

$V� D� UHVXOW�� WKH� DVVLJQPHQW� SURFHVV� LV� XQDìHFWHG� E\� ZKHWKHU� WKH

YDULDEOH�QDPHV�PDWFK�WKH�NH\V�RI�WKH�QDPHG�WXSOH�

julia> key2
10

julia> key1
20

julia> key1
10

julia> key2
20

7KH�VDPH�FDYHDW�DSSOLHV�WR�VLQJOH�YDULDEOH�DVVLJQPHQWV�

nt             = (; key1 = 10, key2 = 20, key3 = 30)

(; key2, key1) = nt            # keys in any order

nt             = (; key1 = 10, key2 = 20, key3 = 30)

(; key3)       = nt            # only one key

nt = (; key1 = 10, key2 = 20, key3 = 30)

 key2, key1    = nt            # variables defined according to
POSITION
(key2, key1)   = nt            # alternative notation

nt = (; key1 = 10, key2 = 20, key3 = 30)

(; key2, key1) = nt            # variables defined according to
KEY
 ; key2, key1  = nt            # alternative notation



julia> key2
10

julia> key2
20

APPLICATIONS OF DESTRUCTURING

'HVWUXFWXULQJ�QDPHG� WXSOHV� LV�HVSHFLDOO\�XVHIXO� LQ�PRGHOV� WKDW� LQYROYH�D� UHSHDWHG�XVH�RI�QXPHURXV

SDUDPHWHUV�� %\� VWRULQJ� DOO� WKHVH� SDUDPHWHUV� LQ� D� QDPHG� WXSOH�� \RX� FDQ� SDVV� D� single� DUJXPHQW� WR

IXQFWLRQV�� 7KHQ�� E\� GHVWUXFWXULQJ� WKH� QDPHG� WXSOH�� \RX� FDQ� H[WUDFW� WKH� QHHGHG� SDUDPHWHUV� DW� WKH

EHJLQQLQJ�RI�WKH�IXQFWLRQ�ERG\�

julia> foo(2, δ, β)

14.695

julia> foo(2, parameters_list.β, parameters_list.δ)

14.695

nt       = (; key1 = 10, key2 = 20)

(key2,)  = nt            # variable defined according to
POSITION

nt       = (; key1 = 10, key2 = 20)

(; key2) = nt            # variable defined according to KEY

β = 3 
δ = 4 
ϵ = 5

# function 'foo' only uses 'β' and 'δ' 
function foo(x, δ, β) 
    x * δ + exp(β) / β
end

parameters_list = (; β = 3, δ = 4, ϵ = 5)

# function 'foo' only uses 'β' and 'δ' 
function foo(x, parameters_list) 
    x * parameters_list.δ + exp(parameters_list.β) / parameters_list.β
end



julia> foo(2, parameters_list)
14.695

$QRWKHU� XVHIXO� DSSOLFDWLRQ� RI� GHVWUXFWXULQJ� RFFXUV�ZKHQ�ZH� QHHG� WR� UHWULHYH�PXOWLSOH� RXWSXWV� RI� D

IXQFWLRQ�� 7KLV� HQDEOHV� \RX� WR� VWRUH� HDFK� UHVXOW� LQ� D� VHSDUDWH� YDULDEOH�� %HORZ�� ZH� LOOXVWUDWH� WKLV

DSSOLFDWLRQ�ZLWK�D�WXSOH�DQG�YDULDEOHV� x �� y ��DQG� z �

$QRWKHU� W\SLFDO� DSSOLFDWLRQ�RI�GHVWUXFWXULQJ� LV�ZKHQ�ZH�QHHG�RQO\� D� VXEVHW�RI� D� IXQFWLRQ
V�RXWSXWV�

:KLOH�ERWK�WXSOHV�DQG�QDPHG�WXSOHV�FDQ�EH�DSSOLHG�IRU�WKLV�SXUSRVH��WKH�IRUPHU�RìHUV�PRUH�îH[LELOLW\

VLQFH� WKH\� FDQ� EH� FRPELQHG�ZLWK� YDULRXV� W\SHV� RI� FROOHFWLRQV�� ,QVWHDG�� QDPHG� WXSOHV� DUH� OLPLWHG� WR

DQRWKHU�QDPHG�WXSOH�DV�WKH�IXQFWLRQ
V�RXWSXW��IXUWKHU�UHTXLULQJ�SULRU�NQRZOHGJH�RI�WKH�RXWSXW
V�íHOG

QDPHV�

7KH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV�WKLV�IXQFWLRQDOLW\�E\�H[WUDFWLQJ�WKH�íUVW�DQG�WKLUG�RXWSXW�RI�WKH

foo �IXQFWLRQ�

parameters_list = (; β = 3, δ = 4, ϵ = 5)

# function 'foo' only uses 'β' and 'δ' 
function foo(x, parameters_list)
    (; β, δ) = parameters_list

    x * δ + exp(β) / β
end

function foo()
    out1 = 2
    out2 = 3
    out3 = 4

    out1, out2, out3
end

x, y, z = foo()

function foo()
    out1 = 2
    out2 = 3
    out3 = 4

    [out1, out2, out3]
end

x, y, z = foo()



FOOTNOTES

�1RW�DOO�FROOHFWLRQV�PDS�NH\V�WR�YDOXHV��)RU�H[DPSOH��WKH�W\SH� Set ��ZKLFK�UHSUHVHQWV�D�JURXS�RI�XQLTXH�XQRUGHUHG

HOHPHQWV��GRHVQ
W�KDYH�NH\V�

Symbol �DOVR�HQDEOHV�WKH�FUHDWLRQ�RI�YDULDEOHV�SURJUDPPDWLFDOO\��)RU�H[DPSOH��LW�FDQ�EH�HPSOR\HG�IRU�GHíQLQJ

QHZ�FROXPQV�LQ�WKH�SDFNDJH� DataFrames ��ZKLFK�SURYLGHV�D�WDEOH�UHSUHVHQWDWLRQ�RI�GDWD�

�7KH�VHPLFRORQ�QRWDWLRQ� ; �PD\�VHHP�RGG��EXW�LW�DFWXDOO\�FRPHV�IURP�WKH�V\QWD[�IRU�NH\ZRUG�DUJXPHQWV�LQ

IXQFWLRQV�

�7KH�SDFNDJH� OrderedCollections �DGGUHVVHV�WKLV��E\�RìHULQJ�D�VSHFLDO�GLFWLRQDU\�FDOOHG� OrderedDict ��,W�EHKDYHV

VLPLODUO\�WR�UHJXODU�GLFWLRQDULHV��LQFOXGLQJ�WKHLU�V\QWD[��EXW�HQGRZV�WKH�GLFWLRQDU\�ZLWK�DQ�RUGHU�

function foo()
    out1 = 2
    out2 = 3
    out3 = 4

    out1, out2, out3
end

x, _, z = foo()

function foo()
    out1 = 2
    out2 = 3
    out3 = 4

    [out1, out2, out3]
end

x, _, z = foo()

function foo()
    out1 = 2
    out2 = 3
    out3 = 4

    (; out1, out2, out3)
end

(; out1, out3) = foo()

1.

2.

3.

4.



6c. Chaining Operations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� LQWURGXFHV� WZR� DSSURDFKHV� WR� FRPSXWLQJ� RXWSXWV� WKDW� LQYROYH� PXOWLSOH� LQWHUPHGLDWH

VWHSV��)LUVW��ZH�LQWURGXFH�WKH�VR�FDOOHG�let blocks��ZKLFK�FUHDWH�D�QHZ�VFRSH�WKDW�UHWXUQV�WKH�ODVW�OLQH

DV�LWV�RXWSXW��/HW�EORFNV�RìHU�D�FRQFLVH�ZD\�WR�ZUDS�D�VHTXHQFH�RI�RSHUDWLRQV��PDNLQJ�WKHP�VLPLODU�WR

IXQFWLRQV�EXW�ZLWK�OHVV�V\QWDFWLF�FOXWWHU��7KH\�DOVR�KHOS�PDLQWDLQ�D�WLG\�QDPHVSDFH��DV�DOO�LQWHUPHGLDWH

YDULDEOHV�ZLOO�EH�ORFDO�DQG�WKHUHIRUH�LQDFFHVVLEOH�RXWVLGH�WKH�EORFN�

7KH�VHFRQG�DSSURDFK�LV�EDVHG�RQ�pipes��ZKLFK�FKDLQ�D�VHULHV�RI�RSHUDWLRQV�DQG�UHWXUQ�WKH�íQDO�UHVXOW

DV� LWV� RXWSXW�� $V� WKH�EXLOW�LQ� SLSH� FDQ�EHFRPH�XQZLHOG\� EH\RQG� VLQJOH�DUJXPHQW� IXQFWLRQV��ZH� DOVR

SUHVHQW�DQ�DOWHUQDWLYH�EDVHG�RQ�WKH� Pipe �SDFNDJH�

LET BLOCKS

/HW�EORFNV�DUH�SDUWLFXODUO\�KHOSIXO�ZKHQ�ZH�QHHG�WR�SHUIRUP�D�VHULHV�RI�RSHUDWLRQV��EXW�RQO\�FDUH�DERXW

WKH�XOWLPDWH�UHVXOW��7R� LOOXVWUDWH�WKHLU�XWLOLW\��VXSSRVH�ZH�ZDQW�WR�FRPSXWH�WKH�URXQGHG�ORJDULWKP�RI

a 
V�DEVROXWH�YDOXH��IRUPDOO\�H[SUHVVHG�DV� �

,Q� -XOLD�� WKLV� RSHUDWLRQ� FDQ� EH� LPSOHPHQWHG� XVLQJ� WKH� H[SUHVVLRQ� round(log(abs(a))) �� ZKHUH

round(a) � UHWXUQV�WKH�QHDUHVW� LQWHJHU�WR� a ��+RZHYHU�� WKH�UHDGDELOLW\�RI� WKLV�H[SUHVVLRQ� LV� OHVV�WKDQ

LGHDO�GXH�WR�WKH�PXOWLSOH�SDUHQWKHVHV��ZLWK�WKH�LVVXH�SRWHQWLDOO\�H[DFHUEDWHG�LI�YDULDEOHV�DQG�IXQFWLRQV

KDG�ORQJ�QDPHV�

7R� LPSURYH� FODULW\��ZH� FRXOG�EUHDN� WKH�ZKROH� RSHUDWLRQ� LQWR�PXOWLSOH� VPDOOHU� VWHSV�� i)� FRPSXWH� WKH

DEVROXWH�YDOXH�RI� a �� ii)� FRPSXWH� WKH� ORJDULWKP�RI� WKH� UHVXOW��DQG� iii)� URXQG� WKH� UHVXOWLQJ�RXWSXW��$Q

HDV\�ZD\�WR�LPSOHPHQW�WKLV�LV�WR�FUHDWH�WKUHH�LQWHUPHGLDWH�YDULDEOHV�WR�VWRUH�WKH�RXWSXW�LQ�HDFK�VWHS�

1RQHWKHOHVV��WKLV�DSSURDFK�ZRXOG�FOXWWHU�RXU�QDPHVSDFH�DQG�SRWHQWLDOO\�REVFXUH�WKH�QHVWHG�QDWXUH�RI

WKH�RSHUDWLRQV�

$�PRUH� HOHJDQW� VROXWLRQ� LV� WR� LQWURGXFH� D� let-block��ZKLFK� UHVHPEOHV� IXQFWLRQV� LQ� VHYHUDO� UHVSHFWV�

7KLV� FRQVWUXFW� FUHDWHV� D� QHZ� VFRSH� GHOLPLWHG� E\� WKH� let � DQG� end � NH\ZRUGV�� HQDEOLQJ� PXOWLSOH

FDOFXODWLRQV�WR�EH�SHUIRUPHG�ZLWKLQ�LW��7KH�UHVXOW�RI�WKH�ODVW�FDOFXODWLRQ�LV�WKHQ�UHWXUQHG�DV�WKH�RXWSXW

RI�WKH�OHW�EORFN��/LNH�IXQFWLRQV��OHW�EORFNV�DOVR�DOORZ�DUJXPHQWV�WR�EH�SDVVHG�E\�VSHFLI\LQJ�WKHP�DIWHU

WKH� let �NH\ZRUG�

7R� KLJKOLJKW� WKH� EHQHíWV� RI� OHW�EORFNV�� WKH� IROORZLQJ� H[DPSOHV� FRPSDUH� YDULRXV� DSSURDFKHV� WR

FRPSXWLQJ� round(log(abs(a))) �

round ln a( (∣ ∣))

https://alfaromartino.github.io/


julia> output

julia> temp1

julia> temp2

julia> output

julia> output

julia> temp1  #local to let-block
ERROR: UndefVarError: `temp1` not defined

julia> temp2  #local to let-block
ERROR: UndefVarError: `temp2` not defined

julia> output

julia> temp1  #local to let-block
ERROR: UndefVarError: `temp1` not defined

julia> temp2  #local to let-block
ERROR: UndefVarError: `temp2` not defined

Let Blocks Can Mutate Variables

a      = -2

output = round(log(abs(a)))

1.0

4

a      = -2

temp1  = abs(a)
temp2  = log(temp1)
output = round(temp2)

1.0

a      = -2

output = let b = a         # 'b' is a local variable having the value of 'a' 
   temp1 = abs(b)
   temp2 = log(temp1)
   round(temp2)
end

1.0

a      = -2

output = let a = a         # the 'a' on the left of `=` defines a local variable
   temp1 = abs(a)
   temp2 = log(temp1)
   round(temp2)
end

1.0



/HW�EORFNV�EHKDYH� OLNH� IXQFWLRQV� UHJDUGLQJ� DVVLJQPHQWV� DQG�PXWDWLRQ�

7KLV� PHDQV� WKDW� \RX� FDQ� PXWDWH� WKHLU� DUJXPHQWV�� EXW� FDQ
W� UHDVVLJQ

YDULDEOHV�

julia> x

julia> x

6LQFH� PXWDWLRQV� DUH� SRVVLEOH� ZLWKLQ� OHW�EORFNV�� H[HUFLVH� FDXWLRQ� WR

SUHYHQW�XQLQWHQGHG�VLGH�HìHFWV�LQ�WKH�JOREDO�VFRSH�

PIPES

3LSHV�SURYLGH�DQ�DOWHUQDWLYH�WR� OHW�EORFNV�IRU�RSHUDWLRQV�ZLWK�PXOWLSOH� LQWHUPHGLDWH�VWHSV��8QOLNH� OHW�

EORFNV��WKH\
UH�VSHFLíFDOO\�GHVLJQHG�WR�FKDLQ�RSHUDWLRQV�WRJHWKHU��ZLWK�HDFK�VWHS�WDNLQJ�WKH�RXWSXW�RI

WKH�SUHYLRXV�VWHS�DV�LWV�LQSXW��7KHVH�VWHSV�DUH�VHSDUDWHG�WKURXJK�WKH� |> �NH\ZRUG�

3LSHV�DUH�SDUWLFXODUO\�ZHOO�VXLWHG�IRU�VHTXHQWLDO�DSSOLFDWLRQV�RI�VLQJOH�DUJXPHQW�IXQFWLRQV��7R�LOOXVWUDWH

WKLV��OHW
V�UHYLVLW�WKH�H[DPSOH�SUHVHQWHG�DERYH�IRU�OHW�EORFNV�

julia> output

x = [2,2,2]

output = let x = x
   x[1] = 0
end

3-element Vector{Int64}:
 0
 2
 2

x = [2,2,2]

output = let x = x
   x = 0
end

3-element Vector{Int64}:
 2
 2
 2

a      = -2

output = round(log(abs(a)))

1.0



julia> output

Let Blocks and Pipes For Long Names

%RWK� DSSURDFKHV� IDFLOLWDWH� WKH� FUHDWLRQ� RI� WHPSRUDU\� DOLDVHV� IRU

YDULDEOHV�ZLWK� OHQJWK\�QDPHV�� ,Q�WKLV�ZD\��XVHUV�FDQ�DVVLJQ�PHDQLQJIXO

QDPHV�WR�YDULDEOHV��ZKLOH�SUHVHUYLQJ�FRGH�UHDGDELOLW\�

julia> output

julia> output

julia> output

julia> output

BROADCASTING PIPES

a      = -2

output = a |> abs |> log |> round

1.0

variable_with_a_long_name = 2

output = variable_with_a_long_name -
log(variable_with_a_long_name) / abs(variable_with_a_long_name)

1.6534264097200273

variable_with_a_long_name = 2

temp   = variable_with_a_long_name
output = temp - log(temp) / abs(temp)

1.6534264097200273

variable_with_a_long_name = 2

output = variable_with_a_long_name  |>
         a -> a - log(a) / abs(a)

1.6534264097200273

variable_with_a_long_name = 2

output = let x = variable_with_a_long_name
    x - log(x) / abs(x)
end

1.6534264097200273



-XVW� OLNH�DQ\�RWKHU�RSHUDWRU��SLSHV� FDQ�EH�EURDGFDVWHG�E\�SUHí[LQJ� WKHP�ZLWK�D�GRW� . �� 7KXV�� .|>

LQGLFDWHV�WKDW� WKH�VXEVHTXHQW�RSHUDWLRQ�PXVW�EH�DSSOLHG�HOHPHQW�ZLVH�WR�WKH�SUHFHGLQJ�RXWSXW��)RU

H[DPSOH��WKH�H[SUHVVLRQ� x .|> abs �LV�HTXLYDOHQW�WR� abs.(x) �

7R� GHPRQVWUDWH� LWV� XVH�� VXSSRVH� ZH� ZDQW� WR� WUDQVIRUP� x � E\� WDNLQJ� WKH� ORJDULWKP� RI� LWV� DEVROXWH

YDOXHV��DQG�WKHQ�VXP�WKH�UHVXOWV�

julia> output

julia> output

julia> output

PIPES WITH MORE COMPLEX OPERATIONS

2XU�H[DPSOHV�RI�SLSHV� VR� IDU�KDYH� IROORZHG�D� VLPSOH�SDWWHUQ��ZLWK�HDFK�VWHS�FRQVLVWLQJ�RI�D� VLQJOH�

DUJXPHQW�IXQFWLRQ��+RZHYHU��SLSHV�DSSOLHG�LQ�WKH�FXUUHQW�IRUP�SUHFOXGH�WKHLU�DSSOLFDWLRQ�WR�PXOWLSOH�

DUJXPHQW�IXQFWLRQV�RU�HYHQ�RSHUDWLRQV��)RU�H[DPSOH��LW�SUHYHQWV�WKH�LQFRUSRUDWLRQ�RI�H[SUHVVLRQV�OLNH

foo(x,y) �RU� 2 * x �

7R�LQFRUSRUDWH�VXFK�FDVHV��ZH�FDQ�combine pipes with anonymous functions��,Q�WKLV�ZD\��WKH�XVHU

FDQ� VSHFLI\� KRZ� WKH�RXWSXW� RI� WKH�SUHYLRXV� VWHS� LV� LQFRUSRUDWHG� LQWR� WKH� VXEVHTXHQW� RSHUDWLRQ�� $V

VKRZQ�EHORZ��WKH�WHFKQLTXH�JUHDWO\�H[SDQGV�WKH�XWLOLW\�RI�SLSHV�

x      = [-1,2,3]

output = sum(log.(abs.(x)))

1.791759469228055

x      = [-1,2,3]

temp1  = abs.(x)
temp2  = log.(temp1)
output = sum(temp2)

1.791759469228055

x      = [-1,2,3]

output = x .|> abs .|> log |> sum

1.791759469228055

a      = -2

output = round(2 * abs(a))



PACKAGE PIPE

&RPELQLQJ�SLSHV�DQG�DQRQ\PRXV�IXQFWLRQV�FDQ�UHVXOW� LQ�FXPEHUVRPH�FRGH��GHIHDWLQJ�WKH�YHU\�RZQ

SXUSRVH�RI�XVLQJ�SLSHV�WR�ZULWH�FOHDQ�DQG�UHDGDEOH�FRGH�

7KH� Pipe �SDFNDJH�SURYLGHV�D�FRQYHQLHQW�VROXWLRQ��HOLPLQDWLQJ�WKH�QHHG�IRU�DQRQ\PRXV�IXQFWLRQV��%\

SUHí[LQJ� WKH�RSHUDWLRQ� FKDLQ�ZLWK� WKH� @pipe �PDFUR�� \RX� FDQ� UHIHUHQFH� WKH�RXWSXW�RI� WKH�SUHYLRXV

VWHS�E\�WKH�V\PERO� _ ��)XUWKHUPRUH�� IRU�VLPSOH�RSHUDWLRQV�WKDW�GRQ
W�UHTXLUH�DQRQ\PRXV�IXQFWLRQV�

DQG�WKHUHIRUH�GRQ
W�QHHG� _ �� @pipe �KDV�WKH�VDPH�V\QWD[�DV�EXLOW�LQ�SLSHV�

7R�GHPRQVWUDWH�LWV�XVH��ZH�UHYLVLW�WKH�ODVW�H[DPSOH�

a      = -2

temp1  = abs(a)
temp2  = 2 * temp1
output = round(temp2)

a      = -2

output = a |> abs |> (x -> 2 * x) |> round

#equivalent and more readable
output = a              |>
         abs            |>
         x -> 2 * x     |>
         round

#
a      = -2

output = a |> abs |> (x -> 2 * x) |> round

#equivalent and more readable
output =       a            |>
               abs          |>
               x -> 2 * x   |>
               round

using Pipe
a = -2

output = @pipe a |> abs |> 2 * _ |> round

#equivalent and more readable
output = @pipe a            |>
               abs          |>
               2 * _        |>
               round



FUNCTION COMPOSITION (OPTIONAL)

$Q�DOWHUQDWLYH�DSSURDFK�WR�QHVW�IXQFWLRQV�LV�WKURXJK�WKH�FRPSRVLWLRQ�RSHUDWRU� ∘ ��7KLV�V\PERO�FDQ�EH

LQVHUWHG� E\� WDE� FRPSOHWLRQ� WKURXJK� \circ �� DQG� LWV� IXQFWLRQDOLW\� LV� WKH� VDPH� DV� LQ� 0DWKHPDWLFV�

6SHFLíFDOO\��IRU�VRPH�IXQFWLRQV� f �DQG� g �� (f ∘ g)(x) �LV�HTXLYDOHQW�WR� f(g(x)) �

7KH�RSHUDWRU� ∘ �FDQ�EH�FRQVLGHUHG�DV�DQ�DOWHUQDWLYH�WR�SLSLQJ��DV�LW�SURYLGHV�WKH�VDPH�RXWSXW�DV� x |>

f |> g ��0RUHRYHU�� ∘ �LV�DOVR�DYDLODEOH�DV�D�IXQFWLRQ��ZKHUH� ∘(f,g)(x) �LV�HTXLYDOHQW�WR� (f ∘ g)(x) �

7KH�IROORZLQJ�H[DPSOHV�GHPRQVWUDWH�LWV�XVH�

julia> output

julia> output

7KH�UHVXOWLQJ�IXQFWLRQ�RI�WKH�IXQFWLRQ�FRPSRVLWLRQ�FDQ�EH�EURDGFDVWHG��7KH�QRWDWLRQ�IRU�LPSOHPHQWLQJ

WKLV�LV�HDVLHU�WR�XQGHUVWDQG�E\�WKLQNLQJ�RI�FRPSRVLWLRQV�DV�D�QHZ�IXQFWLRQ� ��7KLV�HQWDLOV�WKDW

� DQG� WKHUHIRUH� �� &RQVLGHULQJ� WKLV�� EURDGFDVWLQJ� h

ZRXOG�UHTXLUH� h.(x) ��ZKLFK�LV�HTXLYDOHQW�WR� (f ∘ g).(x) �RU� ∘(f,g).(x) �

a        = -1

# all `output` are equivalent
output   = log(abs(a))
output   = a |> abs |> log
output   = (log ∘ abs)(a)
output   = ∘(log, abs)(a)

0.0

a        = 2
outer(a) = a + 2
inner(a) = a / 2

# all `output` are equivalent
output   = (a / 2) + 2
output   = outer(inner(a))
output   = a |> inner |> outer
output   = (outer ∘ inner)(a)
output   = ∘(outer, inner)(a)

3.0

h := f ∘ g

h x :( ) = f ∘ g x( ) ( ) h x :( ) = f ∘ g x =( ) ( ) f g x[ ( )]



julia> output

julia> output

/DVWO\��ZH�FDQ�EURDGFDVW�WKH�FRPSRVLWLRQ�RSHUDWRU� ∘ �LWVHOI��DOORZLQJ�XV�WR�DSSO\�PXOWLSOH�IXQFWLRQV�WR

WKH�VDPH�REMHFW�� )RU� LQVWDQFH�� WKH� IROORZLQJ�H[DPSOH�HQVXUHV� WKDW�HDFK� IXQFWLRQ� WDNHV� WKH�DEVROXWH

YDOXH�RI�LWV�DUJXPHQW�

x        = [1, 2, 3]

# all `output` are equivalent
output   = log.(abs.(x))
output   = x .|> abs .|> log
output   = (log ∘ abs).(x)
output   = ∘(log, abs).(x)

3-element Vector{Float64}:
 0.0
 0.6931471805599453
 1.0986122886681098

x        = [1, 2, 3]
outer(a) = a + 2
inner(a) = a / 2

# all `output` are equivalent
output   = (x ./ 2) .+ 2
output   = outer.(inner.(x))
output   = x .|> inner .|> outer
output   = (outer ∘ inner).(x)
output   = ∘(outer, inner).(x)

3-element Vector{Float64}:
 2.5
 3.0
 3.5



julia> compositions

julia> output

a            = -1

inners       = abs
outers       = [log, sqrt]
compositions = outers .∘ inners

# all `output` are equivalent
output       = [log(abs(a)), sqrt(abs(a))]
output       = [foo(a) for foo in compositions]

2-element Vector{ComposedFunction{O, typeof(abs)} where O}:
 log ∘ abs
 sqrt ∘ abs

2-element Vector{Float64}:
 0.0
 1.0



6d. Useful Functions for Vectors

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ�SURYLGHV� DQ�RYHUYLHZ�RI� HVVHQWLDO� IXQFWLRQV� IRU�PDQLSXODWLQJ� YHFWRUV�� LQFOXGLQJ� VRUWLQJ�

LGHQWLI\LQJ� XQLTXH� HOHPHQWV�� FRXQWLQJ� RFFXUUHQFHV�� DQG� UDQNLQJ� GDWD��2XU� XOWLPDWH� JRDO� LV� WR� DSSO\

WKHVH�IXQFWLRQV�LQ�D�SUDFWLFDO�FRQWH[W��ZKLFK�ZH
OO�GR�LQ�WKH�QH[W�VHFWLRQ�

SORTING VECTORS

7KH� sort � IXQFWLRQ� DOORZV� WKH� XVHU� WR� DUUDQJH� HOHPHQWV� LQ� D� VSHFLíF� RUGHU�� %\� GHIDXOW�� LW� VRUWV

HOHPHQWV� LQ� DVFHQGLQJ� RUGHU�� EXW� WKLV� FDQ� EH� HDVLO\� UHYHUVHG� WR� D� GHVFHQGLQJ� RUGHU� E\� VHWWLQJ� WKH

NH\ZRUG� DUJXPHQW� rev = true �� 7KH� IXQFWLRQ� FRPHV� LQ� WZR� YDULDQWV�� sort �� ZKLFK� UHWXUQV� D� QHZ

VRUWHG�FRS\��DQG�WKH�LQ�SODFH�YHUVLRQ� sort! ��ZKLFK�GLUHFWO\�XSGDWHV�WKH�YHFWRU�

SORT (ASCENDING)

julia> y

SORT (DESCENDING)

julia> y

x = [4, 5, 3, 2]

y = sort(x)

4-element Vector{Int64}:
 2
 3
 4
 5

x = [4, 5, 3, 2]

y = sort(x, rev=true)

4-element Vector{Int64}:
 5
 4
 3
 2



SORT!

julia> x

%RWK� sort(x) � DQG� sort!(x) � DOORZ� WKH� VRUWLQJ� RUGHU� WR� EH� GLFWDWHG� E\� WUDQVIRUPDWLRQV� RI� x �

6SHFLíFDOO\��JLYHQ�D�IXQFWLRQ� foo �DQG�OHYHUDJLQJ�WKH�NH\ZRUG�DUJXPHQW� by ��WKH�VRUWHG�RUGHU�FDQ�EH

GHWHUPLQHG�E\�WKH�YDOXHV�RI� foo(x) ��:H�GHPRQVWUDWH�WKLV�EHORZ�WKURXJK�WKH�IXQFWLRQ� sort �

SORT - ABSOLUTE

julia> abs.(x)

julia> y

SORT - QUADRATIC

julia> foo.(x)

julia> y

x = [4, 5, 3, 2]

sort!(x)

4-element Vector{Int64}:
 2
 3
 4
 5

x      = [4, -5, 3]

y      = sort(x, by = abs)      # 'abs' computes the absolute value

3-element Vector{Int64}:
 4
 5
 3

3-element Vector{Int64}:
  3
  4
 -5

x      = [4, -5, 3]

foo(a) = a^2
y      = sort(x, by = foo)      # same as sort(x, by = x -> x^2)

3-element Vector{Int64}:
 16
 25
  9

3-element Vector{Int64}:
  3
  4
 -5



SORT - NEGATIVE

julia> foo.(x)

julia> y

RETRIEVING INDICES OF SORTED ELEMENTS

:KLOH� sort �UHWXUQV�WKH�RUGHUHG�values�RI�WKH�YHFWRUV��\RX�PD\�DOVR�EH�LQWHUHVWHG�LQ�WKH�indices�RI�WKH

VRUWHG�HOHPHQWV��7KLV�IXQFWLRQDOLW\�LV�SURYLGHG�E\�WKH�IXQFWLRQ� sortperm ��ZKLFK�UHWXUQV�WKH�LQGLFHV�RI

x �WKDW�ZRXOG�UHVXOW�LQ� sort(x) ��,Q�RWKHU�ZRUGV�� x[sortperm(x)] == sort(x) �LV�WUXH��

EXAMPLE 1

julia> sort_index

EXAMPLE 2

julia> sort_index

x      = [4, -5, 3]

foo(a) = -a
y      = sort(x, by = foo)      # same as sort(x, by = x -> -x)

3-element Vector{Int64}:
 -4
  5
 -3

3-element Vector{Int64}:
  4
  3
 -5

1

x          = [1, 2, 3, 4]

sort_index = sortperm(x)

4-element Vector{Int64}:
 1
 2
 3
 4

x          = [3, 4, 5, 6]

sort_index = sortperm(x)

4-element Vector{Int64}:
 1
 2
 3
 4



EXAMPLE 3

julia> sort_index

$QDO\]LQJ� WKH� H[DPSOHV�� ZH� FDQ� VHH� WKDW� WKH� HOHPHQWV� LQ� WKH� íUVW� WZR� H[DPSOHV� DUH� DOUHDG\� LQ

DVFHQGLQJ�RUGHU��$V�D�UHVXOW�� sortperm �UHWXUQV�WKH�WULYLDO�SHUPXWDWLRQ� [1, 2, 3, 4] ��,Q�FRQWUDVW��WKH

ODVW�H[DPSOH�IHDWXUHV�DQ�XQRUGHUHG�YHFWRU� x = [1, 3, 4, 2] ��7KXV��WKH�UHVXOWLQJ�YHFWRU� [1, 4, 2,

3] � LQGLFDWHV� WKDW� WKH� VPDOOHVW� HOHPHQW� LV� DW� LQGH[� ��� WKH� VHFRQG� VPDOOHVW� LV� DW� LQGH[� ��� WKH� WKLUG

VPDOOHVW�LV�DW�LQGH[����DQG�WKH�ODUJHVW�DW�LQGH[���

6LPLODU�WR� sort �� sortperm �DOVR�DOORZV�UHWULHYLQJ�WKH�LQGLFHV�LQ�GHVFHQGLQJ�RUGHU��7KLV�UHTXLUHV�VHWWLQJ

WKH� rev �NH\ZRUG�DUJXPHQW�WR� true �

EXAMPLE 1

julia> sort_index

EXAMPLE 2

julia> sort_index

x          = [1, 3, 4, 2]

sort_index = sortperm(x)

4-element Vector{Int64}:
 1
 4
 2
 3

x          = [9, 3, 2, 1]

sort_index = sortperm(x, rev=true)

4-element Vector{Int64}:
 1
 2
 3
 4

x          = [9, 5, 3, 1]

sort_index = sortperm(x, rev=true)

4-element Vector{Int64}:
 1
 2
 3
 4



EXAMPLE 3

julia> sort_index

)LQDOO\�� sortperm � DOVR� VXSSRUWV� WKH� NH\ZRUG� DUJXPHQW� by �� 7KLV� DOORZV� XVHUV� WR� GHíQH� D� FXVWRP

WUDQVIRUPDWLRQ��ZKLFK�VHUYHV�DV�WKH�VRUWLQJ�FULWHULRQ�IRU�WKH�LQGLFHV�SURYLGHG�

SORT - ABSOLUTE

julia> abs.(x)

julia> value

julia> index

x          = [9, 3, 5, 1]

sort_index = sortperm(x, rev=true)

4-element Vector{Int64}:
 1
 3
 2
 4

x      = [4, -5, 3]

value  = sort(x, by = abs)      # 'abs' computes the absolute value
index  = sortperm(x, by = abs)

3-element Vector{Int64}:
 4
 5
 3

3-element Vector{Int64}:
  3
  4
 -5

3-element Vector{Int64}:
 3
 1
 2



SORT - QUADRATIC

julia> foo.(x)

julia> value

julia> index

SORT - NEGATIVE

julia> foo.(x)

julia> value

julia> index

AN EXAMPLE

2QH� FRPPRQ� DSSOLFDWLRQ� RI� sortperm � LV� WR� UHRUGHU� D� YDULDEOH� EDVHG� RQ� WKH� YDOXHV� RI� DQRWKHU

YDULDEOH��)RU�H[DPSOH��VXSSRVH�ZH�ZDQW�WR�DVVHVV�WKH�GDLO\�IDLOXUHV�RI�D�PDFKLQH��)RFXVLQJ�RQ�WKH�íUVW

WKUHH�GD\V�RI�WKH�PRQWK��WKH�IROORZLQJ�FRGH�VQLSSHW�UDQNV�WKHVH�GD\V�E\�WKHLU�FRUUHVSRQGLQJ�IDLOXUH

FRXQWV�

x      = [4, -5, 3]

foo(a) = a^2
value  = sort(x, by = foo)      # same as sort(x, by = x -> x^2)
index  = sortperm(x, by = foo)

3-element Vector{Int64}:
 16
 25
  9

3-element Vector{Int64}:
  3
  4
 -5

3-element Vector{Int64}:
 3
 1
 2

x      = [4, -5, 3]

foo(a) = -a
value  = sort(x, by = foo)      # same as sort(x, by = x -> -x)
index  = sortperm(x, by = foo)

3-element Vector{Int64}:
 -4
  5
 -3

3-element Vector{Int64}:
  4
  3
 -5

3-element Vector{Int64}:
 1
 3
 2



DAYS SORTED BY LOWEST NUMBER OF FAILURES

julia> index

julia> days_by_earnings

REMOVING DUPLICATES

7KH� unique �IXQFWLRQ�HOLPLQDWHV�GXSOLFDWHV�IURP�D�YHFWRU��UHWXUQLQJ�D�YHFWRU�FRQWDLQLQJ�HDFK�HOHPHQW

RQO\�RQFH��7KH�IXQFWLRQ�FRPHV� LQ� WZR�YDULDQWV��ZLWK� unique �SURYLGLQJ�D�QHZ�FRS\��DQG�WKH� LQ�SODFH

YHUVLRQ� unique! �GLUHFWO\�XSGDWLQJ�WKH�RULJLQDO�YHFWRU�

UNIQUE

julia> x

julia> y

days     = ["one", "two", "three"]
failures = [8, 2, 4]

index            = sortperm(failures)
days_by_failures = days[index]                     # days sorted by lowest failures

3-element Vector{Int64}:
 2
 3
 1

3-element Vector{String}:
 "two"
 "three"
 "one"

x = [2, 2, 3, 4]

y = unique(x)       # returns a new vector

4-element Vector{Int64}:
 2
 2
 3
 4

3-element Vector{Int64}:
 2
 3
 4



UNIQUE!

julia> x

7KH� StatsBase �SDFNDJH�DOVR�RìHUV�D�UHODWHG�IXQFWLRQ�FDOOHG� countmap ��7KLV�HQXPHUDWHV�WKH�QXPEHU

RI� WLPHV� HDFK� HOHPHQW� VKRZV� XS� LQ� D� YHFWRU�� )RUPDOO\�� LW� UHWXUQV� D� GLFWLRQDU\�� ZKHUH� WKH� XQLTXH

HOHPHQWV�VHUYH�DV�NH\V��DQG�WKHLU�FRUUHVSRQGLQJ�YDOXHV�UHSUHVHQW�WKH�QXPEHU�RI�RFFXUUHQFHV�RI�WKDW

HOHPHQW�

$V�WKH�NH\V�LQ�WKH�GLFWLRQDU\�DUH�XQVRUWHG�E\�GHVLJQ��\RX�PXVW�DSSO\�WKH� sort �IXQFWLRQ�WR�WKH�UHVXOW�LI

\RX�SUHIHU� VRUWHG� NH\V��1RWH� WKDW� WKH� DSSOLFDWLRQ�RI� sort �ZLOO� DXWRPDWLFDOO\� WUDQVIRUP�DQ�RUGLQDU\

GLFWLRQDU\�LQWR�DQ�REMHFW�ZLWK�W\SH� OrderedDict �

UNSORTED COUNT

julia> y

julia> elements

julia> occurrences

x = [2, 2, 3, 4]

unique!(x)          # mutates 'x'

3-element Vector{Int64}:
 2
 3
 4

using StatsBase
x           = [6, 6, 0, 5]

y           = countmap(x)              # Dict with `element => occurrences`

elements    = collect(keys(y))
occurrences = collect(values(y))

Dict{Int64, Int64} with 3 entries:
  0 => 1
  5 => 1
  6 => 2

3-element Vector{Int64}:
 0
 5
 6

3-element Vector{Int64}:
 1
 1
 2



SORTED COUNT

julia> y

julia> elements

julia> occurrences

ROUNDING NUMBERS

-XOLD�SURYLGHV�VWDQGDUG�IXQFWLRQV�WR�DSSUR[LPDWH�QXPHULFDO�YDOXHV�WR�D�VSHFLíF�SUHFLVLRQ�

round �DSSUR[LPDWHV�WKH�QXPEHU�WR�LWV�QHDUHVW�LQWHJHU�

floor �DSSUR[LPDWHV�WKH�QXPEHU�GRZQ�WR�LWV�QHDUHVW�LQWHJHU�

ceil �DSSUR[LPDWHV�WKH�QXPEHU�XS�WR�LWV�QHDUHVW�LQWHJHU�

%HORZ��ZH�VKRZ�WKDW�WKHVH�IXQFWLRQV�DUH�TXLWH�îH[LEOH��,Q�SDUWLFXODU��WKH\�DOORZ�WKH�XVHU�WR�VSHFLI\�WKH

RXWSXW
V�W\SH��H�J��� Int64 �RU� Float64 ���WKH�QXPEHU�RI�GHFLPDOV�WR�EH�LQFOXGHG�WKURXJK�WKH�NH\ZRUG

DUJXPHQW� digits ��DQG�WKH�VLJQLíFDQW�GLJLWV�

ROUND

using StatsBase
x           = [6, 6, 0, 5]

y           = sort(countmap(x))        # OrderedDict with `element => occurrences`

elements    = collect(keys(y))
occurrences = collect(values(y))

OrderedCollections.OrderedDict{Int64, Int64} with 3 entries:
  0 => 1
  5 => 1
  6 => 2

3-element Vector{Int64}:
 0
 5
 6

3-element Vector{Int64}:
 1
 1
 2

x = 456.175

round(x)                         # 456.0   

round(x, digits=1)               # 456.2
round(x, digits=2)               # 456.18

round(Int, x)                    # 456

round(x, sigdigits=1)            # 500.0
round(x, sigdigits=2)            # 460.0



FLOOR

CEIL

RANKINGS

,QVWHDG�RI�VRUWLQJ�D�YHFWRU��\RX�PD\�EH�LQWHUHVWHG�LQ�GHWHUPLQLQJ�WKH�UDQN�SRVLWLRQ�RI�HDFK�HOHPHQW�

7KH� StatsBase �SDFNDJH�RìHUV�WZR�IXQFWLRQV�IRU�WKLV�SXUSRVH�� competerank �DQG� ordinalrank ��7KH

PDLQ�GLìHUHQFH�EHWZHHQ�WKHP�OLHV� LQ�KRZ�WKH\�KDQGOH� LGHQWLFDO�HOHPHQWV�� competerank �DVVLJQV�WKH

VDPH�UDQN�WR�LGHQWLFDO�HOHPHQWV��ZKLOH� ordinalrank �DVVLJQV�GLìHUHQW�UDQNV�WR�WKHVH�HOHPHQWV��%RWK

IXQFWLRQV�UHWXUQ�D�UDQN�VXFK�WKDW���FRUUHVSRQGV�WR�WKH�ORZHVW�YDOXH��,I�\RX�SUHIHU�WR�LQYHUW�WKH�UDQNLQJ�

VR�WKDW�WKH�KLJKHVW�YDOXH�FRUUHVSRQGV�WR�D�UDQN�RI����\RX�FDQ�DGG�WKH�NH\ZRUG�DUJXPHQW� rev = true �

RANK (SAME RANK FOR TIES)

julia> y

x = 456.175

floor(x)                         # 456.0

floor(x, digits=1)               # 456.1
floor(x, digits=2)               # 456.17

floor(Int, x)                    # 456

floor(x, sigdigits=1)            # 400.0
floor(x, sigdigits=2)            # 450.0

x = 456.175

ceil(x)                          # 457.0

ceil(x, digits=1)                # 456.2
ceil(x, digits=2)                # 456.18   

ceil(Int, x)                     # 457   

ceil(x, sigdigits=1)             # 500.0
ceil(x, sigdigits=2)             # 460.0

using StatsBase
x = [6, 6, 0, 5]

y = competerank(x)

4-element Vector{Int64}:
 3
 3
 1
 2



RANK (SAME RANK FOR TIES)

julia> y

RANK (UNIQUE POSITIONS)

julia> y

RANK (UNIQUE POSITIONS)

julia> y

Do not confuse ordinalrank  and sortperm

7KH� IXQFWLRQ� ordinalrank � LQGLFDWHV� WKH� SRVLWLRQ� RI� HDFK� YDOXH� LQ� WKH

sorted�YHFWRU��ZKLOH� sortperm �LQGLFDWHV�WKH�SRVLWLRQ�RI�HDFK�YDOXH�LQ�WKH

unsorted�YHFWRU�

using StatsBase
x = [6, 6, 0, 5]

y = competerank(x, rev=true)

4-element Vector{Int64}:
 1
 1
 4
 3

using StatsBase
x = [6, 6, 0, 5]

y = ordinalrank(x)

4-element Vector{Int64}:
 3
 4
 1
 2

using StatsBase
x = [6, 6, 0, 5]

y = ordinalrank(x, rev=true)

4-element Vector{Int64}:
 1
 2
 4
 3



'ORDINALRANK'

julia> y

'SORTPERM'

julia> y

EXTREMA (MAXIMUM AND MINIMUM)

:H�FRQFOXGH�E\�LGHQWLI\LQJ�H[WUHPD�LQ�D�YHFWRU��DORQJ�ZLWK�WKHLU�FRUUHVSRQGLQJ�LQGLFHV��7KH�IROORZLQJ

H[DPSOHV� LOOXVWUDWH� WKH� IXQFWLRQDOLW\� IRU� WKH� PD[LPXP�� ZLWK� DQDORJRXV� IXQFWLRQV� DYDLODEOH� IRU� WKH

PLQLPXP�

VALUE OF MAXIMUM

julia> y

INDEX OF MAXIMUM

julia> y

using StatsBase
x = [3, 1, 2]

y = ordinalrank(x)

3-element Vector{Int64}:
 3
 1
 2

using StatsBase
x = [3, 1, 2]

y = sortperm(x)

3-element Vector{Int64}:
 2
 3
 1

x = [6, 6, 0, 5]

y = maximum(x)

6

x = [6, 6, 0, 5]

y = argmax(x)

1



VALUE AND INDEX

julia> y

-XOLD� DGGLWLRQDOO\� SURYLGHV� WKH� IXQFWLRQ� max � DQG� min ��ZKLFK� UHVSHFWLYHO\� UHWXUQ� WKH�PD[LPXP�DQG

PLQLPXP�RI�LWV�DUJXPHQWV��7KHVH�IXQFWLRQV�DUH�SDUWLFXODUO\�XVHIXO�ZKHQ�DSSOLHG�LQ�ELQDU\�RSHUDWLRQV�

'MAX' FUNCTION

julia> z

FOOTNOTES

 The name sortperm  originates from "sorting permutation". Although the name might seem somewhat opaque, it

arises because the operation returns the permutation of indices that would sort the original vector.

x = [6, 6, 0, 5]

y = findmax(x)

(6, 1)

x = 3
y = 4

z = max(x,y)

4

1.



6e. Illustration - Johnny, the YouTuber

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KURXJK�WKLV�VHFWLRQ
V�LOOXVWUDWLRQ��ZH
OO�VKRZ�WKH�FRQYHQLHQFH�RI�WKH�IROORZLQJ�IHDWXUHV�

1. %RROHDQ�LQGH[LQJ�IRU�ZRUNLQJ�ZLWK�VXEVHWV�RI�WKH�GDWD

2. RUJDQL]LQJ�FRGH�DURXQG�IXQFWLRQV

3. SLSHV�WR�HQKDQFH�FRGH�UHDGDELOLW\

4. XVH�RI�YLHZV�WR�PRGLI\�VXEVHWV�RI�WKH�GDWD

DESCRIBING THE SCENARIO

:H
OO�H[SORUH�WKH�VWDWV�RI�-RKQQ\
V�<RX7XEH�FKDQQHO�GXULQJ�D�PRQWK��+H�KDV�D�PHGLDQ�RI��������YLVLWV

SHU�YLGHR��ZLWK�D�IHZ�YLUDO�YLGHRV�H[FHHGLQJ���������YLVLWV��7KH�LQIRUPDWLRQ�DW�RXU�GLVSRVDO�LV�

nr_videos ������RQH�SHU�GD\��

visits ��YLHZHUV�SHU�YLGHR��LQ�WKRXVDQGV��

payrates ��'ROODUV�SDLG�SHU�YLGHR� IRU�������YLVLWV�� UDQJLQJ� IURP���� WR�����7KH�îXFWXDWLRQ� LV

FRQVLVWHQW�ZLWK�<RX7XEH
V�SD\PHQW�PRGHO��ZKLFK�GHSHQGV�RQ�D�YLGHR
V�IHDWXUH��H�J���FRQWHQW�

GXUDWLRQ��UHWHQWLRQ��

7KH�VFHQDULR�LV�PRGHOHG�E\�VRPH�PRFN�GDWD��7KH�GHWDLOV�RI�KRZ�GDWD�DUH�JHQHUDWHG�DUH�XQLPSRUWDQW�

EXW�WKH\�ZHUH�DGGHG�EHORZ�IRU�WKH�VDNH�RI�FRPSOHWHQHVV��:KDW�PDWWHUV�LV�WKDW�WKH�PRFN�GDWD�FUHDWHV

WKH�IROORZLQJ�WZR�YDULDEOHV�

https://alfaromartino.github.io/


julia> visits  # in thousands

julia> payrates  # per thousand visits

7KHVH�WZR�YDULDEOHV�HQDEOH�XV�WR�FDOFXODWH�WKH�WRWDO�SD\PHQW�SHU�YLGHR�

julia> earnings

SOME GENERAL INFORMATION

:H�EHJLQ�E\�SUHVHQWLQJ�VRPH� LQIRUPDWLRQ�DERXW�WKH�SHU�YLHZ�SD\PHQWV�PDGH�E\�<RX7XEH��:H�íUVW

FRQíUP�WKDW�-RKQQ\
V�SD\PHQWV�UDQJHG�IURP����WR�����0RUHRYHU��XVLQJ�WKH� countmaps �IXQFWLRQ�IURP

WKH� StatsBase �SDFNDJH��ZH�FRQFOXGH�WKDW�-RKQQ\�KDV�HLJKW�YLGHRV�UHDFKLQJ�WKH�PD[LPXP�SD\PHQW�RI

���

using StatsBase, Distributions
using Random; Random.seed!(1234)

function audience(nr_videos; median_target)
    shape = log(4,5)
    scale = median_target / 2^(1/shape)

    visits = rand(Pareto(shape,scale),  nr_videos)

    return visits
end

nr_videos = 30

visits   = audience(nr_videos, median_target = 50)      # in thousands of visits
payrates = rand(2:6, nr_videos)                         # per thousands of visits

30-element Vector{Float64}:
 44.4608
 57.2323
  ⋮
 86.4182
 36.5051

30-element Vector{Int64}:
 2
 6
 ⋮
 3
 4

earnings = visits .* payrates

30-element Vector{Float64}:
  88.9215
 343.394
   ⋮
 259.254
 146.02



julia> range_payrates

julia> occurrences_payrates

:H� FDQ� DOVR� SURYLGH� VRPH� LQVLJKWV� LQWR� -RKQQ\
V� PRVW� SURíWDEOH� YLGHRV�� %\� DSSO\LQJ� WKH� sort

IXQFWLRQ� DQG� LVRODWLQJ� WKH� WRS� �� YLGHRV��ZH� FDQ� REWDLQ� LQIRUPDWLRQ� RQ� WKH� KLJKHVW� HDUQLQJV� YLGHRV�

0RUHRYHU��ZH�FDQ�DSSO\�WKH� sortperm �IXQFWLRQ�WR�LGHQWLI\�WKH�LQGLFHV�RI�WKHVH�YLGHRV��DOORZLQJ�XV�WR

H[WUDFW�WKH�SD\PHQW�SHU�YLHZ�DQG�WRWDO�YLVLWV�DVVRFLDWHG�ZLWK�HDFK�RQH�

julia> top_earnings

julia> sorted_payrates

range_payrates  = unique(payrates) |> sort

5-element Vector{Int64}:
 2
 3
 4
 5
 6

using StatsBase
occurrences_payrates = countmap(payrates) |> sort

OrderedDict{Int64, Int64} with 5 entries:
  2 => 4
  3 => 5
  4 => 8
  5 => 5
  6 => 8

top_earnings    = sort(earnings, rev=true)[1:3]

3-element Vector{Float64}:
 2708.57
 1083.07
  723.493

indices         = sortperm(earnings, rev=true)[1:3]

sorted_payrates = payrates[indices]

3-element Vector{Int64}:
 6
 5
 5



julia> sorted_visits

BOOLEAN VARIABLES

,Q�WKH�IROORZLQJ��ZH�GHPRQVWUDWH�KRZ�WR�XVH�%RROHDQ�LQGH[LQJ�WR�H[WUDFW�DQG�FKDUDFWHUL]H�VXEVHWV�RI

GDWD��2XU�IRFXV�ZLOO�EH�RQ�FKDUDFWHUL]LQJ�-RKQQ\
V�YLUDO�YLGHRV��GHíQHG�DV�WKRVH�WKDW�KDYH�VXUSDVVHG�D

WKUHVKROG�RI����N�YLVLWV��,Q�SDUWLFXODU��ZH
OO�GHWHUPLQH�WKH�QXPEHU�RI�YLVLWV�DQG�UHYHQXH�JHQHUDWHG�E\

WKHVH�YLGHRV�

7R�LGHQWLI\�WKH�YLUDO�YLGHRV��ZH
OO�FUHDWH�D� Bool �YHFWRU��ZKHUH� true �LGHQWLíHV�D�YLUDO�YLGHR��7KLV�YHFWRU

DOORZV�XV�WR�VHOHFWLYHO\�H[WUDFW�GDWD�SRLQWV�IURP�RWKHU�YDULDEOHV�E\�XVLQJ�WKHP�DV�LQGLFHV��)RU�LQVWDQFH�

ZH�XVH�LW�EHORZ�WR�FRPSXWH�WKH�WRWDO�YLVLWV�DQG�HDUQLQJV�GHULYHG�IURP�WKHVH�YLUDO�YLGHRV�

julia> viral_nrvideos

julia> viral_visits

julia> viral_revenue

%RROHDQ�LQGH[LQJ�DOVR�PDNHV�LW�SRVVLEOH�WR�VXEVHW�GDWD�VDWLVI\LQJ�PXOWLSOH�FRQGLWLRQV��)RU�LQVWDQFH��ZH

FDQ�XVH�WKLV�WHFKQLTXH�WR�FDOFXODWH�WKH�SURSRUWLRQ�RI�YLUDO�YLGHRV�IRU�ZKLFK�<RX7XEH�SDLG�PRUH�WKDQ���

SHU�WKRXVDQG�YLVLWV�

indices         = sortperm(earnings, rev=true)[1:3]

sorted_visits   = visits[indices]

3-element Vector{Float64}:
 451.428
 216.615
 144.699

# characterization of viral videos
viral_threshold = 100
is_viral        = (visits .≥ viral_threshold)

# stats
viral_nrvideos  = sum(is_viral)
viral_visits    = sum(visits[is_viral])
viral_revenue   = sum(earnings[is_viral])

6

1243.63

6133.19



julia> proportion_viral_lucrative

Rounding Outputs

<RX�FDQ�H[SUHVV�UHVXOWV�ZLWK�URXQGHG�QXPEHUV�YLD�WKH�IXQFWLRQ� round �

%\� GHIDXOW�� WKLV� UHWXUQV� WKH� QHDUHVW� LQWHJHU� H[SUHVVHG� DV� D� Float64

QXPEHU�

7KH�IXQFWLRQ�DOVR�RìHUV�DGGLWLRQDO�VSHFLíFDWLRQV��)RU�LQVWDQFH��\RX�FDQ

FRQWURO� WKH� QXPEHU� RI� GHFLPDO� SODFHV� LQ� WKH� DSSUR[LPDWLRQ� XVLQJ� WKH

digits �NH\ZRUG�DUJXPHQW��)XUWKHUPRUH��LW
V�SRVVLEOH�WR�UHSUHVHQW�WKH

QXPEHU�DV�DQ� Int64 �XVLQJ�WKH�DUJXPHQW� Int �

julia> rounded_proportion

julia> rounded_proportion

julia> rounded_proportion

FUNCTIONS TO REPRESENT TASKS

7KH�DSSURDFK�HPSOR\HG�VR�IDU�DOORZV�IRU�D�UDSLG�H[SORUDWLRQ�RI�-RKQQ\
V�YLUDO�YLGHRV��+RZHYHU��LW�IDOOV

VKRUW�LQ�SURYLGLQJ�D�V\VWHPDWLF�DQDO\VLV�WKDW�FRXOG�EH�H[WHQGHG�WR�RWKHU�VXEVHWV�RI�GDWD��7R�RYHUFRPH

WKLV�OLPLWDWLRQ��ZH�FDQ�DXWRPDWH�WKH�SURFHVV�E\�GHíQLQJ�D�IXQFWLRQ�

# characterization
viral_threshold    = 100
payrates_above_avg = 3

is_viral           = (visits .≥ viral_threshold)
is_viral_lucrative = (visits .≥ viral_threshold) .&& (payrates .> payrates_above_avg)

# stat
proportion_viral_lucrative = sum(is_viral_lucrative) / sum(is_viral) * 100

83.3333

rounded_proportion = round(proportion_viral_lucrative)

83.0

rounded_proportion = round(proportion_viral_lucrative,
digits=1)

83.3

rounded_proportion = round(Int, proportion_viral_lucrative)

83



5HFDOO� WKDW� D� ZHOO�GHVLJQHG� IXQFWLRQ� VKRXOG� HPERG\� D� VSHFLíF� WDVN�� LPSO\LQJ� WKDW� LW� PXVW� EH

LQGHSHQGHQW� RI� LWV� VSHFLíF� DSSOLFDWLRQ�� ,Q� RXU� FDVH�� WKH� JRDO� LV� WR� VXEVHW� GDWD� DQG� H[WUDFW� VSHFLíF

VWDWLVWLFV��LQFOXGLQJ�WKH�QXPEHU�RI�YLGHRV��YLVLWV��DQG�UHYHQXH�JHQHUDWHG�

7KH� IXQFWLRQ� EHORZ� LPSOHPHQWV� WKLV� WDVN� WDNLQJ� WKUHH� DUJXPHQWV�� WKH� UDZ� GDWD� � visits � DQG

payrates ��DQG�D�FRQGLWLRQ�GHíQLQJ�WKH�VXEVHW�� condition ���%\�NHHSLQJ�WKH�FRQGLWLRQ�JHQHULF��ZH�FDQ

VHDPOHVVO\� DSSO\� WKH� VDPH� DQDO\VLV� WR� YDULRXV� VXEVHWV� RI� GDWD�� 7KH� H[DPSOH� DOVR� VKRZFDVHV� WKH

FRQYHQLHQFH�RI�SLSHV�WR�FRPSXWH�LQWHUPHGLDWH�WHPSRUDU\�VWHSV��XVLQJ�LW�WR�UHWULHYH�WKH�LQFRPH�HDUQHG

IURP�D�VXEVHW�RI�YLGHRV�

%HORZ��ZH�LOOXVWUDWH�KRZ�WKH�IXQFWLRQ�HQDEOHV�HìRUWOHVVO\�FKDUDFWHUL]LQJ�YDULRXV�VXEVHWV�RI�GDWD�

#
function stats_subset(visits, payrates, condition)
    nrvideos = sum(condition)
    audience = sum(visits[condition])
    
    earnings = visits .* payrates
    revenue  = sum(earnings[condition])
    
    return (; nrvideos, audience, revenue)
end

using Pipe
function stats_subset(visits, payrates, condition)
    nrvideos = sum(condition)
    audience = sum(visits[condition])
    
    
    revenue  = @pipe (visits .* payrates) |> x -> sum(x[condition])
    
    return (; nrvideos, audience, revenue)
end

using Pipe
function stats_subset(visits, payrates, condition)
    nrvideos = sum(condition)
    audience = sum(visits[condition])
    
    
    revenue  = @pipe (visits .* payrates) |> sum(_[condition])
    
    return (; nrvideos, audience, revenue)
end



julia> viral

julia> notviral

julia> specific_days

MUTATING VARIABLES

6XSSRVH�WKDW��VHHNLQJ�WR�HQKDQFH�DXGLHQFH�HQJDJHPHQW�� -RKQQ\�KDV�GHFLGHG�WR�SURPRWH�KLV�YLGHRV

WKURXJK�DGYHUWLVLQJ��+LV�SURMHFWLRQV�VXJJHVW�WKDW�DGV�ZLOO�ERRVW�YLHZHUVKLS�SHU�YLGHR�E\������+RZHYHU�

GXH�WR�EXGJHW�FRQVWUDLQWV��-RKQQ\�PXVW�FKRRVH�EHWZHHQ�SURPRWLQJ�HLWKHU�KLV�QRQ�YLUDO�YLGHRV�RU�KLV

YLUDO� RQHV�� 7R� PDNH� DQ� LQIRUPHG� GHFLVLRQ�� -RKQQ\� GHFLGHV� WR� OHYHUDJH� WKH� GDWD� DW� KLV� GLVSRVDO� WR

FUXQFK�VRPH�URXJK�HVWLPDWHV��,Q�SDUWLFXODU��KH
OO�EDVH�KLV�GHFLVLRQ�RQ�WKH�HDUQLQJV�KH�ZRXOG
YH�HDUQHG

GXULQJ�ODVW�PRQWK�LI�KH�KDG�UXQ�WDUJHWHG�DGV�

7KH� FRPSXWDWLRQV� UHTXLUH� FUHDWLQJ� D� PRGLíHG� FRS\� RI� visits �� DGMXVWLQJ� WKH� DXGLHQFH� GDWD� DIWHU

UXQQLQJ� WKH� DGV� IRU� WKH� WDUJHWHG� YLGHRV�� :LWK� WKLV� XSGDWHG� DXGLHQFH� GDWD�� ZH� FDQ� WKHQ� DSSO\� WKH

SUHYLRXVO\�GHíQHG� stats_subset �IXQFWLRQ�WR�HVWLPDWH�WKH�SRWHQWLDO�HDUQLQJV��&RPSDULQJ�WKH�UHVXOWV

LQ� HDFK� WDE�� -RKQQ\� ZRXOG� FRQFOXGH� WKDW� SURPRWLQJ� YLUDO� YLGHRV� VHHPV� WR� EH� D� PRUH� SURíWDEOH

VWUDWHJ\�

julia> targetViral

viral_threshold  = 100
is_viral         = (visits .≥ viral_threshold)
viral            = stats_subset(visits, payrates, is_viral)

(nrvideos = 6, audience = 1243.63, revenue = 6133.19)

viral_threshold  = 100
is_notviral      = .!(is_viral)      # '!' is negating a boolean value and we broadcast it
notviral         = stats_subset(visits, payrates, is_notviral)

(nrvideos = 24, audience = 1169.13, revenue = 4971.02)

days_to_consider = (1, 10, 25)      # days when the videos were posted
is_day           = in.(eachindex(visits), Ref(days_to_consider))
specific_days    = stats_subset(visits, payrates, is_day)

(nrvideos = 3, audience = 118.547, revenue = 414.113)

# 'temp' modifies 'new_visits'
new_visits      = copy(visits)
temp            = @view new_visits[new_visits .≥ viral_threshold]
temp           .= 1.2 .* temp

allvideos       = trues(length(new_visits))
targetViral     = stats_subset(new_visits, payrates, allvideos)

(nrvideos = 30, audience = 2661.48, revenue = 12330.8)



julia> targetNonViral

Be Careful with Misusing 'view'

8SGDWLQJ� temp � UHTXLUHV� DQ� LQ�SODFH� RSHUDWLRQ� WR� PXWDWH� WKH� SDUHQW

REMHFW��,Q�RXU�FDVH��WKLV�ZDV�DFKLHYHG�YLD�WKH�EURDGFDVWHG�RSHUDWRU� .= �

%HORZ��ZH�VWDWH�VRPH�LPSOHPHQWDWLRQV�WKDW�IDLO�WR�SURGXFH�WKH�GHVLUHG

UHVXOW�

Use of "Let Blocks" To Avoid Bugs

7KH�FRGH�DERYH�IRU��7DUJHW�9LUDO��DQG��7DUJHW�1RQ�9LUDO��UHIHUV�WR�HDFK

YDULDEOH� E\� DQ� LGHQWLFDO� QDPH�� 7KLV� LQFUHDVHV� WKH� ULVN� RI� DFFLGHQWDOO\

UHIHUULQJ�WR�D�YDULDEOH�IURP�D�GLìHUHQW�VFHQDULR�

7KH�OLNHOLKRRG�RI�LQFXUULQJ�WKLV�LVVXH�FDQ�EH�DOOHYLDWHG�E\�HPSOR\LQJ��OHW

EORFNV��� %\� GHíQLQJ� WKHLU� RZQ� VFRSH�� WKH\� KHOS� PDLQWDLQ� D� FOHDQ

QDPHVSDFH�

# 'temp' modifies 'new_visits'
new_visits      = copy(visits)
temp            = @view new_visits[new_visits .< viral_threshold]
temp           .= 1.2 .* temp

allvideos       = trues(length(new_visits))
targetNonViral  = stats_subset(new_visits, payrates, allvideos)

(nrvideos = 30, audience = 2646.58, revenue = 12098.4)

new_visits = copy(visits)

temp  = @view new_visits[new_visits .≥ viral_threshold]
temp .= temp .* 1.2

new_visits = visits     # it creates an alias, it's a view of
the original object!!!

# 'temp' modifies 'visits' -> you lose the original info
temp  = @view new_visits[new_visits .≥ viral_threshold]
temp .= temp .* 1.2

new_visits = copy(visits)

# wrong -> not using `temp .= temp .* 1.2`
temp  = @view new_visits[new_visits .≥ viral_threshold]
temp  = temp .* 1.2     # it creates a new variable 'temp', it 
does not modify 'new_visits'



julia> targetViral

julia> targetNonViral

BROADCASTING OVER A LIST OF FUNCTIONS (OPTIONAL)

$W� WKH� EHJLQQLQJ� RI� WKH� DQDO\VLV�� ZH� FRXOG
YH� GHULYHG� GHVFULSWLYH� VWDWLVWLFV� WR� JDLQ� LQVLJKWV� DERXW

-RKQQ\
V� YLGHRV�� 7KLV� FDQ� EH� DFFRPSOLVKHG� E\� XVLQJ� WKH� describe � IXQFWLRQ� IURP� WKH� StatsBase

SDFNDJH��'HVSLWH�WKLV��WKH�SUHVHQWDWLRQ�DLPV�WR�KLJKOLJKW�WKDW�IXQFWLRQV�DUH�íUVW�FODVV�REMHFWV�LQ�-XOLD�

7KLV�SURSHUW\�HQWDLOV�WKDW�D�IXQFWLRQ�EHKDYHV�MXVW�OLNH�DQ\�RWKHU�YDULDEOH��DOORZLQJ�WKH�XVHU�WR�GHíQH�D

OLVW�RI�IXQFWLRQV�DQG�WKHQ�DSSO\�WKHP�HOHPHQW�ZLVH�WR�D�YDULDEOH�

julia> stats_visits

targetViral    = let visits = visits, payrates = payrates,
threshold = viral_threshold
    new_visits = copy(visits)
    temp       = @view new_visits[new_visits .≥ threshold]
    temp      .= 1.2 .* temp

    allvideos  = trues(length(new_visits))
    stats_subset(new_visits, payrates, allvideos)
end

(nrvideos = 30, audience = 2661.48, revenue = 12330.8)

targetNonViral = let visits = visits, payrates = payrates, 
threshold = viral_threshold
    new_visits = copy(visits)
    temp       = @view new_visits[new_visits .< threshold]
    temp      .= 1.2 .* temp

    allvideos  = trues(length(new_visits))
    stats_subset(new_visits, payrates, allvideos)
end

(nrvideos = 30, audience = 2646.58, revenue = 12098.4)

list_functions = [sum, median, mean, maximum, minimum]

stats_visits   = [fun(visits) for fun in list_functions]

5-element Vector{Float64}:
 2661.48
   52.7884
   88.716
  541.714
   27.7205



%\� EURDGFDVWLQJ� WKH� RSHUDWLRQ�� ZH� FDQ� DOVR� FRPSXWH� VWDWV� IRU�PXOWLSOH� YDULDEOHV� FRQFXUUHQWO\�� )RU

LQVWDQFH��EHORZ�ZH�FKDUDFWHUL]H� visits �DQG� earnings �VLPXOWDQHRXVO\�

julia> stats_various

2QH� PDMRU� OLPLWDWLRQ� RI� WKH� FXUUHQW� PHWKRG� LV� LWV� LQDELOLW\� WR� FDSWXUH� HDFK� VWDWLVWLF
V� QDPH�� 7R

RYHUFRPH�WKLV��ZH�FDQ�HPSOR\�D�QDPHG�WXSOH��ZKLFK�ZH
OO�FDOO� stats_visits ��7KH�DSSURDFK�HQDEOHV

XV� WR� DFFHVV� VWDWV� WKURXJK� WKHLU� UHVSHFWLYH� QDPHV�� VXFK� DV� stats_visits.mean � RU

stats_visits[:mean] �IRU�WKH�DYHUDJH�YDOXH�

7KH� LPSOHPHQWDWLRQ� LV� EDVHG� RQ� WKH� W\SH� Symbol �� 7KLV� FRQYHUWV� VWULQJV� LQWR� LGHQWLíHUV�� ZKLFK� DUH

QHFHVVDU\�WR�SURJUDPPDWLFDOO\�DFFHVV�D�QDPHG�WXSOH
V�NH\V�

julia> stats_visits

julia> stats_visits.mean

julia> stats_visits[:median]

list_functions = [sum, median, mean, maximum, minimum]

stats_various  = [fun.([visits, payrates]) for fun in list_functions]

5-element Vector{Vector{Float64}}:
 [2661.48, 128.0]
 [52.7884, 4.0]
 [88.716, 4.26667]
 [541.714, 6.0]
 [27.7205, 2.0]

vector_of_tuples = [(Symbol(fun), fun(visits)) for fun in list_functions]
stats_visits     = NamedTuple(vector_of_tuples)

(sum = 2661.48, median = 52.7884, mean = 88.716, maximum = 541.714, minimum = 27.7205)

88.716

52.7884



7a. Overview and Goals

Martin Alfaro
3K'�LQ�(FRQRPLFV

7KH� íUVW� SDUW� RI� WKH� ZHEVLWH� KDV� ODLG� WKH� JURXQGZRUN� IRU� ZRUNLQJ� ZLWK� -XOLD�� 7KLV� GHPDQGHG

LQWURGXFLQJ� IXQGDPHQWDO� GDWD� W\SHV�� VXFK� DV� VFDODUV�� YHFWRUV�� DQG� WXSOHV�� $ORQJVLGH� WKHVH�� ZHÎYH

FRYHUHG� HVVHQWLDO� SURJUDPPLQJ� FRQVWUXFWV�� LQFOXGLQJ� IXQFWLRQV�� FRQGLWLRQDOV�� DQG� IRU�ORRSV�� :KLOH

WKHVH� FRQFHSWV� PD\� YDU\� LQ� V\QWD[� DQG� XVDJH� DFURVV� GLìHUHQW� SURJUDPPLQJ� ODQJXDJHV�� WKHLU

XQGHUO\LQJ�SULQFLSOHV�UHPDLQ�XQLYHUVDO�

,Q�WKH�VHFRQG�SDUW�RI�WKH�ZHEVLWH��ZH
OO�VKLIW�RXU�DWWHQWLRQ�WR�RQH�RI�-XOLD
V�PRVW�GLVWLQFWLYH�VWUHQJWKV�

high-performance computing�� :KHQ� SDLUHG� ZLWK� LWV� LQWXLWLYH� V\QWD[� DQG� LQWHUDFWLYH� QDWXUH�� WKLV

IHDWXUH�PDNHV�-XOLD�DQ�LGHDO�FKRLFH�IRU�VFLHQWLíF�DSSOLFDWLRQV�

7KH� GRPDLQ� RI� KLJK�SHUIRUPDQFH� FRPSXWLQJ� LV� YDVW� DQG� FRPSOH[�� 0RUHRYHU�� HDFK� VXEMHFW� KDV

LGLRV\QFUDWLF� IHDWXUHV�WKDW�PDNH�FHUWDLQ�RSWLPL]DWLRQV�PRUH�RU� OHVV�UHOHYDQW��*LYHQ�WKLV�EUHDGWK�� ,
YH

PDGH� GHOLEHUDWH� FKRLFHV� DERXW�ZKDW� WR� LQFOXGH� DQG� H[FOXGH�� 7KH� FKDOOHQJH� OD\� LQ� VWULNLQJ� WKH� ULJKW

EDODQFH� EHWZHHQ� SURYLGLQJ� VXïFLHQW� EDFNJURXQG� NQRZOHGJH� IRU� H[SODLQLQJ� D� WHFKQLTXH�� ZKLOH

DYRLGLQJ�XQQHFHVVDU\�VSHFLíFLW\�

&RQVLGHULQJ�WKLV� LQKHUHQW� WUDGH�Rì�� ,
YH�FKRVHQ�WKH�VXEMHFWV�ZLWK�WKH�JRDO�RI�HTXLSSLQJ�UHDGHUV�ZLWK

SUDFWLFDO� NQRZOHGJH� IRU� RSWLPL]LQJ� FRGH�� ZLWKRXW� RYHUZKHOPLQJ� WKHP� ZLWK� H[FHVVLYH� GHWDLO�� ,Q

SDUWLFXODU��WKH�SULPDU\�IRFXV�ZLOO�EH�RQ�ZKDW�,�FRQVLGHU�WR�EH�WKH�HVVHQWLDOV�IRU�SHUIRUPDQFH�LQ�-XOLD�

type stability� DQG� reductions in memory allocations�� 7KH� IRUPHU� LQ� SDUWLFXODU� FRQVWLWXWHV� D

SUHUHTXLVLWH�IRU�DFKLHYLQJ�KLJK�SHUIRUPDQFH�LQ�-XOLD��PDNLQJ�LW�QHFHVVDU\�IRU�DQ\�IXUWKHU�RSWLPL]DWLRQ�

7KH�GLVFXVVLRQ�RI�KLJK�SHUIRUPDQFH�LQ�-XOLD�ZLOO�OHDG�XV�WR�FRQVLGHU�LWV�W\SH�V\VWHP��1RQHWKHOHVV��VRPH

YDOXDEOH�FRQFHSWV�UHODWHG�WR�LW�KDYH�EHHQ�OHIW�RXW��,Q�SDUWLFXODU��WKH�FRQFHSW�RI� struct ��ZKLFK�DOORZV

XVHUV�WR�FUHDWH�WKHLU�RZQ�FXVWRP�REMHFWV��ZRQ
W�EH�FRYHUHG��7KHUH�DUH�WZR�UHDVRQV�IRU�WKLV�RPLVVLRQ�

)LUVW�� ZKLOH� LPSRUWDQW� IRU� SURMHFW� GHYHORSPHQW�� WKH� VXEMHFW� FDQ� EH� E\SDVVHG� ZKHQ� DQDO\]LQJ� KLJK

SHUIRUPDQFH�� ZLWKRXW� FRPSURPLVLQJ� LWV� XQGHUVWDQGLQJ�� 6HFRQG�� WKH� VHFWLRQ� LQFOXGHG� RQ� W\SHV� LV

DOUHDG\�ORQJ�HQRXJKÌDGGLQJ�PRUH�VXEMHFWV�FRXOG�GLYHUW�WKH�UHDGHU
V�DWWHQWLRQ�DZD\�IURP�WKH�SULPDU\

IRFXV��ZKLFK�LV�OHDUQLQJ�KLJK�SHUIRUPDQFH�WHFKQLTXHV�

https://alfaromartino.github.io/


7b. When To Optimize Code?

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

-XOLD�KDV�EHHQ�SUDLVHG�DV�VROYLQJ�WKH��WZR�ODQJXDJH�SUREOHP���7KLV�UHIHUV�WR�WKH�GLïFXOW\�RI�íQGLQJ�D

ODQJXDJH�WKDW
V�IDVW��EXW�VWLOO�HDV\�WR�UHDG�DQG�ZULWH��$OWKRXJK�LW
V�WUXH�WKDW�-XOLD�KDV�VRPH�DGYDQWDJHV

UHODWLYH�WR�RWKHU�ODQJXDJHV��FODLPV�OLNH�WKLV�FDQ�EH�TXLWH�PLVOHDGLQJ�IRU�VRPHRQH�QHZ�WR�SURJUDPPLQJ

ÌLW�ZURQJO\� VXJJHVWV� WKDW� -XOLD� LV� WKH�RQO\� ODQJXDJH�\RX
OO� QHHG� WR� OHDUQ�� UHJDUGOHVV�RI� \RXU� VSHFLíF

FRGLQJ�GRPDLQ�

,Q�UHDOLW\��HDFK�SURJUDPPLQJ� ODQJXDJH� LV�GHVLJQHG�ZLWK�FHUWDLQ�SXUSRVHV� LQ�PLQG��&RQVHTXHQWO\�� LW
V

TXLWH� OLNHO\� WKDW� \RX
OO� QHHG� WR� OHDUQ�PXOWLSOH�SURJUDPPLQJ� ODQJXDJHV�� HYHQ� LI� \RXU� IRFXV� LV�QDUURZ�

7KLV� LV�SDUWLFXODUO\� WUXH� LQ�GDWD�DQDO\VLV��ZKHUH�D�SDFNDJH� LPSOHPHQWLQJ�D� VSHFLíF� WDVN�PD\�RQO\�EH

DYDLODEOH� LQ� RQH� ODQJXDJH�� ,�� IRU� RQH�� WHQG� WR� XVH� -XOLD� DV�P\�PDLQ� ODQJXDJH� IRU� GDWD� DQDO\VLV�� EXW

FRPSOHPHQW�LW�ZLWK�OLEUDULHV�IURP�5�DQG�3\WKRQ�ZKHQ�WKH�WDVN�UHTXLUHV�LW��

*HWWLQJ� WKH� EHVW� SHUIRUPDQFH� LQ� DQ\� ODQJXDJH� LV� DOVR� QRW� LPPHGLDWH�� ,W� UHTXLUHV� \RX� WR�ZULWH� FRGH

DSSURSULDWHO\��ZLWK�LPSOHPHQWDWLRQV�WKDW�WHQG�WR�EH�VRIWZDUH�VSHFLíF�DQG�LQYROYH�VHYHUDO�WUDGH�RìV��

2YHUDOO�� WKH� FODLP� WKDW� �-XOLD� LV� IDVW�� VKRXOG� EH� UHSODFHG�E\� �-XOLD� can� EH� IDVW��� &RQVLGHULQJ� WKLV�� WKH

XSFRPLQJ�FKDSWHUV�DLP�WR�HTXLS�\RX�ZLWK�WKH�HVVHQWLDO�WRROV�WR�XQORFN�-XOLD
V�SHUIRUPDQFH�FDSDELOLWLHV�

WHEN SHOULD WE CARE ABOUT SPEED?

$FKLHYLQJ� KLJK� SHUIRUPDQFH� RIWHQ� FRPHV� ZLWK� WUDGH�RìV�� DQG� WKXV� VKRXOG� QHYHU� EH� WKH� VROH

FRQVLGHUDWLRQ�ZKHQ�ZULWLQJ� FRGH��2SWLPL]LQJ�SHUIRUPDQFH� IUHTXHQWO\�PHDQV� UHZULWLQJ�SDUWV�RI� \RXU

VFULSW�� ZKLFK� FDQ� UHGXFH� UHDGDELOLW\� DQG� PDNH� WKH� FRGH� KDUGHU� WR� PDLQWDLQ� LQ� WKH� ORQJ� UXQ�

$GGLWLRQDOO\�� LPSOHPHQWLQJ� WKHVH� LPSURYHPHQWV� UHTXLUHV� VLJQLíFDQW� WLPH� DQG� HìRUW�� LQFOXGLQJ� WDVNV

VXFK�DV�WHVWLQJ��LGHQWLI\LQJ�ERWWOHQHFNV��DQG�LQWHJUDWLQJ�WKLUG�SDUW\�SDFNDJHV�

&RQVLGHULQJ�WKLV��\RX�VKRXOG�DVVHVV�\RXU�JRDOV�EHIRUH�HPEDUNLQJ�RQ�DQ\�RSWLPL]DWLRQ�HìRUWV��.HHS�LQ

PLQG�WKDW�most of YOUR time will be spent on writing, reading, and debugging codeÌUHGXFLQJ

WKH�FRPSXWHU
V�H[HFXWLRQ�WLPH�E\�D�PLOOLVHFRQG�PD\�QRW�EH�ZRUWK�WKH�WUDGH�Rì�LI�LW�GHPDQGV�LQYHVWLQJ

KRXUV��0RUHRYHU��HYHQ�LI�VSHHG�LV�FUXFLDO�IRU�\RXU�SURMHFW��\RX�VKRXOG�SULRULWL]H�ZKLFK�SDUWV�RI�WKH�FRGH

WR�RSWLPL]H��7\SLFDOO\��RQO\�D�IHZ�RSHUDWLRQV�LPSDFW�UXQWLPH�FULWLFDOO\��ZLWK�WKH�UHVW�KDYLQJ�D�QHJOLJLEOH

HìHFW�

:LWK� WKHVH� FDYHDWV� LQ� PLQG�� WKH� VXJJHVWLRQV� ZH
OO� SUHVHQW� LQ� WKH� XSFRPLQJ� FKDSWHUV� VHUYH� D� GXDO

SXUSRVH�� )LUVWO\�� WKH\� UHSUHVHQW� HVVHQWLDO� UXOHV� IRU� VSHHGÌQRW� DGKHULQJ� WR� WKHP� ZRXOG� VHYHUHO\

XQGHUPLQH�SHUIRUPDQFH�� WKHUHE\�QHJDWLQJ�DQ\�DGYDQWDJHV�RI�XVLQJ� -XOLD��6HFRQGO\��VHYHUDO� WLSV�ZH
OO

1

2
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FRQVLGHU� KDYH� D� PLQLPDO� LPSDFW� RQ� FRGH
V� UHDGDELOLW\�� LI� DQ\�� ,Q� VXPPDU\�� WKH� SURFHGXUHV� WR� EH

SUHVHQWHG�ZLOO�KHOS�\RX�XQORFN�-XOLD
V�VSHHG��ZLWKRXW�VDFULíFLQJ�FRGH�UHDGDELOLW\�RU�HQWDLOLQJ�H[FHVVLYH

DGGLWLRQDO�ZRUN�

FOOTNOTES

�-XOLD�KDV�WKH�FDSDFLW\�RI�FDOOLQJ�SURJUDPV�IURP�RWKHU�VRIWZDUH�VXFK�DV�5�RU�3\WKRQ��3\WKRQ�DQG�5�DOVR�KDYH�WKLV

IHDWXUH�

�7KLV�H[SODLQV�WKH�GLVSDUDWH�UHVXOWV�RIWHQ�VHHQ�LQ�RQOLQH�EHQFKPDUNV��ZKHUH�FRGH�FDQ�EH�ZULWWHQ�LQHïFLHQWO\�LQ�RQH

ODQJXDJH�DQG�KLJKO\�RSWLPL]HG�LQ�DQRWKHU��0RUHRYHU��VLQFH�ODQJXDJHV�WHQG�WR�H[FHO�DW�FHUWDLQ�WDVNV��LW
V�SRVVLEOH�WR

FKHUU\�SLFN�H[DPSOHV�WKDW�PDNH�D�SDUWLFXODU�ODQJXDJH�DSSHDU�IDVWHU�

1.

2.



7c. Benchmarking Execution Time

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� LQWURGXFHV� VWDQGDUG� WRROV� IRU� EHQFKPDUNLQJ� FRGH� SHUIRUPDQFH�� 2XU� ZHEVLWH� UHSRUWV

UHVXOWV�EDVHG�RQ�WKH� BenchmarkTools �SDFNDJH��ZKLFK�LV�FXUUHQWO\�WKH�PRVW�PDWXUH�DQG�UHOLDEOH�RSWLRQ

LQ� WKH� -XOLD� HFRV\VWHP�� 7KDW� VDLG�� WKH� QHZHU� Chairmarks � SDFNDJH� KDV� GHPRQVWUDWHG� QRWDEOH

LPSURYHPHQWV� LQ� H[HFXWLRQ� VSHHG� FRPSDUHG� ZLWK� BenchmarkTools �� ,� UHFRPPHQG� DGRSWLQJ

Chairmarks �RQFH�LW
V�DFKLHYHG�VXïFLHQW�VWDELOLW\�DQG�DGRSWLRQ�ZLWKLQ�WKH�FRPPXQLW\�

7R�VHW� WKH�VWDJH��ZHÎOO� VWDUW�E\�DGGUHVVLQJ�VRPH�NH\�SRLQWV� IRU� LQWHUSUHWLQJ�EHQFKPDUN�UHVXOWV��:HÎOO

DOVR� ORRN� DW� -XOLDÎV� EXLOW�LQ� @time � PDFUR�� ZKRVH� OLPLWDWLRQV� H[SODLQ� ZK\� BenchmarkTools � DQG

Chairmarks �VKRXOG�EH�XVHG�LQVWHDG�

TIME METRICS

-XOLD�XVHV�WKH�VDPH�WLPH�PHWULFV�GHVFULEHG�EHORZ��UHJDUGOHVV�RI�ZKHWKHU�\RX�XVH� BenchmarkTools �RU

Chairmarks ��)RU�TXLFN�UHIHUHQFH�� WKHVH�PHWULFV�FDQ�EH�DFFHVVHG�DW�DQ\�SRLQW� in the left bar�XQGHU

�Notation & Hotkeys��

Unit Acronym Measure in Seconds

6HFRQGV s �

0LOOLVHFRQGV ms

0LFURVHFRQGV μs

1DQRVHFRQGV ns

$ORQJVLGH�H[HFXWLRQ�WLPHV��HDFK�SDFNDJH�DOVR�UHSRUWV�WKH�DPRXQW�RI�memory allocated on the heap�

W\SLFDOO\� UHIHUUHG� WR� VLPSO\� DV� allocations�� 7KHVH� DOORFDWLRQV� FDQ� SOD\� D� PDMRU� UROH� LQ� RYHUDOO

SHUIRUPDQFH�� DQG� XVXDOO\� LQGLFDWH� VXERSWLPDO� FRGLQJ� SUDFWLFHV�� $V� ZHÎOO� H[SORUH� LQ� ODWHU� VHFWLRQV�

PRQLWRULQJ�DOORFDWLRQV�WHQGV�WR�EH�FUXFLDO�IRU�DFKLHYLQJ�KLJK�SHUIRUPDQFH�

"TIME TO FIRST PLOT"

10−3

10−6

10−9
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7KH� H[SUHVVLRQ� �7LPH� WR� )LUVW� 3ORW�� UHIHUV� WR� D� VLGH� HìHFW� RI� KRZ� -XOLD� RSHUDWHV�� ZKHUH� WKH� íUVW

H[HFXWLRQ�LQ�DQ\�QHZ�VHVVLRQ�WDNHV�ORQJHU�WKDQ�VXEVHTXHQW�RQHV��7KLV�ODWHQF\�LVQ
W�D�EXJ��5DWKHU��LW
V�D

GLUHFW�FRQVHTXHQFH�RI�WKH�ODQJXDJH
V�GHVLJQ��ZKLFK�UHOLHV�RQ�D�MXVW�LQ�WLPH��-,7��FRPSLOHU��-XOLD�FRPSLOHV

WKH�FRGH�IRU�H[HFXWLQJ�IXQFWLRQV�LQ�WKHLU�íUVW�UXQ��WUDQVODWLQJ�WKHP�LQWR�KLJKO\�RSWLPL]HG�PDFKLQH�FRGH

RQ�WKH�î\��7KLV�FRPSLODWLRQ�SURFHVV�ZLOO�EH�WKRURXJKO\�FRYHUHG�LQ�XSFRPLQJ�VHFWLRQV�

7KH� íUVW� WLPH� \RX� UXQ� DQ\� IXQFWLRQ�� -XOLD� JHQHUDWHV� ORZ�OHYHO�PDFKLQH� LQVWUXFWLRQV� WR� FDUU\� RXW� WKH

IXQFWLRQ
V� RSHUDWLRQV�� 7KLV� SURFHVV� RI� WUDQVODWLQJ� KXPDQ�UHDGDEOH� FRGH� LQWR� PDFKLQH�H[HFXWDEOH

LQVWUXFWLRQV�LV�FDOOHG�compilation��8QOLNH�RWKHU�SURJUDPPLQJ�ODQJXDJHV��-XOLD�UHOLHV�RQ�D�MXVW�LQ�WLPH

�-,7�� FRPSLOHU�� ZKHUH� WKLV� FRGH� LV� FRPSLOHG� RQ�WKH�î\�ZKHQ� D� IXQFWLRQ� LV� íUVW� UXQ�� 7KLV� FRPSLODWLRQ

SURFHVV�ZLOO�EH�WKRURXJKO\�FRYHUHG�LQ�XSFRPLQJ�VHFWLRQV�

,Q�HDFK�QHZ�VHVVLRQ��WKLV�FRPSLODWLRQ�SHQDOW\�LV�LQFXUUHG�RQO\�RQFH�SHU�IXQFWLRQ�DQG�VHW�RI�DUJXPHQW

W\SHV��2QFH�D�IXQFWLRQ�LV�FRPSLOHG��LWV�PDFKLQH�FRGH�LV�FDFKHG��PDNLQJ�DOO�VXEVHTXHQW�FDOOV�IDVWHU��7KH

FRQVHTXHQFH�LV�WKDW�WKH�UHVXOWLQJ�RYHUKHDG�LVQ
W�D�PDMRU�KLQGUDQFH�IRU� ODUJH�SURMHFWV��ZKHUH�VWDUWXS

FRVWV�DUH�TXLFNO\�DPRUWL]HG��+RZHYHU�� LW�GRHV�PHDQ� WKDW� -XOLD�PD\�QRW�EH� WKH�EHVW�RSWLRQ� IRU�TXLFN

RQH�Rì�DQDO\VHV��VXFK�DV�UXQQLQJ�D�VLPSOH�UHJUHVVLRQ�RU�SURGXFLQJ�D�TXLFN�H[SORUDWRU\�SORW�

7KH�ODWHQF\�FDXVHG�E\�WKLV�IHDWXUH�YDULHV�VLJQLíFDQWO\�DFURVV�IXQFWLRQV��PDNLQJ�LW�GLïFXOW�WR�JHQHUDOL]H

LWV� LPSDFW��:KLOH� LW�PD\�EH� LPSHUFHSWLEOH� IRU� VLPSOH� IXQFWLRQV� OLNH� sum(x) �� LW� FDQ�EH�QRWLFHDEOH� IRU

UHQGHULQJ�D�KLJK�TXDOLW\�SORW�� ,QGHHG��GUDZLQJ�D�íUVW�SORW�GXULQJ�D�VHVVLRQ�FDQ�WDNH�VHYHUDO�VHFRQGV�

H[SODLQLQJ�WKH�RULJLQ�RI�WKH�WHUP��7LPH�WR�)LUVW�3ORW��

Warning!

7KH�7LPH�WR�)LUVW�3ORW�LVVXH�KDV�EHHQ�VLJQLíFDQWO\�PLWLJDWHG�VLQFH� Julia

1.9 �� WKDQNV� WR� LPSURYHPHQWV� LQ� SUHFRPSLODWLRQ�� (DFK� VXEVHTXHQW

UHOHDVH�LV�UHGXFLQJ�WKLV�RYHUKHDG�HYHQ�IXUWKHU�

@TIME

-XOLD� FRPHV�ZLWK�D�EXLOW�LQ�PDFUR�FDOOHG� @time �� DOORZLQJ�\RX� WR�JHW�D�TXLFN� VHQVH�RI�DQ�RSHUDWLRQ
V

H[HFXWLRQ�WLPH��7KH�UHVXOWV�SURYLGHG�E\�WKLV�PDFUR��QRQHWKHOHVV��VXìHU�IURP�VHYHUDO� OLPLWDWLRQV�WKDW

PDNH�LW�XQVXLWDEOH�IRU�ULJRURXV�EHQFKPDUNLQJ�

)LUVW��D�PHDVXUHPHQW�EDVHG�RQ� MXVW�D�VLQJOH�H[HFXWLRQ� LV�RIWHQ�XQUHOLDEOH��DV�UXQWLPHV�FDQ�îXFWXDWH

VLJQLíFDQWO\�GXH� WR�EDFNJURXQG�SURFHVVHV�RQ�\RXU�FRPSXWHU��$GGLWLRQDOO\�� LI� WKDW� UXQ� LV�D� IXQFWLRQ
V

íUVW�FDOO��WKH�PHDVXUHPHQW�ZLOO�LQFOXGH�FRPSLODWLRQ�RYHUKHDG��7KH�H[WUD�WLPH�-XOLD�VSHQGV�JHQHUDWLQJ

PDFKLQH�FRGH�LQîDWHV�WKH�UHSRUWHG�UXQWLPH��PDNLQJ�LW�XQUHSUHVHQWDWLYH�RI�VXEVHTXHQW�FDOOV�

:KLOH� UXQQLQJ� @time �PXOWLSOH� WLPHV�FDQ�DGGUHVV� WKHVH� LVVXHV�� LWV�PRVW�VLJQLíFDQW�îDZ�DULVHV�ZKHQ

EHQFKPDUNLQJ� IXQFWLRQV�� 7KLV� LV� EHFDXVH� @time � PLVFKDUDFWHUL]HV� IXQFWLRQ� DUJXPHQWV� DV� JOREDO

YDULDEOHV��:H
OO�VKRZ�LQ�XSFRPLQJ�VHFWLRQV�WKDW�JOREDO�YDULDEOHV�KDYH�D�PDUNHG�GHWULPHQWDO�HìHFW�RQ

SHUIRUPDQFH�� &RQVHTXHQWO\�� WKH� WLPH� UHSRUWHG� GRHVQ
W� DFFXUDWHO\� UHîHFW� KRZ� WKH� IXQFWLRQ� ZRXOG

SHUIRUP�LQ�SUDFWLFH�



7KH� IROORZLQJ� H[DPSOH� LOOXVWUDWHV� WKH� XVH� RI� @time �� KLJKOLJKWLQJ� WKH� GLìHUHQFH� LQ� H[HFXWLRQ� WLPH

EHWZHHQ�WKH�íUVW�DQG�VXEVHTXHQW�UXQV�

PACKAGE "BENCHMARKTOOLS"

$� PRUH� UHOLDEOH� DOWHUQDWLYH� IRU� PHDVXULQJ� H[HFXWLRQ� WLPH� LV� SURYLGHG� E\� BenchmarkTools �� ZKLFK

DGGUHVVHV�WKH�VKRUWFRPLQJV�RI� @time �LQ�VHYHUDO�ZD\V�

)LUVW��LW�UHGXFHV�UHVXOW�YDULDELOLW\�E\�UXQQLQJ�RSHUDWLRQV�PXOWLSOH�WLPHV�DQG�WKHQ�FRPSXWLQJ�VXPPDU\

VWDWLVWLFV�� ,W� DOVR� PHDVXUHV� WKH� H[HFXWLRQ� WLPH� RI� IXQFWLRQV� FRUUHFWO\�� 7R� DFFRXQW� IRU� FRPSLODWLRQ

ODWHQF\�� WKH� SDFNDJH� GLVFDUGV� WKH� íUVW� UXQ�� HQVXULQJ� WKDW� RYHUKHDG� LVQ
W� LQFOXGHG� LQ� WKH� UHSRUWHG

WLPLQJ�� $GGLWLRQDOO\�� LW
V� SRVVLEOH� WR� KDQGOH� IXQFWLRQ� DUJXPHQWV� FRUUHFWO\�� E\� SUHí[LQJ� DQ� DUJXPHQW

ZLWK�WKH� $ �V\PERO��\RX�FDQ�LQGLFDWH�WKDW�WKH�YDULDEOH�VKRXOGQ
W�EH�WUHDWHG�DV�D�JOREDO�YDULDEOH�

7KH�SDFNDJH�RìHUV�WZR�PDFURV��GHSHQGLQJ�RQ�WKH�OHYHO�RI�GHWDLO�UHTXLUHG�� @btime ��ZKLFK�RQO\�UHSRUWV

WKH�PLQLPXP�WLPH��DQG� @benchmark ��ZKLFK�SURYLGHV�GHWDLOHG�VWDWLVWLFV��%HORZ��ZH�GHPRQVWUDWH�WKHLU

XVH�

,Q� ODWHU� VHFWLRQV�� ZH
OO� H[FOXVLYHO\� EHQFKPDUN� IXQFWLRQV�� 7KHUHIRUH�� \RX� VKRXOG� DOZD\V� SUHí[� HDFK

IXQFWLRQ�DUJXPHQW�ZLWK� $ ��Omitting $ will lead to inaccurate results�� LQFOXGLQJ�LQFRUUHFW�UHSRUWV

RI�PHPRU\�DOORFDWLRQV�

7KH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV�WKH�FRQVHTXHQFH�RI�H[FOXGLQJ� $ ��ZKHUH�WKH�UXQWLPHV�UHSRUWHG

DUH�KLJKHU�WKDQ�WKH�DFWXDO�UXQWLPH�

x = 1:100

@time sum(x)         # first run                     -> it incorporates compilation time 
@time sum(x)         # time without compilation time -> relevant for each subsequent run

  0.002747 seconds (3.56 k allocations: 157.859 KiB, 99.36% compilation time)
  0.000003 seconds (1 allocation: 16 bytes)

using BenchmarkTools

x = 1:100
@btime sum($x)        # provides minimum time only

  2.314 ns (0 allocations: 0 bytes)

using BenchmarkTools

x = 1:100
@benchmark sum($x)    # provides more statistics than `@btime`



PACKAGE "CHAIRMARKS"

$�QHZ�DOWHUQDWLYH�IRU�EHQFKPDUNLQJ�FRGH�LV�WKH� Chairmarks �SDFNDJH�� ,WV�QRWDWLRQ�FORVHO\�UHVHPEOHV

WKDW�RI� BenchmarkTools ��ZLWK� WKH�PDFURV� @b � DQG� @be �SURYLGLQJ�D� VLPLODU� IXQFWLRQDOLW\� WR� @btime

DQG� @benchmark � UHVSHFWLYHO\�� 7KH�PDLQ� EHQHíW� RI� Chairmarks � LV� LWV� VSHHG�� DV� LW� FDQ� EH� RUGHUV� RI

PDJQLWXGH�IDVWHU�WKDQ� BenchmarkTools �

$V� ZLWK� BenchmarkTools ��PHDVXULQJ� WKH� H[HFXWLRQ� WLPH� RI� IXQFWLRQV� UHTXLUHV� SUHSHQGLQJ� IXQFWLRQ

DUJXPHQWV�ZLWK� $ �

REMARK ON RANDOM NUMBERS FOR BENCHMARKING

using BenchmarkTools
x = rand(100)

@btime sum(x)

  14.465 ns (1 allocation: 16 bytes)

using BenchmarkTools
x = rand(100)

@btime sum($x)

  6.546 ns (0 allocations: 0 bytes)

using Chairmarks
x = rand(100)

display(@b sum($x))        # provides minimum time only

6.550 ns

using Chairmarks
x = rand(100)

display(@be sum($x))       # analogous to `@benchmark` in BenchmarkTools

Benchmark: 3856 samples with 3661 evaluations
 min    6.679 ns
 median 6.815 ns
 mean   6.785 ns
 max    14.539 ns



:KHQ� ZH� VHHN� WR� FRPSDUH� WKH� SHUIRUPDQFH� RI� GLìHUHQW� PHWKRGV� IRU� D� JLYHQ� RSHUDWLRQ�� ZH�PXVW

HQVXUH�WKDW�RXU�PHDVXUHPHQWV�DUHQÎW�VNHZHG�E\�YDULDWLRQV�LQ�WKH�LQSXW�GDWD��2QH�ZD\�WR�GR�WKLV�LV�E\

PDNLQJ�VXUH�WKDW�HDFK�DSSURDFK�LV�WHVWHG�XVLQJ�the exact same set of numbers��7KLV�JXDUDQWHHV�WKDW�DQ\

GLìHUHQFHV�LQ�H[HFXWLRQ�WLPH�FDQ�EH�DWWULEXWHG�VROHO\�WR�WKH�HïFLHQF\�RI�WKH�PHWKRG�LWVHOI��UDWKHU�WKDQ

WR�D�FKDQJH�LQ�WKH�LQSXWV�

7R� DFKLHYH� WKLV�� ZH� FDQ� WDNH� DGYDQWDJH� RI� UDQGRP� QXPEHU� JHQHUDWRUV� WKDW� XVH� D� í[HG� �VHHG��� $

random seed� LV�VLPSO\�DQ� LQLWLDO�YDOXH�WKDW�GHWHUPLQHV�WKH�HQWLUH�VHTXHQFH�RI�QXPEHUV�WKDW�ZLOO�EH

JHQHUDWHG��%\�VHWWLQJ�WKH�VDPH�VHHG�EHIRUH�HDFK�WHVW��ZH�FDQ�JXDUDQWHH�WKDW�WKH�VDPH�GHWHUPLQLVWLF

VHTXHQFH�RI�UDQGRP�QXPEHUV�LV�SURGXFHG�ZKHQ�FRGH�LV�UXQ�

,PSRUWDQWO\��any arbitrary number can be used for the seed��7KH�RQO\�UHTXLUHPHQW�LV�WKDW�WKH�VDPH

QXPEHU�LV�XWLOL]HG��VR�WKDW�\RX�FDQ�UHSOLFDWH�WKH�H[DFW�VDPH�VHW�RI�UDQGRP�QXPEHUV�

5DQGRP�QXPEHU�JHQHUDWLRQ� LV�SURYLGHG�E\� WKH�SDFNDJH� Random ��%HORZ��ZH�GHPRQVWUDWH� LWV�XVH�E\

VHWWLQJ�WKH�VHHG� 1234 �EHIRUH�H[HFXWLQJ�HDFK�RSHUDWLRQ��DOWKRXJK�DQ\�RWKHU�QXPEHU�FRXOG�KDYH�EHHQ

XVHG�

7R�PDLQWDLQ�D�FOHDU�SUHVHQWDWLRQ�WKURXJKRXW�WKLV�ZHEVLWH��FRGH�VQLSSHWV�ZLOO�RPLW�WKH�OLQHV�WKDW�VHW�WKH

UDQGRP�VHHG��:KLOH�DGGLQJ�WKHVH�FRGH�OLQHV�LV�HVVHQWLDO�IRU�HQVXULQJ�UHSURGXFLELOLW\��WKHLU�LQFOXVLRQ�LQ

HYHU\�H[DPSOH�ZRXOG�FUHDWH�XQQHFHVVDU\�FOXWWHU��%HORZ��ZH�LOOXVWUDWH�WKH�FRGH�WKDW�ZLOO�EH�GLVSOD\HG

WKURXJKRXW�WKH�ZHEVLWH��DORQJ�ZLWK�WKH�DFWXDO�FRGH�H[HFXWHG�

using Random

Random.seed!(1234)      # 1234 is an arbitrary number, use any number you want
x = rand(100)

Random.seed!(1234)
y = rand(100)           # identical to `x`

using Random

Random.seed!(1234)      # 1234 is an arbitrary number, use any number you want
x = rand(100)

y = rand(100)           # different from `x`

using Random
Random.seed!(123)

x = rand(100)

y = sum(x)



BENCHMARKS IN PERSPECTIVE

:KHQ�HYDOXDWLQJ�DSSURDFKHV�IRU�SHUIRUPLQJ�D�WDVN��H[HFXWLRQ�WLPHV�DUH�RIWHQ�QHJOLJLEOH��W\SLFDOO\�RQ

WKH�RUGHU�RI�QDQRVHFRQGV��+RZHYHU��WKLV�VKRXOG�QRW�OHDG�XV�WR�EHOLHYH�WKDW�WKH�FKRLFH�RI�PHWKRG�KDV

QR�SUDFWLFDO�LPSOLFDWLRQV�

:KLOH� RSHUDWLRQV� LQ� LVRODWLRQ�PD\�KDYH� DQ� LQVLJQLíFDQW� LPSDFW� RQ� D� SURJUDP
V� RYHUDOO� UXQWLPH�� the

relevance of our benchmarks lies in scenarios where these operations are performed

repeatedly��7KLV�LQFOXGHV�FDVHV�ZKHUH�WKH�RSHUDWLRQ�LV�FDOOHG�LQ�D�IRU�ORRS�RU�LQ�LWHUDWLYH�SURFHGXUHV

�H�J��� VROYLQJ� V\VWHPV� RI� HTXDWLRQV� RU� WKH� PD[LPL]DWLRQ� RI� D� IXQFWLRQ��� ,Q� WKHVH� VLWXDWLRQV�� VPDOO

GLìHUHQFHV� LQ� WLPLQJ� DUH� DPSOLíHG� DV� WKH\� DUH� UHSOLFDWHG� KXQGUHGV�� WKRXVDQGV�� RU� HYHQ�PLOOLRQV� RI

WLPHV�

AN EXAMPLE

7R�LOOXVWUDWH�WKLV�PDWWHU��OHW
V�FRQVLGHU�D�FRQFUHWH�H[DPSOH��6XSSRVH�ZH�ZDQW�WR�GRXEOH�HDFK�HOHPHQW

RI�D�YHFWRU� x ��DQG�WKHQ�FDOFXODWH�WKHLU�VXP��,Q�WKH�IROORZLQJ��ZH
OO�FRPSDUH�WZR�GLìHUHQW�DSSURDFKHV

WR�DFFRPSOLVK�WKLV�WDVN�

7KH�íUVW�PHWKRG�ZLOO� EH�EDVHG�RQ� sum(2 .* x) �ZLWK� x � HQWHULQJ� LQWR� WKH� FRPSXWDWLRQ�DV�D�JOREDO

YDULDEOH��$V�ZH
OO�GLVFXVV� LQ� ODWHU�VHFWLRQV��WKLV�DSSURDFK�LV�UHODWLYHO\� LQHïFLHQW��$�PRUH�SHUIRUPDQFH

DOWHUQDWLYH�LV�JLYHQ�E\� sum(a -> 2 * a, x) �DQG�SDVVLQJ� x �SDVVHG�DV�D�IXQFWLRQ�DUJXPHQW��)RU�WKH

SXUSRVH�RI�WKLV�FRPSDULVRQ��\RX�RQO\�QHHG�WR�NQRZ�WKDW�ERWK�PHWKRG�SURGXFHV�WKH�VDPH�UHVXOW��ZLWK

WKH�íUVW�RQH�EHLQJ�OHVV�SHUIRUPDQFH��7KH�UXQWLPH�RI�HDFK�DSSURDFK�LV�DV�IROORZV�

7KH�UHVXOWV�UHYHDO� WKDW� WKH�VHFRQG�DSSURDFK�DFKLHYHV�D�VLJQLíFDQW�VSHHGXS�� WDNLQJ� OHVV� WKDQ�����RI

WKH� VORZHU� DSSURDFK��+RZHYHU�� HYHQ� WKH� �VORZ�� DSSURDFK� LV� H[WUHPHO\� IDVW�� WDNLQJ� OHVV� WKDQ�������

VHFRQGV�WR�H[HFXWH�

# We omit the lines that seet the seed

x = rand(100)

y = sum(x)

x      = rand(100_000)

foo()  = sum(2 .* x)

  35.519 μs (5 allocations: 781.37 KiB)

x      = rand(100_000)

foo(x) = sum(a -> 2 * a, x)

  6.393 μs (0 allocations: 0 bytes)



7KLV�SDWWHUQ�ZLOO�EH�D�FRPPRQ�WKHPH�LQ�RXU�EHQFKPDUNV��ZKHUH�DEVROXWH�H[HFXWLRQ�WLPHV�DUH�RIWHQ

QHJOLJLEOH�� ,Q� VXFK� FDVHV�� WKH� UHOHYDQFH� RI� RXU� FRQFOXVLRQV� GHSHQGV� RQ� WKH� FRQWH[W� LQ� ZKLFK� WKH

RSHUDWLRQ�LV�FRQVLGHUHG��,I�WKH�RSHUDWLRQ�LV�RQO\�SHUIRUPHG�RQFH�LQ�LVRODWLRQ��UHDGDELOLW\�VKRXOG�EH�WKH

SULPDU\�FRQVLGHUDWLRQ�IRU�FKRRVLQJ�D�PHWKRG��2Q�WKH�RWKHU�KDQG��LI�WKH�RSHUDWLRQ�LV�UHSHDWHG�PXOWLSOH

WLPHV��VPDOO�GLìHUHQFHV�LQ�SHUIRUPDQFH�PLJKW�DFFXPXODWH�DQG�EHFRPH�VLJQLíFDQW��PDNLQJ�WKH�IDVWHU

DSSURDFK�D�PRUH�VXLWDEOH�FKRLFH�

7R�LOOXVWUDWH�WKLV�SRLQW��OHWÎV�WDNH�WKH�IXQFWLRQV�IURP�WKH�SUHYLRXV�H[DPSOH�DQG�FDOO�WKHP�ZLWKLQ�D�IRU�

ORRS� WKDW� UXQV� �������� WLPHV�� 6LQFH� RXU� VROH� JRDO� LV� WR� UHSHDW� WKH� RSHUDWLRQ�� ZH� GRQÎW� QHHG� D

PHDQLQJIXO� LWHUDWLRQ� YDULDEOH�� 7KLV� LV� D� ZHOO�HVWDEOLVKHG� SURJUDPPLQJ� FRQYHQWLRQ� IRU� VR�FDOOHG

throwaway variables�� SODFHKROGHUV� WKDW� H[LVW� RQO\� WR� VDWLVI\� WKH� ORRSÎV� V\QWD[�� ZLWKRXW� WKHLU� YDOXH

EHLQJ�XVHG��,W�VLJQDOV�WR�RWKHU�SURJUDPPHUV�WKDW�WKH�YDULDEOH�FDQ�EH�VDIHO\�LJQRUHG��,Q�RXU�H[DPSOH�� _

ZLOO�VLPSO\�UHîHFW�WKDW�HDFK�LWHUDWLRQ�LV�SHUIRUPLQJ�H[DFWO\�WKH�VDPH�RSHUDWLRQ�

7KH�H[DPSOH�VWDUNO\�UHYHDOV�WKH�FRQVHTXHQFHV�RI�FDOOLQJ�WKH�IXQFWLRQ�ZLWKLQ�D�IRU�ORRS��7KH�H[HFXWLRQ

WLPH�RI�WKH�VORZ�YHUVLRQ�QRZ�MXPSV�WR�PRUH�WKDQ����VHFRQGV��ZKLOH�WKH�IDVW�YHUVLRQ�íQLVKHV�LQ�XQGHU

RQH� VHFRQG�� 7KH� RXWFRPH� KLJKOLJKWV� WKH� LPSRUWDQFH� RI� RSWLPL]LQJ� IXQFWLRQV� WKDW�ZLOO� HYHQWXDOO\� EH

H[HFXWHG� UHSHDWHGO\�� DV� HYHQ� PLQRU� LPSURYHPHQWV� FDQ� \LHOG� D� VLJQLíFDQW� LPSDFW� RQ� RYHUDOO

SHUIRUPDQFH�

x      = rand(100_000)
foo()  = sum(2 .* x)

function replicate()
   for _ in 1:100_000
      foo()
   end
end

  5.697 s (500000 allocations: 74.52 GiB)

x      = rand(100_000)
foo(x) = sum(a -> 2 * a, x)

function replicate(x)
   for _ in 1:100_000
      foo(x)
   end
end

  677.130 ms (0 allocations: 0 bytes)



7d. Preliminaries on Types

Martin Alfaro
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INTRODUCTION

+LJK� SHUIRUPDQFH� LQ� -XOLD� GHSHQGV� FULWLFDOO\� RQ� WKH� QRWLRQ� RI� W\SH� VWDELOLW\�� 7KH� GHíQLWLRQ� RI� WKLV

FRQFHSW�LV�UHODWLYHO\�VWUDLJKWIRUZDUG��D�IXQFWLRQ�LV�W\SH�VWDEOH�ZKHQ�WKH�W\SHV�RI�LWV�H[SUHVVLRQV�FDQ�EH

LQIHUUHG�IURP�WKH�W\SHV�RI�LWV�DUJXPHQWV��:KHQ�WKH�SURSHUW\�KROGV��-XOLD�FDQ�VSHFLDOL]H�LWV�FRPSXWDWLRQ

PHWKRG��UHVXOWLQJ�LQ�VLJQLíFDQW�SHUIRUPDQFH�JDLQV�

'HVSLWH�LWV�VLPSOLFLW\��W\SH�VWDELOLW\�LV�VXEMHFW�WR�YDULRXV�QXDQFHV��,Q�IDFW��D�FDUHIXO�FRQVLGHUDWLRQ�RI�WKH

SURSHUW\�UHTXLUHV�D�VROLG�IRXQGDWLRQ�LQ�WZR�NH\�DUHDV��Julia's type system and the inner workings of

functions�� 7KH� FXUUHQW� VHFWLRQ� HTXLSV� \RX� ZLWK� WKH� QHFHVVDU\� NQRZOHGJH� WR� JUDVS� WKH� IRUPHU�

GHIHUULQJ�WKH�LQWHUQDOV�RI�IXQFWLRQV�WR�WKH�QH[W�VHFWLRQ��The explanations will focus on the case of

scalars and vectors��OHDYLQJ�PRUH�FRPSOH[�REMHFWV�IRU�VXEVHTXHQW�VHFWLRQV�

%HIRUH�\RX�FRQWLQXH��,�UHFRPPHQG�UHYLHZLQJ�WKH�EDVLFV�RI�W\SHV�LQWURGXFHG�here�

Warning!

The subject is covered only to the extent necessary for

understanding type stability�� -XOLD
V�W\SH�V\VWHP�LV� LQGHHG�TXLWH�YDVW�

DQG�D�FRPSUHKHQVLYH�H[SORUDWLRQ�ZRXOG�ZDUUDQW�D�GHGLFDWHG�FKDSWHU�

BASICS OF TYPES

9DULDEOHV�LQ�-XOLD�DUH�PHUH�ODEHOV�IRU�REMHFWV��ZKHUH�REMHFWV�LQ�WXUQ�KROG�YDOXHV�ZLWK�FHUWDLQ�W\SHV��7KH

PRVW� FRPPRQ� W\SHV� IRU� VFDODUV� DUH� Float64 � DQG� Int64 �� ZKRVH� YHFWRU� FRXQWHUSDUWV� DUH

Vector{Float64} �DQG� Vector{Int64} ��5HFDOO�WKDW� Vector �LV�DQ�DOLDV�IRU�D�RQH�GLPHQVLRQDO�DUUD\��VR

WKDW�D�W\SH�OLNH� Vector{Float64} �LV�HTXLYDOHQW�WR� Array{Float,1} �

Int  As an Alternative to Int64

<RX
OO� QRWLFH� WKDW� SDFNDJHV� WHQG� WR� XVH� Int � DV� WKH� GHIDXOW� W\SH� IRU

LQWHJHUV�� 7KH� W\SH� Int � LV� DQ� DOLDV� WKDW� DGDSWV� WR� \RXU� &38
V

DUFKLWHFWXUH��6LQFH�PRVW�PRGHUQ�FRPSXWHUV�DUH����ELW�V\VWHPV�� Int �LV

HTXLYDOHQW� WR� Int64 �� 1RQHWKHOHVV�� Int � EHFRPHV� Int32 � RQ� ���ELW

V\VWHPV�

https://alfaromartino.github.io/
http://localhost:8000/PAGES/02b_variables/#types


-XOLD
V�W\SH�V\VWHP�LV�RUJDQL]HG�LQ�D�KLHUDUFKLFDO�ZD\��7KLV�IHDWXUH�DOORZV�IRU�WKH�GHíQLWLRQ�RI�VXEVHWV

DQG�VXSHUVHWV�RI�W\SHV��ZKLFK�LQ�WKH�FRQWH[W�RI�W\SHV�DUH�UHIHUUHG�WR�DV�subtypes�DQG�supertypes��

)RU�LQVWDQFH��WKH�W\SH� Any � LV�D�VXSHUW\SH�WKDW�LQFOXGHV�DOO�SRVVLEOH�W\SHV�LQ�-XOLD��WKXV�RFFXS\LQJ�WKH

KLJKHVW�SRVLWLRQ�LQ�DQ\�W\SH�KLHUDUFK\��$QRWKHU�H[DPSOH�RI�VXSHUW\SH�LV� Number ��ZKLFK�HQFRPSDVVHV

DOO�QXPHULF�W\SHV�� Float64 �� Float32 �� Int64 ��HWF���

6XSHUW\SHV� SURYLGH� JUHDW� îH[LELOLW\� IRU� ZULWLQJ� FRGH�� 7KH\� HQDEOH� WKH� JURXSLQJ� RI� YDOXHV� WR� GHíQH

RSHUDWLRQV�LQ�FRPPRQ��)RU�LQVWDQFH��GHíQLQJ� + �IRU�WKH�DEVWUDFW�W\SH� Number �HQVXUHV�LWV�DSSOLFDELOLW\

WR�DOO�QXPHULF�W\SHV��UHJDUGOHVV�RI�ZKHWKHU�WKH\�DUH�LQWHJHUV��îRDWV��RU�WKHLU�QXPHULFDO�SUHFLVLRQ�

$�VSHFLDO�VXSHUW\SH�NQRZQ�DV� Union �ZLOO�EH�LQVWUXPHQWDO�IRU�RXU�H[DPSOHV��7KLV�FRQVWUXFWLRQ�LV�XVHIXO

IRU�YDULDEOHV�WKDW�FDQ�SRWHQWLDOO\�KROG�YDOXHV�ZLWK�GLìHUHQW�W\SHV��7KH\
UH�GHQRWHG�E\� Union{<type1>,

<type2>, ...} �� VR� WKDW� D� YDULDEOH�ZLWK� W\SH� Union{Int64, Float64} � FRXOG�EH�HLWKHU� DQ� Int64 � RU

Float64 ��1RWH�WKDW��E\�GHíQLWLRQ��XQLRQ�W\SHV�DUH�DOZD\V�VXSHUW\SHV�RI�WKHLU�DUJXPHQWV�

Union of Types to Account for Missing Values

8QLRQV�RI�W\SHV�HPHUJH�QDWXUDOO\�LQ�GDWD�DQDO\VLV�ZRUNîRZV��HVSHFLDOO\

ZKHQ� KDQGOLQJ� PLVVLQJ� REVHUYDWLRQV�� ,Q� -XOLD�� WKHVH� YDOXHV� DUH

UHSUHVHQWHG� E\� WKH� W\SH� Missing �� )RU� LQVWDQFH�� LI� ZH� ORDG� D� FROXPQ

WKDW�FRQWDLQV�ERWK�LQWHJHUV�DQG�HPSW\�HQWULHV��WKLV�LV�XVXDOO\�VWRUHG�ZLWK

W\SH� Vector{Union{Missing,Int64}} �

ABSTRACT AND CONCRETE TYPES

7KH�KLHUDUFKLFDO�QDWXUH�RI�W\SHV�PDNHV�LW�SRVVLEOH�WR�UHSUHVHQW�VXEW\SHV�DQG�VXSHUW\SHV�DV�WUHHV��7K

VWUXFWXUH�JLYHV�ULVH�WR�WKH�QRWLRQV�RI�DEVWUDFW�DQG�FRQFUHWH�W\SHV�

$Q�abstract type�DFWV�DV�D�SDUHQW�FDWHJRU\��QHFHVVDULO\�EUHDNLQJ�GRZQ�LQWR�VXEW\SHV��7KH�W\SH� Any �L

-XOLD� LV� D�SULPH�H[DPSOH�� ,Q� FRQWUDVW�� D�concrete type� UHSUHVHQWV�DQ� LUUHGXFLEOH�XQLW� WKDW� WKHUHIRU

ODFNV�VXEW\SHV��&RQFUHWH�W\SHV�DUH�FRQVLGHUHG�íQDO��LQ�WKH�VHQVH�WKDW�WKH\�FDQÎW�EH�IXUWKHU�VSHFLDOL]H

ZLWKLQ�WKH�KLHUDUFK\�

7KH�GLDJUDP�EHORZ�LOOXVWUDWHV�WKH�GLìHUHQFH�EHWZHHQ�DEVWUDFW�DQG�FRQFUHWH�W\SHV�IRU�VFDODUV��7KLV�

GRQH� E\� SUHVHQWLQJ� WKH� KLHUDUFK\� RI� WKH� W\SH� Number �� ZKHUH� WKH� ODEHOV� LQFOXGHG� PDWFK� WK

FRUUHVSRQGLQJ�W\SH�QDPH�LQ�-XOLD��

1

2



HIERARCHY OF TYPE NUMBER

Note��'DVKHG�UHG�ERUGHUV�LQGLFDWH� DEVWUDFW�W\SHV ��ZKLOH�VROLG�EOXH�ERUGHUV�LQGLFDWH

FRQFUHWH�W\SHV �

7KH�GLVWLQFWLRQ�EHWZHHQ�DEVWUDFW�DQG�FRQFUHWH�W\SHV�IRU�VFDODUV�LV�UHODWLYHO\�VWUDLJKWIRUZDUG��,QVWHDG

WKH�VDPH�GLVWLQFWLRQ�EHFRPHV�PRUH�QXDQFHG�ZKHQ�YHFWRUV�DUH�FRQVLGHUHG��DV�VKRZQ�LQ�WKH�GLDJUDP

EHORZ�

HIERARCHY OF TYPE VECTOR

Note��'DVKHG�UHG�ERUGHUV�LQGLFDWH� DEVWUDFW�W\SHV ��ZKLOH�VROLG�EOXH�ERUGHUV�LQGLFDWH

FRQFUHWH�W\SHV �



7KH� WUHH� UHYHDOV� WKDW� Vector{T} for a given type T is a concrete type��%\�GHíQLWLRQ�� WKLV�PHDQ

YDULDEOHV�FDQ�EH�LQVWDQFHV�RI� Vector{T} �DQG� Vector{T} �FDQ
W�KDYH�VXEW\SHV��7KH�ODWWHU�LQ�SDUWLFXOD

LPSOLHV� WKDW� D� YHFWRU� OLNH� Vector{Int64} � LVQ
W� D� VXEW\SH�RI� Vector{Any} �� HYHQ� WKRXJK� Int64 � LV�

VXEW\SH� RI� Any �� 7KLV� EHKDYLRU� VWDQGV� LQ� VWDUN� FRQWUDVW� WR� VFDODUV�� ZKHUH� Any � LV� DQ� DEVWUDFW� W\SH

+RZHYHU�� LW� DOLJQV� SHUIHFWO\� ZLWK� WKH� FRQFHSW� RI� YHFWRUV� DV� FROOHFWLRQV� RI� homogeneous element

PHDQLQJ�WKH\�DOO�VKDUH�WKH�VDPH�W\SH�

ONLY CONCRETE TYPES CAN BE INSTANTIATED, ABSTRACT TYPES CAN'T

,Q�-XOLD��instantiation�UHIHUV�WR�WKH�SURFHVV�RI�FUHDWLQJ�DQ�REMHFW�ZLWK�D�VSHFLíF�W\SH��$�NH\�SULQFLSOH�R

-XOLD
V�W\SH�V\VWHP�LV�WKDW�RQO\�FRQFUHWH�W\SHV�FDQ�EH�LQVWDQWLDWHG�� LPSO\LQJ�WKDW�YDOXHV�FDQ�QHYHU�E

UHSUHVHQWHG� E\� DEVWUDFW� W\SHV�� 7KLV� GLVWLQFWLRQ� KHOSV� FODULI\� WKH� PHDQLQJ� RI� VRPH� ZLGHVSUHD

H[SUHVVLRQV�XVHG�LQ�-XOLD��)RU�H[DPSOH��VWDWLQJ�WKDW�D�YDULDEOH�KDV�W\SH� Any �VKRXOGQÎW�EH�LQWHUSUHWH

OLWHUDOO\��5DWKHU��LW�PHDQV�WKH�YDULDEOH�FDQ�KROG�YDOXHV�RI�DQ\�FRQFUHWH�W\SH��VLQFH�DOO�FRQFUHWH�W\SHV�L

-XOLD�DUH�VXEW\SHV�RI� Any �

7KLV� GLVWLQFWLRQ� ZLOO� EHFRPH� FUXFLDO� IRU� ZKDW� IROORZV�� SDUWLFXODUO\� IRU� W\SH�DQQRWDWLQJ� YDULDEOHV��

LPSOLHV�WKDW�GHFODULQJ�D�YDULDEOH�ZLWK�DQ�DEVWUDFW�W\SH�UHVWULFWV�WKH�VHW�RI�SRVVLEOH�FRQFUHWH�W\SHV�LW�FD

KROG��HYHQ�WKRXJK�WKH�YDULDEOH�ZLOO�XOWLPDWHO\�DGRSW�D�FRQFUHWH�W\SH�

RELEVANCE FOR TYPE STABILITY

$W� WKLV�SRLQW�� \RX�PD\�EH�ZRQGHULQJ�KRZ�DOO� WKHVH�FRQFHSWV� UHODWH� WR� W\SH�VWDELOLW\�� 7KH�FRQQHFWLR

EHFRPHV�FOHDU�ZKHQ�\RX�FRQVLGHU�KRZ�-XOLD�SHUIRUPV�FRPSXWDWLRQV�

+LJK�SHUIRUPDQFH� LQ� -XOLD� UHOLHV�KHDYLO\�RQ� VSHFLDOL]LQJ� WKH� FRPSXWDWLRQ�PHWKRG��:H
OO� VHH� WKDW� WK

VSHFLDOL]DWLRQ�LV�XQDWWDLQDEOH�LQ�WKH�JOREDO�VFRSH��DV�-XOLD�WUHDWV�JOREDO�YDULDEOHV�DV�SRWHQWLDOO\�KROGLQ

YDOXHV�RI�DQ\�W\SH��,Q�FRQWUDVW��ZKHQ�FRGH�LV�ZUDSSHG�LQ�D�IXQFWLRQ��WKH�H[HFXWLRQ�SURFHVV�EHJLQV�E

GHWHUPLQLQJ�WKH�FRQFUHWH�W\SHV�RI�HDFK�IXQFWLRQ�DUJXPHQW��7KLV�LQIRUPDWLRQ�LV�WKHQ�XVHG�WR�LQIHU�WK

FRQFUHWH�W\SHV�RI�DOO�WKH�H[SUHVVLRQV�ZLWKLQ�WKH�IXQFWLRQ�ERG\�

:KHQ� WKLV� LQIHUHQFH� VXFFHHGV�� PHDQLQJ� DOO� H[SUHVVLRQV� KDYH� XQDPELJXRXV� FRQFUHWH� W\SHV�� WK

IXQFWLRQ�LV�FRQVLGHUHG�type stable��77\SH�VWDELOLW\�HQDEOHV�-XOLD�WR�VSHFLDOL]H�LWV�FRPSXWDWLRQ�PHWKR

DQG� JHQHUDWH� RSWLPL]HG� PDFKLQH� FRGH�� ,I�� LQVWHDG�� H[SUHVVLRQV� FRXOG� SRWHQWLDOO\� WDNH� RQ� PXOWLSO

FRQFUHWH� W\SHV�� SHUIRUPDQFH� LV� VXEVWDQWLDOO\� GHJUDGHG�� DV� -XOLD� PXVW� FRQVLGHU� D� VHSDUDW

LPSOHPHQWDWLRQ�IRU�HDFK�SRVVLEOH�W\SH�

)RU� VFDODUV� DQG� YHFWRUV�� W\SH� VWDELOLW\� HVVHQWLDOO\� UHTXLUHV� WKDW� H[SUHVVLRQV� XOWLPDWHO\� RSHUDWH� R

primitive types�� ([DPSOHV� RI� QXPHULF� SULPLWLYH� W\SHV� LQFOXGH� LQWHJHUV� DQG� îRDWLQJ�SRLQW� QXPEHU

VXFK� DV� Int64 �� Float64 �� DQG� Bool �� 7KXV�� DSSO\LQJ� IXQFWLRQV� OLNH� sum � WR� D� Vector{Int64} � R

Vector{Float64} �DOORZV�IRU�IXOO�VSHFLDOL]DWLRQ��ZKHUHDV�DSSO\LQJ�WKHP�WR�D� Vector{Any} �SUHYHQWV�LW�

String Objects

)RU�WH[W�UHSUHVHQWDWLRQ��WKH�FKDUDFWHU�W\SH� Char �VHUYHV�DV�WKH�SULPLWLYH

W\SH��6LQFH�D� String � LV� LQWHUQDOO\�UHSUHVHQWHG�DV�D�FROOHFWLRQ�RI� Char

HOHPHQWV��RSHUDWLRQV�RQ� String �REMHFWV�FDQ�DOVR�DFKLHYH�W\SH�VWDELOLW\�



THE OPERATOR <: TO IDENTIFY SUPERTYPES

7KH� UHVW� RI� WKLV� VHFWLRQ� LV� GHGLFDWHG� WR�RSHUDWRUV� DQG� IXQFWLRQV� IRU�ZRUNLQJ�ZLWK� W\SHV�� 6SHFLíFDOO\�

ZH
OO�LQWURGXFH�WKH�RSHUDWRU� <: ��ZKLFK�FKHFNV�ZKHWKHU�D�JLYHQ�W\SH�LV�D�VXEW\SH�RI�DQRWKHU��DQG�WKHQ

H[SORUH�ZD\V�WR�FRQVWUDLQ�D�YDULDEOH�WR�FHUWDLQ�W\SHV�

It's possible that you won't need to apply any of the techniques we present��DV�-XOLD�DXWRPDWLFDOO\

DWWHPSWV� WR� LQIHU� W\SHV� ZKHQ� IXQFWLRQV� DUH� FDOOHG�� 1RQHWKHOHVV�� XQGHUVWDQGLQJ� WKHVH� RSHUDWRUV� LV

HVVHQWLDO�IRU�JUDVSLQJ�XSFRPLQJ�PDWHULDO�

USE OF <:

7KH�V\PERO� :< �WHVWV�ZKHWKHU�D�W\SH� T �LV�D�VXEW\SH�RI�DQRWKHU�W\SH� S ��,W�FDQ�EH�XVHG�DV�DQ�RSHUDWRU

T <: S �RU�DV�D�IXQFWLRQ� <:(T,S) ��)RU�H[DPSOH�� Int64 <: Number �DQG� <:(Int64, Number) �YHULí\

ZKHWKHU� Int64 � LV� D� VXEW\SH� RI� Number �� ZKLFK� ZRXOG� UHWXUQ� true �� %HORZ�� ZH� SURYLGH� IXUWKHU

H[DPSOHV�

7KH�IDFW�WKDW� Int64 <: Int64 �HYDOXDWHV�WR� true �LOOXVWUDWHV�D�IXQGDPHQWDO�SULQFLSOH��every type is a

subtype of itself��0RUHRYHU��LQ�WKH�FDVH�RI�FRQFUHWH�W\SHV��WKLV�LV�WKH�RQO\�VXEW\SH�

THE KEYWORD WHERE

%\�FRPELQLQJ� <: �ZLWK� Union ��\RX�FDQ�DOVR�FKHFN�ZKHWKHU�D�W\SH�EHORQJV�WR�D�JLYHQ�VHW�RI�W\SHV��)RU

H[DPSOH�� Int64 <: Union{Int64, Float64} � DVVHVVHV� ZKHWKHU� Int64 � HTXDOV� Int64 � RU� Float64 �

WKXV�UHWXUQLQJ� true �

7KH� DSSURDFK� FDQ� EH� PDGH� PRUH� ZLGHO\� DSSOLFDEOH� E\� XVLQJ� WKH� where � NH\ZRUG� ZLWK� D� W\SH

SDUDPHWHU� T �� ��7KH�V\QWD[�LV� <type depending on T> where T <: <set of types> ��,Q�WKLV�ZD\�� T

UHSUHVHQWV�PXOWLSOH�SRVVLELOLWLHV�

# all the statements below are `true`
Float64 <: Any
Int64   <: Number
Int64   <: Int64

# all the statements below are `false`
Float64 <: Vector{Any}
Int64   <: Vector{Number}
Int64   <: Vector{Int64}

3

# all the statements below are `true`
Float64 <: Any
Int64   <: Union{Int64, Float64}
Int64   <: Union{T, String} where T <: Number       # `String` represents text



7\SHV�WKDW�DGG�SDUDPHWHUV�OLNH� T �DUH�FDOOHG�parametric types��,Q�WKH�H[DPSOH�DERYH��WKH\�DOORZ�XV

WR� GLVWLQJXLVK� EHWZHHQ� D� FRQFUHWH� W\SH� OLNH� Vector{Any} � DQG� D� VHW� RI� FRQFUHWH� W\SHV� Vector{T}

where T <: Any ��ZKHUH�WKH�ODWWHU�HQFRPSDVVHV� Vector{Int64} �� Vector{Float64} �� Vector{String} �

HWF�

Warning! - The Type Any

:KHQ�ZH�RPLW� <: �DQG�VLPSO\�ZULWH� where T ��-XOLD�LPSOLFLWO\�LQWHUSUHWV

WKH� VWDWHPHQW� DV� where T <: Any �� 7KLV� LV� ZK\�ZH� FDQ� HVWDEOLVK� WKH

IROORZLQJ�HTXLYDOHQFHV�

TYPE-ANNOTATING VARIABLES

# all the statements below are `true`
Vector{Float64} <: Vector{T} where T <: Any
Vector{Int64}   <: Vector{T} where T <: Union{Int64, Float64}
Vector{Number}  <: Vector{T} where T <: Any

# all the statements below are `false`
Vector{Float64} <: Vector{Any}
Vector{Int64}   <: Vector{Union{Int64, Float64}}
Vector{Number}  <: Vector{Any}

# all the statements below are `true`
Vector{Float64} <: Vector{<:Any}
Vector{Int64}   <: Vector{<:Union{Int64, Float64}}
Vector{Number}  <: Vector{<:Any}

# all the statements below are `false`
Vector{Float64} <: Vector{Any}
Vector{Int64}   <: Vector{Union{Int64, Float64}}
Vector{Number}  <: Vector{Any}

# all the statements below are `true`
Float64       <: Any
Float64       <: T where T <: Any             # identical to 
the line above
Vector{Int64} <: Vector{T} where T <: Any

# all the statements below are `true`
Float64       <: Any
Float64       <: T where T                    # identical to 
the line above
Vector{Int64} <: Vector{T} where T



,Q�WKH�IROORZLQJ��ZH�SUHVHQW�PHWKRGV�IRU�type-annotating variables��7KH�WHFKQLTXHV�LQWURGXFHG�FDQ

EH�XVHG�HLWKHU�WR�DVVHUW�D�YDULDEOH
V�W\SH�during an assignment�RU�WR�UHVWULFW�WKH�W\SHV�RI�function

arguments�

6SHFLíFDOO\��WKHUH�DUH�WZR�DSSURDFKHV�WR�W\SH�DQQRWDWLQJ�YDULDEOHV��7KH�íUVW�RQH�UHOLHV�RQ�WKH�ELQDU\

RSHUDWRU� :: �� DQG� LWV� V\QWD[� LV� x::<type> �� 7KH� VHFRQG� DSSURDFK� OHYHUDJHV� WKH� %RROHDQ� ELQDU\

RSHUDWRU� <: �� FRPELQHG�ZLWK� :: � DQG� WKH� NH\ZRUG� where �� ,WV� V\QWD[� LV� x::T where T <: <type>

�QRWH�WKDW� T �DFFHSWV�DQ\�RWKHU�OHWWHU��

1H[W�� ZH� LOOXVWUDWH� ERWK� PHWKRGV�� FRQVLGHULQJ� W\SH�DQQRWDWLRQV� IRU� DVVLJQPHQWV� DQG� IRU� IXQFWLRQ

DUJXPHQWV�VHSDUDWHO\�

ASSIGNMENTS

/HW
V�VWDUW�LOOXVWUDWLQJ�WKH�DSSURDFKHV�IRU�VFDODU�DVVLJQPHQWV��(DFK�WDE�EHORZ�GHFODUHV�DQ�LGHQWLFDO�W\SH

IRU� x �DQG�IRU� y �

julia> x = 2.5

ERROR: InexactError: Int64(2.5)

julia> y = 2.5

2.5

julia> y = "hello"

ERROR: MethodError: Cannot convert an object of type String to an object of type Number

julia> x = 2.5

ERROR: InexactError: Int64(2.5)

julia> y = 2.5

2.5

julia> y = "hello"

ERROR: MethodError: Cannot convert an object of type String to an object of type Number

Warning! - Modifying Types

2QFH�\RX�DVVHUW�D� W\SH� IRU� x � LQ�DQ�DVVLJQPHQW��\RX�FDQ
W�PRGLI\� x 
V

W\SH� DIWHUZDUGV�� 7KH� RQO\� ZD\� WR� í[� WKLV� LV� E\� VWDUWLQJ� D� QHZ� -XOLD

VHVVLRQ�

x::Int64               = 2      # only reassignments to `Int64` are possible

y::Number              = 2      # only reassignments to `Float64`, `Float32`, `Int64`, etc 
are possible

x::T where T <: Int64  = 2      # only reassignments to `Int64` are possible

y::T where T <: Number = 2      # only reassignments to `Float64`, `Float32`, `Int64`, etc
are possible



7KH� IDFW� WKDW� x � UHWDLQV� WKH� VDPH� W\SH� DFURVV� DOO� WDEV� IROORZV� EHFDXVH� T <: Float64 � FDQ� RQO\

UHSUHVHQW� Float64 ��7KLV�IDFW�DULVHV�EHFDXVH� Float64 �LV�D�FRQFUHWH�W\SH��ZKLFK�KDV�QR�VXEW\SHV�RWKHU

WKDQ�LWVHOI�E\�GHíQLWLRQ��&RQVLGHULQJ�WKLV��VFDODU�W\SHV�DUH�XVXDOO\�DVVHUWHG�XVLQJ� :: �UDWKHU�WKDQ� <: �

2Q�WKH�FRQWUDU\��WKH�LPSOLFDWLRQV�ZKHQ� :: �RU� <: �LV�FKRVHQ�GLìHUV�IRU�YHFWRUV��6SHFLíFDOO\��XVLQJ� ::

LQ�FRPELQDWLRQ�ZLWK� Vector{Number} �HVWDEOLVKHV�WKDW� Vector{Number} � LV�WKH�RQO\�SRVVLEOH�FRQFUHWH

W\SH�� ,QVWHDG�� Vector{T} where T <: Number � LQGLFDWHV�WKDW� WKH�HOHPHQWV�RI� WKH�YHFWRU�ZLOO�DGRSW�D

FRQFUHWH�W\SH�WKDW
V�D�VXEW\SH�RI� Number ��UDWKHU�WKDQ�WKH�REMHFW�DGRSWLQJ� Vector{Number} �

julia> typeof(x)

Vector{Any} (alias for Array{Any, 1})

julia> typeof(y)

Vector{Number} (alias for Array{Number, 1})

julia> typeof(x)

Vector{Int64} (alias for Array{Int64, 1})

julia> typeof(y)

Vector{Int64} (alias for Array{Int64, 1})

7KH�SULQFLSOHV�RXWOLQHG�DSSO\�HYHQ�ZKHQ�D�YDULDEOH� LVQ
W�H[SOLFLWO\�W\SH�DQQRWDWHG��7KH�UHDVRQ�LV�WKDW

an assignment without :: implicitly assigns the type Any to the variable��ZKHUH� Any � LV� WKH

VXSHUW\SH�HQFRPSDVVLQJ�DOO�SRVVLEOH�W\SHV��)RU�H[DPSOH��WKH�VWDWHPHQWV� x = 2 �DQG� x::Any = 2 �DUH

HTXLYDOHQW�

7KH�VDPH�RFFXUV�ZKHQ�RPLWWLQJ� <: �IURP�WKH�H[SUHVVLRQ� where T ��ZKLFK�LPSOLFLWO\�WDNHV� T <: Any �

7KXV�� IRU� LQVWDQFH�� x = 2 � LV� HTXLYDOHQW� WR� x::T where T = 2 � RU� x::T where T <: Any = 2 �

&RQVLGHULQJ�WKLV��DOO�WKH�YDULDEOHV�EHORZ�KDYH�WKHLU�W\SHV�UHVWULFWHG�LQ�WKH�VDPH�ZD\�

# `x` will always be `Vector{Any}`
x::Vector{Any}                 = [1,2,3]

# `y` will always be `Vector{Number}`
y::Vector{Number}              = [1,2,3]

# `x` is Vector{Int64} and could eventually become `Vector{Float64}`, `Vector{String}`, etc
x::Vector{T} where T <:Any     = [1,2,3]

# `x` is Vector{Int64} and could eventually become `Vector{Float64}`, `Vector{Int32}`, etc
y::Vector{T} where T <: Number = [1,2,3]

# all are equivalent
a      = 2
b::Any = 2



7KH�GHIDXOW�UHVWULFWLRQ�RI�YDULDEOHV�WR�WKH�W\SH� Any �LV�WKH�UHDVRQ�ZK\�ZH�FDQ�UHDVVLJQ�YDULDEOHV�ZLWK

DQ\�YDOXH��)RU�LQVWDQFH��JLYHQ� a = 1 ��H[HFXWLQJ� a = "hello" �DIWHUZDUGV�LV�YDOLG��VLQFH� a �LV�LPSOLFLWO\

W\SH�DQQRWDWHG�ZLWK� Any �

Warning! - One-liner Statements Using `where`

%H� FDUHIXO� ZLWK� RQH�OLQHU� VWDWHPHQWV� XVLQJ� where �� HVSHFLDOO\� ZKHQ

where T � LV�VKRUWKDQG�IRU� where T <: Any ��7KHVH�FRQFLVH�VWDWHPHQWV

FDQ�HDVLO\�OHDG�WR�FRQIXVLRQ��DV�GHPRQVWUDWHG�EHORZ�

FUNCTIONS

)XQFWLRQ�DUJXPHQWV�FDQ�DOVR�EH�W\SH�DQQRWDWHG��7KH�H[DPSOHV�EHORZ�LOOXVWUDWH�WKLV�E\�UHVWULFWLQJ�WKH

IXQFWLRQ�WR�DFFHSW�LQWHJHU�LQSXWV�H[FOXVLYHO\�

julia> foo1(1, 2)

3

julia> foo1(1.5, 2)

ERROR: MethodError: no method matching foo1(::Float64, ::Int64)

# all are equivalent
a                   = 2
b::T where T        = 2
c::T where T <: Any = 2

a::T where T = 2                  # this is not `T = 2`, it's 
`a = 2`

a::T where {T}        = 2         # slightly less confusing
notation
a::T where {T <: Any} = 2         # slightly less confusing 
notation

foo(x::T) where T = 2             # this is not `T = 2`, it's
`foo(x) = 2`

foo(x::T) where {T}        = 2    # slightly less confusing 
notation
foo(x::T) where {T <: Any} = 2    # slightly less confusing 
notation

function foo1(x::Int64, y::Int64)
    x + y 
end



julia> foo2([1,2], [3,4])
2-element Vector{Int64}:
 4
 6

julia> foo2([1,2], [3.0, 4.0])

ERROR: MethodError: no method matching foo2(::Vector{Int64}, ::Vector{Float64})

1RWH�WKDW�W\SH�DQQRWDWLQJ�ERWK�DUJXPHQWV�ZLWK�WKH�VDPH�SDUDPHWHU� T � IRUFHV�WKHP�WR�KDYH�H[DFWO\

WKH�VDPH�W\SH��$OVR�QRWLFH�WKDW�W\SHV�OLNH� Int64 �SUHFOXGH�WKH�XVH�RI� Float64 ��HYHQ�IRU�QXPEHUV�OLNH

3.0 �� ,I� \RX� QHHG� JUHDWHU� îH[LELOLW\�� \RX� VKRXOG� LQWURGXFH� GLìHUHQW� W\SH� SDUDPHWHUV� DQG� DQQRWDWH

WKHP�ZLWK�DQ�DEVWUDFW�W\SH�OLNH� Number �

julia> foo2(1.5, 2.0)

3.5

julia> foo2(1.5, 2)

ERROR: MethodError: no method matching foo2(::Float64, ::Int64)

julia> foo3(1.5, 2.0)

3.5

julia> foo3(1.5, 2)

3.5

7KH�JUHDWHVW�îH[LELOLW\�LV�DFKLHYHG�ZKHQ�ZH�GRQ
W�W\SH�DQQRWDWH�IXQFWLRQ�DUJXPHQWV�DW�DOO��DV�WKH\�ZLOO

LPSOLFLWO\� GHIDXOW� WR� Any �� 7KLV� FDQ� EH� REVHUYHG� EHORZ�� ZKHUH� DOO� WDEV� GHíQH� LGHQWLFDO� IXQFWLRQV�

8OWLPDWHO\��W\SH�DQQRWDWLQJ�IXQFWLRQ�DUJXPHQWV�LV�RQO\�QHHGHG�WR�SUHYHQW�LQYDOLG�XVDJH��H�J���WR�HQVXUH

WKDW� log �LVQ
W�DSSOLHG�WR�D�QHJDWLYH�YDOXH��

function foo2(x::Vector{T}, y::Vector{T}) where T <: Int64
    x .+ y 
end

function foo2(x::T, y::T) where T <: Number
    x + y 
end

function foo3(x::T, y::S) where {T <: Number, S <: Number} 
    x + y 
end

function foo(x, y)
    x + y 
end

function foo(x::Any, y::Any)
    x + y 
end



CREATING VARIABLES WITH SOME TYPE

7R� FRQFOXGH� WKLV� VHFWLRQ�� ZH� SUHVHQW� DQ� DSSURDFK� WR� GHíQLQJ� YDULDEOHV� ZLWK� D� JLYHQ� W\SH�� 7KH

DSSURDFK� UHOLHV� RQ� WKH� VR�FDOOHG� constructors�� ZKLFK� DUH� IXQFWLRQV� WKDW� FUHDWH� QHZ� LQVWDQFHV� RI� D

FRQFUHWH�W\SH��7KH\
UH�XVHIXO�IRU�WUDQVIRUPLQJ�D�YDULDEOH� x �LQWR�DQRWKHU�W\SH�

&RQVWUXFWRUV�DUH� LPSOHPHQWHG�E\� IXQFWLRQV�RI� WKH� IRUP� Type(x) ��ZKHUH� Type � VKRXOG�EH� UHSODFHG

ZLWK�WKH�OLWHUDO�QDPH�RI�WKH�W\SH��H�J��� Vector{Float64} ���-XVW�OLNH�DQ\�RWKHU�IXQFWLRQ�� Type �VXSSRUWV

EURDGFDVWLQJ�

julia> y
1.0

julia> z
true

julia> y

3-element Vector{Any}:
 1
 2
 3

julia> y

3-element Vector{Float64}:
 1.0
 2.0
 3.0

function foo(x::T, y::S) where {T <: Any, S <: Any} 
    x + y 
end

function foo(x::T, y::S) where {T, S} 
    x + y 
end

x = 1

y = Float64(x)
z = Bool(x)

x = [1, 2, 3]

y = Vector{Any}(x)

x = [1, 2, 3]

y = Float64.(x)



Remark

3DUDPHWULF� W\SHV� FDQ� EH� XVHG� DV� FRQVWUXFWRUV�� 0RUHRYHU�� DOWKRXJK

DEVWUDFW�W\SHV�FDQ
W�EH�LQVWDQWLDWHG��WKH\�PD\�VWLOO�VHUYH�DV�FRQVWUXFWRUV�

,Q� VXFK� FDVHV�� -XOLD� ZLOO� DWWHPSW� WR� FRQYHUW� WKH� REMHFW� WR� D� VSHFLíF

FRQFUHWH� W\SH�� DOWKRXJK� QRW� DOO� DEVWUDFW� W\SHV� FDQ� EH� XVHG� IRU� WKLV

SXUSRVH�

julia> typeof(y)
Int64

julia> typeof(y)
Vector{Int64}

ERROR: MethodError: no constructors have been defined
for Any

7KHUH
V�DQ�DOWHUQDWLYH�ZD\�WR�WUDQVIRUP� x 
V�W\SH�LQWR� T ��DV�ORQJ�DV�WKH�FRQYHUVLRQ�LV�IHDVLEOH��7KLV�LV

JLYHQ�E\�WKH�IXQFWLRQ� convert(T,x) �

julia> y
1.0

julia> z
true

x = 1

y = Number(x)

x = [1, 2]

y = (Vector{T} where T)(x)

x = 1

z = Any(x)

x = 1

y = convert(Float64, x)
z = convert(Bool, x)



julia> y
3-element Vector{Any}:
 1
 2
 3

julia> y
3-element Vector{Float64}:
 1.0
 2.0
 3.0

FOOTNOTES

�7\SHV�GRQ
W�QHFHVVDULO\�IROORZ�D�VXEW\SH�VXSHUW\SH�KLHUDUFK\��)RU�H[DPSOH�� Float64 �DQG� Vector{String} �H[LVW

LQGHSHQGHQWO\��ZLWKRXW�D�KLHUDUFKLFDO�UHODWLRQVKLS��7KLV�IDFW�ZLOO�EHFRPH�FOHDUHU�ZKHQ�WKH�FRQFHSWV�RI�DEVWUDFW�DQG

FRQFUHWH�W\SHV�DUH�GHíQHG�

�7KH� Signed �VXEW\SH�RI� Integers �DOORZV�IRU�WKH�UHSUHVHQWDWLRQ�RI�QHJDWLYH�DQG�SRVLWLYH�LQWHJHUV��-XOLD�DOVR�RìHUV

WKH�W\SH� Unsigned ��ZKLFK�RQO\�DFFHSWV�SRVLWLYH�LQWHJHUV�DQG�FRPSULVHV�VXEW\SHV�VXFK�DV� UInt64 �DQG� UInt32 �

T �FDQ�EH�UHSODFHG�E\�DQ\�RWKHU�OHWWHU

x = [1, 2, 3]

y = convert(Vector{Any}, x)

x = [1, 2, 3]

y = convert.(Float64, x)

1.

2.

3.



7e. Functions: Type Inference and Multiple
Dispatch

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

,Q� -XOLD�� IXQFWLRQV�DUH�NH\� IRU�DFKLHYLQJ�KLJK�SHUIRUPDQFH��7KLV� LV�E\�GHVLJQ��DV� IXQFWLRQV�KDYH�EHHQ

HQJLQHHUHG�IURP�WKH�RXWVHW�WR�JHQHUDWH�HïFLHQW�PDFKLQH�FRGH�

+RZHYHU��WR�IXOO\�XQORFN�WKHLU�SRWHQWLDO��ZH�PXVW�íUVW�XQGHUVWDQG�WKH�XQGHUO\LQJ�SURFHVV�RI�IXQFWLRQ

FDOOV��(VVHQWLDOO\��ZKHQ�D� IXQFWLRQ� LV�FDOOHG�� -XOLD�DWWHPSWV� WR� LGHQWLI\�FRQFUHWH� W\SHV� IRU� LWV�YDULDEOHV�

WKHQ� VHOHFWLQJ� WKH� PRVW� VXLWDEOH� PHWKRG� IRU� WKH� IXQFWLRQ�� $W� WKH� KHDUW� RI� WKH� SURFHVV� DUH� WKUHH

LQWHUFRQQHFWHG�PHFKDQLVPV��dispatch��compilation��DQG�type inference��7KLV�VHFWLRQ�ZLOO�SURYLGH�D

GHWDLOHG�H[SODQDWLRQ�RI�HDFK�FRQFHSW�

FUNCTIONS AND GLOBAL VARIABLES

7R�IXOO\�JUDVS�KRZ�IXQFWLRQV�HQKDQFH�SHUIRUPDQFH�LQ�-XOLD��LWÎV�HVVHQWLDO�WR�H[DPLQH�WKHLU�UHODWLRQVKLS

ZLWK� YDULDEOH� VFRSH�� Local variables� HQFRPSDVV� DOO� YDULDEOHV� GHíQHG� ZLWKLQ� D� IXQFWLRQ
V� VFRSH�

LQFOXGLQJ� IXQFWLRQ�DUJXPHQWV�DQG�YDULDEOHV�GHFODUHG� LQVLGH� WKH� IXQFWLRQ�ERG\��7KHVH�YDULDEOHV�H[LVW

RQO\�GXULQJ�WKH�IXQFWLRQ
V�H[HFXWLRQ�DQG�DUH�LQDFFHVVLEOH�IURP�RXWVLGH�WKH�IXQFWLRQ��Global variables�

RQ�WKH�RWKHU�KDQG��UHIHU�WR�DQ\�YDULDEOH�GHíQHG�RXWVLGH�D�IXQFWLRQ
V�VFRSH�DQG�DQG�UHPDLQ�DFFHVVLEOH

WKURXJKRXW�WKH�SURJUDP
V�H[HFXWLRQ�

2QH�RI�WKH�PDLQ�WDNHDZD\�RI�WKLV�VHFWLRQ�LV�WKDW�wrapping operations within functions is crucial for

achieving high performance in Julia��,QVWHDG��ZRUNLQJ�LQ�WKH�JOREDO�VFRSH��RU�PRUH�JHQHUDOO\�UHO\LQJ

RQ�JOREDO�YDULDEOHV��SUHFOXGHV�DQ\�SHUIRUPDQFH�LPSOHPHQWDWLRQ�

7KH�ORZ�SHUIRUPDQFH�RI�JOREDO�YDULDEOHV�DULVHV�EHFDXVH�-XOLD�WUHDWV�WKHP�DV�SRWHQWLDOO\�HPERG\LQJ�DQ\

YDOXH�DQG�WKHUHIRUH�DQ\�W\SH��7KLV�GHFLVLRQ�ZDV�DGRSWHG�XQGHU�WKH�ORJLF�WKDW��HYHQ�LI�D�YDULDEOH�KROGV

VRPH�YDOXH�DW�D�VSHFLíF�PRPHQW��WKH�XVHU�PD\�UHDVVLJQ�LW�DW�DQ\�SDUW�RI�WKH�SURJUDP�

7KH�GHWULPHQWDO�HìHFW�RI�JOREDO�YDULDEOHV�LVQ
W�FRQíQHG�WR�RSHUDWLRQV�LQ�WKH�JOREDO�VFRSH��,W�DOVR�DULVHV

ZKHQ�D� IXQFWLRQ� UHIHUHQFHV� H[WHUQDO� YDULDEOHV� WKDW� KDYHQ
W� EHHQ�SDVVHG� DV� DUJXPHQWV�� &RQVLGHULQJ

WKLV��RXU�FRQFOXVLRQV�DSSO\�WR�DOO�WKH�IROORZLQJ�FDVHV�



GLOBAL VARIABLE IN GLOBAL SCOPE

julia> y

6

GLOBAL VARIABLE IN FUNCTION

julia> foo()

6

5HFDOO� WKDW� DQ�H[SUHVVLRQ� OLNH� x = 2 � LV� VKRUWKDQG� IRU� x::Any = 2 �� UHîHFWLQJ� WKDW� JOREDO� YDULDEOHV

GHIDXOW�WR� Any �XQOHVV�WKH\
UH�H[SOLFLWO\�W\SH�DQQRWDWHG��$OVR�UHPHPEHU�WKDW�RQO\�FRQFUHWH�W\SHV�FDQ

EH�instantiated��PHDQLQJ�WKDW�YDOXHV�FDQ�RQO\�DGRSW�D�FRQFUHWH�W\SH��&RQVHTXHQWO\�� x::Any �VKRXOGQ
W

EH� XQGHUVWRRG� DV� x � KDYLQJ� W\SH� Any �� EXW� UDWKHU� WKDW� x � FDQ� WDNH� RQ� DQ\� FRQFUHWH� W\SH� WKDW� LV� D

VXEW\SH�RI� Any ��6LQFH� Any �LV�DW�WKH�WRS�RI�-XOLD
V�W\SH�KLHUDUFK\��WKLV�VLPSO\�PHDQV�WKDW� x 
V�W\SHV�DUH

XQUHVWULFWHG�

:RUNLQJ�ZLWK�D�YDULDEOH� OLNH� x � WKDW�KDV� W\SH� Any ��SUHYHQWV�VSHFLDOL]DWLRQ�RI� * �� 7KH� UHDVRQ� LV� WKDW

-XOLD�PXVW� FRQVLGHU�PXOWLSOH� SRVVLEOH�PHWKRGV� IRU� LWV� FRPSXWDWLRQ�� RQH� IRU� HDFK� SRVVLEOH� FRQFUHWH

W\SH�RI� x ��,Q�SUDFWLFH��WKLV�UHVXOWV�LQ�-XOLD�JHQHUDWLQJ�FRGH�ZLWK�PXOWLSOH�EUDQFKHV��SRWHQWLDOO\�LQYROYLQJ

W\SH�FKHFNV��FRQYHUVLRQV��DQG�REMHFW�FUHDWLRQV��7KH�FRQVHTXHQFH�LV�GHJUDGHG�SHUIRUPDQFH�

(YHQ� LI� ZH� KDG� W\SH�DQQRWDWHG� x � ZLWK� D� FRQFUHWH� W\SH� OLNH� x::Int64 = 2 �� WKH� SHUIRUPDQFH

OLPLWDWLRQV� ZRXOGQ
W� FRPSOHWHO\� JR� DZD\�� 7KLV� LV� EHFDXVH� FHUWDLQ� RSWLPL]DWLRQV� FDQ� RQO\� EH

LPSOHPHQWHG�ZKHQ�ERWK�WKH�VFRSH�RI�YDULDEOHV�LV�FOHDUO\�GHOLPLWHG�DQG�WKHLU�YDOXHV�DUH�NQRZQ��:KHQ

ERWK�DVSHFWV�DUH�NQRZQ�� -XOLD�FDQ�JDLQ�D�FRPSUHKHQVLYH�YLHZ�RI�DOO� WKH�RSHUDWLRQV�WR�EH�SHUIRUPHG�

FUHDWLQJ�RSSRUWXQLWLHV�IRU�IXUWKHU�RSWLPL]DWLRQV�

)XQFWLRQV�ZHUH�GHVLJQHG� LQ� -XOLD�WR�DGGUHVV�DOO� WKHVH�FRQVLGHUDWLRQV��7KLV� LV�DFFRPSOLVKHG�WKURXJK�D

VHULHV�RI�VWHSV�WKDW�IXQFWLRQV�IROORZ��ZKLFK�ZH�FRYHU�QH[W�

FUNCTIONS AND METHODS

$�function�LV�MXVW�D�QDPH�WKDW�JURXSV�DQ�DUELWUDU\�QXPEHU�RI�PHWKRGV��(DFK�method��LQ�WXUQ��GHíQHV

D� VSHFLíF� IXQFWLRQ� ERG\� IRU� D� JLYHQ� FRPELQDWLRQ� RI� QXPEHU� DQG� W\SHV� RI� DUJXPHQWV�� 7KH� OLVW� RI

PHWKRGV�DVVRFLDWHG�ZLWK�D�IXQFWLRQ� foo �FDQ�EH�UHWULHYHG�E\�UXQQLQJ�WKH�FRPPDQG� methods(foo) �

7R� LOOXVWUDWH� WKHVH� FRQFHSWV�� OHW
V� GHíQH� VHYHUDO� PHWKRGV� IRU� VRPH� IXQFWLRQ� QDPHG� foo �� 7R� NHHS

PDWWHUV� VLPSOH�� OHW
V� VWDUW� FRQVLGHULQJ� D� VFHQDULR� ZKHUH� DOO� WKH� PHWKRGV� LQ� foo � KDYH� WKH� VDPH

QXPEHU� RI� DUJXPHQWV�� &UHDWLQJ� PHWKRGV� UHTXLUHV� W\SH�DQQRWDWLQJ� foo 
V� DUJXPHQWV� ZLWK� WKH

x     = 2

y     = 3 * x

x     = 2

foo() = 3 * x



RSHUDWRU� :: � GXULQJ� LWV� GHíQLWLRQ�� 7KHQ�� ZH� FDQ� SURYLGH� D� GLVWLQFW� ERG\� IXQFWLRQ� IRU� HDFK� XQLTXH

FRPELQDWLRQ�RI�WKHVH�W\SHV�

METHODS

julia> methods(foo)

2 methods for generic function "foo" from Main

julia> foo(1,2)

3

julia> foo("some text", "more text")

"This is some text and this is more text"

6LQFH� foo(a,b) �LV�HTXLYDOHQW�WR� foo(a::Any,b::Any) ��WKH�íUVW�PHWKRG�VHWV�WKH�EHKDYLRU�RI� foo �IRU

DQ\�FRPELQDWLRQ�RI�LQSXW�W\SHV��+RZHYHU��VXFK�EHKDYLRU�LV�RYHUULGGHQ�E\�WKH�PHWKRG� foo(a::String,

b::String) �� ZKLFK� SURYLGHV� DQ� DOWHUQDWLYH� IXQFWLRQ� ERG\� IRU� a � DQG� b � ZLWK� W\SH� String �� 7KH

H[LVWHQFH� RI�PXOWLSOH�PHWKRGV� H[SODLQV� WKH� GLìHUHQW� RXWSXWV� REWDLQHG�� WKH� íUVW�PHWKRG� RI� foo � LV

FDOOHG�ZLWK� foo(1, 2) ��ZKHUHDV� foo("some text", "more text") �WULJJHUV�WKH�VHFRQG�PHWKRG�

7KH� H[DPSOH� DOVR� UHYHDOV� WKDW� methods don't need to comprise similar operations�� $OWKRXJK

PL[LQJ� GUDVWLFDOO\� GLìHUHQW� RSHUDWLRQV� XQGHU� D� VLQJOH� IXQFWLRQ� QDPH� LVQ
W� UHFRPPHQGHG�� DOORZLQJ

IXQFWLRQ�ERGLHV�WR�GLìHU�E\�PHWKRG�FUHDWHV�RSSRUWXQLWLHV�IRU�RSWLPL]DWLRQV��,Q�SDUWLFXODU��LW�DOORZV�IRU

FRPSXWDWLRQ� DOJRULWKPV� WDLORUHG� WR� HDFK� VSHFLíF� W\SH� FRPELQDWLRQ�� WKXV� RSWLPL]LQJ� WKH� RYHUDOO

SHUIRUPDQFH�RI�D�IXQFWLRQ�

$GGLWLRQDOO\��QRWH�WKDW�methods don't need to have the same number of arguments��)RU�LQVWDQFH�

LW
V�SRVVLEOH�WR�GHíQH�DOO�WKH�IROORZLQJ�PHWKRGV�IRU�D�IXQFWLRQ� bar �

METHODS WITH DIFFERENT NUMBERS OF ARGUMENTS

julia> methods(bar)

3 methods for generic function "bar" from Main

julia> bar(1)

1

julia> bar(1, 2)

3

julia> bar(1, 2, 3)

6

7KLV�IHDWXUH�LV�SDUWLFXODUO\�XVHIXO�IRU�H[WHQGLQJ�D�IXQFWLRQ
V�EHKDYLRU��$�SULPH�DSSOLFDWLRQ�LV�JLYHQ�E\

WKH�IXQFWLRQ� sum ��6R�IDU��ZH
YH�RQO\�XVHG�LWV�VLPSOHVW�IRUP� sum(x) ��ZKLFK�DGGV�DOO�WKH�HOHPHQWV�RI�D

FROOHFWLRQ� x ��+RZHYHU�� sum �DOVR�VXSSRUWV�DGGLWLRQDO�PHWKRGV��2QH�RI�WKHP�LV� sum(<function>, x) �

foo(a,b)                  = a + b
foo(a::String, b::String) = "This is $a and this is $b"

bar(x)       = x
bar(x, y)    = x + y
bar(x, y, z) = x + y + z



ZKHUH�WKH�HOHPHQWV�RI� x �DUH�íUVW�WUDQVIRUPHG�YLD� <function> �EHIRUH�EHLQJ�VXPPHG�

METHODS FOR 'SUM'

FUNCTION CALL

*LYHQ�D�IXQFWLRQ�DQG�LWV�PHWKRGV��ZH�FDQ�QRZ�DQDO\]H�WKH�SURFHVV�WULJJHUHG�ZKHQ�D�IXQFWLRQ�LV�FDOOHG�

,Q�WKH�IROORZLQJ��ZH
OO�EDVH�RXU�H[SODQDWLRQV�RQ�WKH�IROORZLQJ�IXQFWLRQ� foo �

EXAMPLE FUNCTION 'FOO'

julia> foo(1, 2)

4

julia> foo(3, 2)

8

julia> foo(3.0, 2)

8.0

5HFDOO� WKDW� YDULDEOHV� ZLWK� QR� W\SH� DQQRWDWLRQ� GHIDXOW� WR� Any �� 7KLV� LPSOLHV� WKDW� WKH� IXQFWLRQ� ERG\

foo(a,b) �KROGV�IRU�DQ\�FRPELQDWLRQ�RI�W\SHV�RI� a �DQG� b �

MULTIPLE DISPATCH

:KHQ� foo(1, 2) � LV� FDOOHG�� -XOLD� LV� LQVWUXFWHG� WR�HYDOXDWH� WKH�H[SUHVVLRQ� 2 + a * b �� 7KLV�SURFHVV

UHOLHV� RQ� D� PHFKDQLVP� NQRZQ� DV� multiple dispatch�� ZKHUH� -XOLD� GHFLGHV� RQ� WKH� FRPSXWDWLRQDO

DSSURDFK� WR� EH� LPSOHPHQWHG�� ,PSRUWDQWO\�� WKLV� GHFLVLRQ� LV� EDVHG� RQ� VROHO\� RQ� WKH� W\SHV� RI� WKH

DUJXPHQWV��QRW�WKHLU�YDOXHV�

0XOWLSOH�GLVSDWFK�SURFHHGV�LQ�VHYHUDO�VWHSV��)LUVW��WKH�FRPSLOHU�GHWHUPLQHV�WKH�FRQFUHWH�W\SHV�RI�WKH

IXQFWLRQ�DUJXPHQWV��,Q�RXU�H[DPSOH��VLQFH� a = 1 ��DQG� b = 2 ��ERWK�DUH�LGHQWLíHG�DV� Int64 �

$IWHU�WKLV�� WKH� LQIRUPDWLRQ�RQ�W\SHV� LV�XVHG�WR�VHOHFW�D�method��ZKLFK�GHíQHV�WKH�IXQFWLRQ�ERG\�DQG

KHQFH�WKH�RSHUDWLRQV�WR�EH�SHUIRUPHG��7KLV�SURFHVV�LQYROYHV�VHDUFKLQJ�WKURXJK�DOO�DYDLODEOH�PHWKRGV

RI� foo � XQWLO� D�PHWKRG� WKDW�PDWFKHV� WKH� FRQFUHWH� W\SHV�RI� a � DQG� b � LV� LGHQWLíHG�� ,Q�RXU�H[DPSOH�

foo �KDV�RQO\�RQH�PHWKRG� foo(a,b) = 2 + a * b ��ZKLFK�DSSOLHV�WR�DOO�W\SH�FRPELQDWLRQV�RI� a �DQG

b ��&RQVHTXHQWO\��WKH�UHOHYDQW�IXQFWLRQ�ERG\�LV� 2 + a * b �

7KH� RSHUDWLRQV� WR� EH� SHUIRUPHG� DUH� WKHQ� IRUZDUGHG� WR� WKH� compiler�� ZKLFK� LV� LQ� FKDUJH� RI� WKH

LPSOHPHQWDWLRQ�� 7KLV� LQYROYHV� FKRRVLQJ� D� method instance�� ZKLFK� UHIHUV� WR� WKH� VSHFLíF� FRGH

LPSOHPHQWDWLRQ�WKDW�ZLOO�EH�XVHG�WR�FRPSXWH�WKH�RSHUDWLRQV�GHíQHG�E\�WKH�PHWKRG�

x = [2, 3, 4]

y = sum(x)          # 2 + 3 + 4
z = sum(log, x)     # log(2) + log(3) + log(4)

foo(a, b) = 2 + a * b



,I� D�PHWKRG� LQVWDQFH� DOUHDG\� H[LVWV� IRU� WKH� IXQFWLRQ� VLJQDWXUH� foo(a::Int64, b::Int64) �� -XOLD� ZLOO

GLUHFWO\�HPSOR\�LW�WR�FRPSXWH� foo(1,2) ��2WKHUZLVH��D�QHZ�PHWKRG�LQVWDQFH�LV�JHQHUDWHG�DQG�VWRUHG

�FDFKHG��LQ�PHPRU\�

7KH�IROORZLQJ�GLDJUDP�GHSLFWV�DOO�WKH�SURFHVV�XQIROGHG�ZKHQ� foo(1,2) �LV�H[HFXWHG�

MULTIPLE DISPATCH

7KH�SURFHVV�GHWHUPLQHV�WKDW�WKH�íUVW�WLPH�\RX�FDOO�D�IXQFWLRQ�ZLWK�SDUWLFXODU�DUJXPHQW�W\SHV��WKHUHÎV

DQ�LQLWLDO�FRPSLODWLRQ�RYHUKHDG��7KLV�SKHQRPHQRQ�LV�UHIHUUHG�WR�LQ�-XOLD�DV�Time To First Plot��,QVWHDG�

VXEVHTXHQW� FDOOV� ZLWK� WKH� VDPH� DUJXPHQW� W\SHV� FDQ� UHXVH� WKLV� FDFKHG� FRGH�� UHVXOWLQJ� LQ� IDVWHU

H[HFXWLRQ�

7R�LOOXVWUDWH�WKLV�PHFKDQLVP��QRWH�WKDW�WKH�FDOO� foo(3, 2) � LQFRUSRUDWHG�LQ�WKH�H[DPSOH�RFFXUV�DIWHU

foo(1,2) �� 7KLV� DOORZV� -XOLD� WR� FRPSXWH� foo(3, 2) � E\� GLUHFWO\� LQYRNLQJ� WKH� PHWKRG� LQVWDQFH

foo(a::Int64, b::Int64) ��ZLWKRXW�WKH�QHHG�RI�FRPSLOLQJ�FRGH��,QVWHDG��H[HFXWLQJ�D�IXQFWLRQ�FDOO�OLNH

foo(3.0, 2) �UHTXLUHV�WKH�FRPSLODWLRQ�RI�D�QHZ�PHWKRG�LQVWDQFH� foo(a::Float64, b::Int64) ��VLQFH

WKH�W\SHV�RI� 3 �DQG� 3.0 �GLìHU�

TYPE INFERENCE

'XULQJ� D� IXQFWLRQ� FDOO�� WZR� GLìHUHQW� VWDJHV� WDNH� SODFH�� FRPSLODWLRQ� WLPH� DQG� UXQWLPH��Compilation

time�FRQVLVWV�RI�WKH�VWHSV� MXVW�GHVFULEHG��GXULQJ�ZKLFK� -XOLD�JHQHUDWHV�PDFKLQH�FRGH�WR�H[HFXWH�WKH

IXQFWLRQ
V�RSHUDWLRQV��,PSRUWDQWO\��WKLV�VWDJH�LQYROYHV�QR�FRPSXWDWLRQV��DQG�LV�WULJJHUHG�RQO\�ZKHQ�WKH

IXQFWLRQ�LV�FDOOHG�IRU�WKH�íUVW�WLPH�ZLWK�QHZ�FRQFUHWH�W\SHV�

,Q�FRQWUDVW��runtime� LV�WKH�VWDJH�GXULQJ�ZKLFK�FRGH�LQVWUXFWLRQV�DUH�DFWXDOO\�H[HFXWHG��,W�WDNHV�SODFH

after�FRPSLODWLRQ�DQG�HYHU\�WLPH�D�IXQFWLRQ�LV�FDOOHG�

Most considerations for achieving high performance are related to the compilation process��,Q

SDUWLFXODU�� -XOLD�HPSOR\V� Just-In-Time Compilation (JIT)��D� WHUP�UHîHFWLQJ� WKDW�FRPSLODWLRQ�KDSSHQV

RQ�WKH�î\�GXULQJ�WKH�IXQFWLRQ�FDOO�

7KH�TXDOLW\�RI�FRGH�JHQHUDWHG�GXULQJ� -,7�FULWLFDOO\�GHWHUPLQHV�SHUIRUPDQFH��$�NH\�PHFKDQLVP�LQ�WKLV

SURFHVV�LV�type inference��ZKHUHE\�WKH�FRPSLOHU�DWWHPSWV�WR�LGHQWLI\�FRQFUHWH�W\SHV�IRU�all�YDULDEOHV

DQG�H[SUHVVLRQV�

,I�WKH�FRPSLOHU�VXFFHHGV�LQ�LGHQWLI\LQJ�FRQFUHWH�W\SHV��LW�FDQ�VSHFLDOL]H�LQVWUXFWLRQV�IRU�HDFK�RSHUDWLRQ

DQG� \LHOG� IDVW� FRGH�� 7KLV� LV� WKH� HVVHQFH� RI� type stability�� ZKLFK�ZH
OO� FRYHU� H[WHQVLYHO\� LQ� WKH� QH[W

FKDSWHU��)RU�LQVWDQFH��W\SH�LQIHUHQFH�LQ�RXU�H[DPSOH�LQYROYHV�GHWHUPLQLQJ�FRQFUHWH�W\SHV�IRU� 2 �� a =

1 ��DQG� b = 2 ��6LQFH�DOO�RI�WKHP�KDYH�W\SH� Int64 ��WKH�FRPSLOHU�FDQ�VSHFLDOL]H�WKH�FRPSXWDWLRQ�RI� 2 +

a * b �IRU�YDULDEOHV�ZLWK�W\SH� Int64 �

2Q� WKH� FRQWUDU\�� LI� WKH� FRPSLOHU� LV� XQDEOH� WR� LGHQWLI\� FRQFUHWH� W\SHV� IRU� VRPH� H[SUHVVLRQV�� WKH

FRPSLOHU�PXVW�JHQHUDWH�JHQHULF�FRGH�WKDW�DFFRPPRGDWHV�PXOWLSOH�W\SH�SRVVLELOLWLHV��7KLV�IRUFHV�-XOLD

WR�GHIHU�GHFLVLRQV�RQ�PHWKRGV�WR�UXQWLPH��VLJQLíFDQWO\�GHJUDGLQJ�SHUIRUPDQFH�



REMARKS ON TYPE INFERENCE

%HORZ��ZH�SURYLGH�YDULRXV�UHPDUNV�DERXW�W\SH�LQIHUHQFH�WKDW�DUH�ZRUWK�NHHSLQJ�LQ�PLQG�

FUNCTIONS DO NOT GUARANTEE CONCRETE TYPES

1RWLFH�WKDW�PHUHO\�ZUDSSLQJ�RSHUDWLRQV�LQ�D�IXQFWLRQ�GRHVQ
W�JXDUDQWHH�WKDW�WKH�FRPSLOHU�ZLOO�LGHQWLI\

FRQFUHWH�W\SHV��7KH�IROORZLQJ�H[DPSOH�SUHVHQWV�D�IXQFWLRQ�FDOO�WKDW
V�XQDEOH�WR�GR�VR�

TYPE-UNSTABLE FUNCTION

julia> foo(x)

3

,Q� WKH�H[DPSOH�SURYLGHG�� WKH� LVVXH�DULVHV�EHFDXVH� WKH�FRPSLOHU�DVVLJQV� WKH� W\SH� Any � WR� x[1] � DQG

x[2] ��VLQFH�WKH\�FRUUHVSRQG�WR�HOHPHQWV�IURP�DQ�REMHFW�ZLWK�W\SH� Vector{Any} ��&RQVHTXHQWO\��WKH

FRPSLOHU� FDQ
W� VSHFLDOL]H� WKH� FRPSXWDWLRQ� RI� WKH� RSHUDWLRQ� + �� 7KH� H[DPSOH� DOVR� KLJKOLJKWV� WKDW

FRPSLODWLRQ� LV� H[FOXVLYHO\� EDVHG� RQ� W\SHV�� QRW� YDOXHV�� 7KXV�� WKH� FRGH� LV� JHQHUDWHG� LJQRULQJ� WKDW

DFWXDOO\� x[1] = 1 �DQG� x[2] = 2 ��DQG�VR�DUH� Int64 �

GLOBAL VARIABLES INHERIT THEIR GLOBAL TYPE

-XOLD
V�DWWHPSW�WR�LGHQWLI\�FRQFUHWH�W\SHV�LV�UHVWULFWHG�WR�ORFDO�YDULDEOHV��,QVWHDG��DQ\�JOREDO�YDULDEOH�ZLOO

KDYH�LWV�W\SH�LQKHULWHG�IURP�WKH�JOREDO�VFRSH��)RU�LQVWDQFH��FRQVLGHU�WKH�IROORZLQJ�H[DPSOH�

GLOBAL VARIABLE

julia> foo(a)

2

TYPE-ANNOTATED GLOBAL VARIABLE

julia> foo(a)

2

x      = [1, 2, "hello"]    # Vector{Any}

foo(x) = x[1] + x[2]        # type unstable

a         = 2
b         = 1

foo(a)    = a * b

a         = 2
b::Number = 1

foo(a)    = a * b



,Q�ERWK�H[DPSOHV� b � LV�D�JOREDO�YDULDEOH��&RQVHTXHQWO\�� b 
V� W\SH� LQ� WKH�íUVW� WDE� LV� LQIHUUHG� WR� Any �

ZKLOH�LQ�WKH�VHFRQG�WDE�WR� Number �

TYPE-ANNOTATING FUNCTION ARGUMENTS DOES NOT IMPROVE

PERFORMANCE

,GHQWLI\LQJ�FRQFUHWH�W\SHV�LV�NH\�IRU�DFKLHYLQJ�SHUIRUPDQFH��7KLV�PLJKW�OHDG�\RX�WR�EHOLHYH�WKDW�W\SH�

DQQRWDWLQJ� IXQFWLRQ�DUJXPHQWV� LV� HVVHQWLDO� IRU�SHUIRUPDQFH�� RU� WKDW� DW� OHDVW� FRXOG�SURYLGH� D�ERRVW�

+RZHYHU��W\SH�DQQRWDWLQJ�DUJXPHQWV�LV�DFWXDOO\�UHGXQGDQW�GXH�WR�W\SH�LQIHUHQFH��,Q�IDFW��HQJDJLQJ�LQ

WKLV� SUDFWLFH�ZLOO� XQQHFHVVDULO\� FRQVWUDLQ� WKH� W\SHV� DFFHSWHG�E\� WKH� IXQFWLRQ�� UHGXFLQJ� WKH� UDQJH� RI

SRWHQWLDO�DSSOLFDWLRQV��7R�EHWWHU�DSSUHFLDWH�WKLV�ORVV�RI�îH[LELOLW\��FRPSDUH�WKH�IROORZLQJ�VFULSWV�

TYPE-ANNOTATED FUNCTION

julia> foo1(0.5, 2.0)

1.0

julia> foo1(1, 2)

ERROR: MethodError: no method matching foo1(::Int64, ::Int64)

UNANNOTATED FUNCTION

julia> foo2(0.5, 2.0)

1.0

julia> foo2(1, 2)

2

7KH� IXQFWLRQ� RQ� WKH� íUVW� WDE� RQO\� DFFHSWV� DUJXPHQWV� ZLWK� W\SH� Float64 �� 1RWH� WKDW� HYHQ� LQWHJHU

YDULDEOHV�DUH�GLVDOORZHG��DV�IXQFWLRQ�DUJXPHQWV�DUHQ
W�FRQYHUWHG�WR�D�FRPPRQ�W\SH��2Q�WKH�FRQWUDU\�

WKH� IXQFWLRQ
V� VHFRQG� WDE� HQWDLOV� WKH� VDPH� SURFHVV� IRU� Float64 � LQSXWV�� EXW� DGGLWLRQDOO\� DOORZV� IRU

RWKHU�W\SHV��7KH�îH[LELOLW\�VWHPV�IURP�WKH�LPSOLFLW�W\SH�DQQRWDWLRQ� Any �IRU�WKH�IXQFWLRQ�DUJXPHQWV�

Packages Commonly Type-Annotate Function Arguments

:KHQ� LQVSHFW� WKH� FRGH� RI� SDFNDJHV�� \RX� PD\� QRWLFH� WKDW� IXQFWLRQ

DUJXPHQWV�DUH�RIWHQ�W\SH�DQQRWDWHG��7KH�UHDVRQ�IRU�WKLV�LVQ
W�UHODWHG�WR

SHUIRUPDQFH�� EXW� UDWKHU� WR� HQVXUH� WKH� IXQFWLRQ
V� LQWHQGHG� XVDJH�

VDIHJXDUGLQJ�DJDLQVW�LQDGYHUWHQW�W\SH�PLVPDWFKHV�

)RU� LQVWDQFH�� VXSSRVH� D� IXQFWLRQ� WR� WKH� UHYHQXH� RI� D� WKHDWHU� YLD

nr_tickets * price �� ,PSRUWDQWO\�� WKH� RSHUDWRU� * � LQ� -XOLD� QRW� RQO\

LPSOHPHQWV�WKH�SURGXFW�RI�QXPEHUV��EXW�DOVR�FRQFDWHQDWHV�ZRUGV�ZKHQ

DSSOLHG�WR�H[SUHVVLRQV�ZLWK�W\SH� String ��7KLV�RSHQV�XS�WKH�SRVVLELOLW\

RI� PLVXVLQJ� WKH� IXQFWLRQ� LI� LW
V� QRW� W\SH�DQQRWDWHG�� 7KH� íUVW� WDE

GHPRQVWUDWHV�D�SRWHQWLDO�PLVXVH�RI� WKLV� IXQFWLRQ��ZLWK� WKH� VHFRQG� WDE

DGGUHVVLQJ�WKLV�SRVVLELOLW\�E\�DVVHUWLQJ�W\SHV�

foo1(a::Float64, b::Float64) = a * b

foo2(a, b) = a * b



UNANNOTATED FUNCTION

julia> revenue1(3, 2)
6

julia> revenue1("this is ", "allowed")
"this is allowed"

TYPE-ANNOTATED FUNCTION

julia> revenue2(3, 2)
6

julia> revenue2("this is ", "not allowed")
ERROR: MethodError: no method matching revenue2(::String, 
::String)

revenue1(nr_tickets, price) = nr_tickets * price

revenue2(nr_tickets::Int64, price::Number) = nr_tickets * price



8a. Overview and Goals
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,Q� WKH� XSFRPLQJ� FKDSWHUV�� ZH
OO� IRFXV� RQ� WZR� HVVHQWLDO� DVSHFWV� IRU� SHUIRUPDQFH�� W\SH� VWDELOLW\� DQG

UHGXFWLRQV� LQ� PHPRU\� DOORFDWLRQ�� 7KHVH� FRUH� SULQFLSOHV� UHSUHVHQW� WKH� PRVW� EDVLF� SURFHGXUHV� WR

DFKLHYH�KLJK�SHUIRUPDQFH��WKXV�DFWLQJ�DV�WKH�VWDUWLQJ�SRLQW�IRU�IXUWKHU�RSWLPL]DWLRQV�

This chapter in particular focuses on type stability��ZKRVH�LPSRUWDQFH�IRU�-XOLD�FDQ
W�EH�RYHUVWDWHG

Ìany attempt to generate fast code without ensuring type stability is destined to fail�

$W� LWV� FRUH�� W\SH� VWDELOLW\� LV� URRWHG� LQ� KRZ� FRPSXWHUV� H[HFXWH� RSHUDWLRQV� DW� D� IXQGDPHQWDO� OHYHO�

6SHFLíFDOO\�� UHJDUGOHVV� RI� WKH� SURJUDPPLQJ� ODQJXDJH� XVHG�� WKH� DSSURDFK� WR� FRPSXWLQJ� RSHUDWLRQV

GLìHUV�GHSHQGLQJ�RQ�WKH�LQSXWV
�W\SHV��7KLV�PHDQV��IRU�LQVWDQFH��WKDW�WKH�LQWHUQDO�SURFHVV�IRU�LQWHJHU

RSHUDWLRQV�GLìHUV�IURP�FRPSXWDWLRQV�EDVHG�RQ�îRDWLQJ�SRLQW�QXPEHUV�

7KH�FRQVHTXHQFH�RI�WKLV�IHDWXUH�IRU�SHUIRUPDQFH�LV�WKDW�VSHHG�GHPDQGV�WKH�LGHQWLíFDWLRQ�RI�FRQFUHWH

W\SHV�IRU�HDFK�YDULDEOH��:LWK�WKLV� LQIRUPDWLRQ�DYDLODEOH��WKH�FRPSXWDWLRQ�PHWKRG�FDQ�EH�VSHFLDOL]HG�

,QVWHDG�� LI� FRQFUHWH� W\SHV� FDQ
W� EH� LGHQWLíHG�� WKH� FRGH� JHQHUDWHG� PXVW� DFFRPPRGDWH� PXOWLSOH

SRWHQWLDO� DSSURDFKHV�� RQH� IRU� HDFK� SRVVLEOH� FRPELQDWLRQ� RI� LQSXW� W\SHV�� 7KLV� LQWURGXFHV� DGGLWLRQDO

UXQWLPH�FKHFNV�DQG�W\SH�FRQYHUVLRQV��VLJQLíFDQWO\�GHJUDGLQJ�H[HFXWLRQ�VSHHG�

7KH�GLVFXVVLRQ�RI� W\SH� VWDELOLW\�ZLOO� EH� LQWHUWZLQHG�ZLWK� IXQFWLRQV�� DV� type stability requires wrapping

code in function as a prerequisite��7KH�UHDVRQ� IRU� WKLV� LV� WKDW� -XOLD�RQO\�DWWHPSWV� WR� LQIHU� WKH� W\SHV�RI

YDULDEOHV�ZLWKLQ�D�IXQFWLRQ��:UDSSLQJ�FRGH�LQ�D�IXQFWLRQ�LV�RQO\�D�QHFHVVDU\�FRQGLWLRQ�IRU�W\SH�VWDELOLW\�

DQG�WKH�FKDSWHU�ZLOO�SURYLGH�DGGLWLRQDO�FRQGLWLRQV�WR�JXDUDQWHH�WKH�SURSHUW\�

https://alfaromartino.github.io/
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INTRODUCTION

7KLV�VHFWLRQ�IRUPDOO\�GHíQHV�W\SH�VWDELOLW\�DQG�UHYLHZV�WKH�WRROV�HPSOR\HG�IRU� LWV�YHULíFDWLRQ�� ,Q� WKH

QH[W�VHFWLRQ��ZH
OO�EHJLQ�H[DPLQLQJ�KRZ�W\SH�VWDELOLW\�DSSOLHV�LQ�VSHFLíF�VFHQDULRV�

AN INTUITION

,Q� D� SUHYLRXV� VHFWLRQ�� ZH� GHVFULEHG� WKH� SURFHVV� WKDW� XQIROGV� ZKHQ� D� IXQFWLRQ� LV� FDOOHG�� 7R� EULHî\

UHYLHZ�� OHW
V� FRQVLGHU�D� IXQFWLRQ� foo(x) = x + 2 � DQG�H[HFXWLQJ� foo(a) � IRU� VRPH�YDULDEOH� a ��:H

DVVXPH� WKDW� a � KDV� D� VSHFLíF� YDOXH� DVVLJQHG� DQG� WKHUHIRUH� D� FRQFUHWH� W\SH�� DOWKRXJK� ZH� RPLW

H[SOLFLWO\�VWDWLQJ�YDOXHV�IRU� a ��,Q�WKLV�ZD\��ZH�KLJKOLJKW�WKDW�WKH�SURFHVV�GHSHQGV�RQ�W\SHV��UDWKHU�WKDQ

YDOXHV�

&DOOLQJ� foo(a) � SURPSWV� -XOLD� WR� LGHQWLI\� WKH� FRQFUHWH� W\SH� RI� a �� ZKLFK� ZH
OO� GHQRWH� DV� T �� ,I� D

FRPSLOHG� PHWKRG� LQVWDQFH� IRU� foo � ZLWK� DQ� DUJXPHQW� RI� W\SH� T � DOUHDG\� H[LVWV�� WKHQ� foo(a) � LV

H[HFXWHG�LPPHGLDWHO\��2WKHUZLVH��-XOLD�FRPSLOHV�D�PHWKRG�LQVWDQFH�IRU�HYDOXDWLQJ� a + 2 ��7KLV�FRGH

JHQHUDWLRQ�OHYHUDJHV�W\SH�LQIHUHQFH��ZKHUHLQ�WKH�FRPSLOHU�DWWHPSWV�WR�GHGXFH�FRQFUHWH�W\SHV�IRU�DOO

LQYROYHG� WHUPV�� 7KH� UHVXOWLQJ�PDFKLQH� FRGH� LV� WKHQ� VWRUHG� �FDFKHG���PDNLQJ� LW� UHDGLO\� DYDLODEOH� IRU

VXEVHTXHQW�FDOOV�RI� foo(b) �ZKHQ� b �KDV�W\SH� T �

TYPE STABILITY AND PERFORMANCE

7KH�NH\�WR�JHQHUDWLQJ�IDVW�FRGH�OLHV�LQ�WKH�LQIRUPDWLRQ�DYDLODEOH�WR�WKH�FRPSLOHU�GXULQJ�WKH�FRPSLODWLRQ

VWDJH��7KLV�LQIRUPDWLRQ�LV�SULPDULO\�JDWKHUHG�WKURXJK�W\SH�LQIHUHQFH��ZKHUH�-XOLD�LGHQWLíHV�WKH�VSHFLíF

W\SH�RI�HDFK�YDULDEOH�DQG�H[SUHVVLRQ� LQYROYHG��:KHQ� WKH� FRPSLOHU� FDQ�DFFXUDWHO\�SUHGLFW�D� VLQJOH

FRQFUHWH�W\SH�IRU�WKH�IXQFWLRQ
V�RXWSXW��WKH�IXQFWLRQ�FDOO�LV�VDLG�WR�EH�type stable�

:KLOH� WKLV� FRQVWLWXWHV� WKH� IRUPDO� GHíQLWLRQ� RI� W\SH� VWDELOLW\�� D� PRUH� VWULQJHQW� GHíQLWLRQ� LV� XVXDOO\

DSSOLHG�LQ�SUDFWLFH��WKH�FRPSLOHU�PXVW�EH�DEOH�WR�LQIHU�XQLTXH�FRQFUHWH�W\SHV�IRU�each�H[SUHVVLRQ

ZLWKLQ� WKH� IXQFWLRQ�� QRW� RQO\� IRU� WKH�íQDO� RXWSXW�� 7KLV� GHíQLWLRQ� DOLJQV�ZLWK� @code_warntype �� WKH

EXLOW�LQ�PDFUR�WR�GHWHFW�W\SH�LQVWDELOLWLHV�

,I� WKH� FRQGLWLRQ� LV� VDWLVíHG�� WKH� FRPSLOHU� FDQ� VSHFLDOL]H� WKH� FRPSXWDWLRQDO� DSSURDFK� IRU� HDFK

RSHUDWLRQ�� UHVXOWLQJ� LQ� IDVW� H[HFXWLRQ�� (VVHQWLDOO\�� W\SH� VWDELOLW\� GLFWDWHV� WKDW� WKHUH
V� VXïFLHQW

LQIRUPDWLRQ� WR� GHWHUPLQH� D� VWUDLJKW� H[HFXWLRQ� SDWK�� WKXV� DYRLGLQJ� XQQHFHVVDU\� W\SH� FKHFNV� DQG

GLVSDWFKHV�DW�UXQWLPH�

https://alfaromartino.github.io/
http://localhost:8000/PAGES/07e_TS-onFunctions/
https://docs.julialang.org/en/v1/manual/faq/#man-type-stability


,Q� FRQWUDVW�� W\SH�XQVWDEOH� IXQFWLRQV� JHQHUDWH� JHQHULF� FRGH� WKDW� DFFRPPRGDWHV� HDFK� SRVVLEOH

FRPELQDWLRQ�RI�XQLTXH�FRQFUHWH�W\SHV��7KLV�UHVXOWV�LQ�DGGLWLRQDO�RYHUKHDG�GXULQJ�UXQWLPH��ZKHUH�-XOLD

LV� IRUFHG� WR� G\QDPLFDOO\� JDWKHU� W\SH� LQIRUPDWLRQ� DQG� SHUIRUP� H[WUD� FDOFXODWLRQV� EDVHG� RQ� LW�� 7KH

FRQVHTXHQFH�LV�D�SURQRXQFHG�GHWHULRUDWLRQ�LQ�SHUIRUPDQFH�

7\SH�6WDELOLW\�&KDUDFWHUL]HV�)XQFWLRQ�Calls

,W
V� FRPPRQ� WR� GHVFULEH� D� IXQFWLRQ� DV� �W\SH� VWDEOH��� 1HYHUWKHOHVV�� LW
V

QRW�WKH�IXQFWLRQ�LWVHOI�WKDW
V�W\SH�VWDEOH��EXW�UDWKHU�WKH�IXQFWLRQ�FDOOV�IRU

VSHFLíF� FRQFUHWH� W\SHV� RI� LWV� DUJXPHQWV�� 7KH� GLVWLQFWLRQ� LV� FUXFLDO� LQ

SUDFWLFH�� VLQFH� D� IXQFWLRQ� PD\� H[KLELW� W\SH� VWDELOLW\� IRU� FHUWDLQ� LQSXW

W\SHV�EXW�QRW�RWKHUV�

AN EXAMPLE

7R�VHH�W\SH�VWDELOLW\�LQ�SUDFWLFH��OHW
V�FRQVLGHU�WKH�IROORZLQJ�H[DPSOH�

7KH� WZR� RSHUDWLRQV�PD\� VHHP� HTXLYDOHQW�� DV� WKH\� ERWK� XOWLPDWHO\� FRPSXWH� 1 + 2 �� +RZHYHU�� WKH

PHWKRGV�XVHG�LQ�HDFK�FDVH�GLìHU��ZLWK�WKH�íUVW�DSSURDFK�EHLQJ�IDVWHU�EHFDXVH�WKH�IXQFWLRQ�FDOO�LV�W\SH

VWDEOH�

6SHFLíFDOO\��WKH�RXWSXW� x[1] + x[2] �LQ�WKH�íUVW�WDE�FDQ�EH�GHGXFHG�WR�EH� Int64 ��WKXV�VDWLVI\LQJ�WKH

GHíQLWLRQ�RI�W\SH�VWDELOLW\��7KLV�RFFXUV�EHFDXVH� x[1] �DQG� x[2] �FDQ�EH�LGHQWLíHG�DV� Int64 ��DOORZLQJ

WKH�FRPSLOHU�WR�JHQHUDWH�FRGH�VSHFLDOL]HG�IRU�WKLV�W\SH��1RWH�WKDW�WKH�HïFLHQF\�RI�WKH�JHQHUDWHG�FRGH

LVQ
W�OLPLWHG�WR�WKH�JLYHQ�RSHUDWLRQ��LW�DSSOLHV�WR�DQ\�FDOO� sum(y) �VXFK�WKDW� y �LV�D� Vector{Float64} �

,Q�FRQWUDVW��WKH�VHFRQG�WDE�GHíQHV�D�W\SH�XQVWDEOH�IXQFWLRQ�FDOO��6LQFH� x �KDV�W\SH� Vector{Any} �

LW�EHFRPHV�LPSRVVLEOH�WR�SUHGLFW�D�XQLTXH�FRQFUHWH�W\SH�IRU� x[1] + x[2] �VROHO\�EDVHG�RQ� x 
V�W\SH�

7KLV� LV� EHFDXVH� x[1] � DQG� x[2] � PD\� HPERG\� DQ\� FRQFUHWH� W\SH� WKDW� LV� D� VXEW\SH� RI� Any �

&RQVHTXHQWO\�� WKH�FRPSLOHU� LV� IRUFHG�WR�FUHDWH�FRGH�ZLWK�PXOWLSOH�FRQGLWLRQDO�VWDWHPHQWV��ZLWK�HDFK

EUDQFK�KDQGOLQJ�KRZ�WR�FRPSXWH� x[1] + x[2] �IRU�D�SRVVLEOH�W\SH�� Int64 �� Float64 �� Float32 ��HWF���

7KLV� UHVXOWV� LQ� VORZ� FRPSLOHG� FRGH�� DV� LW
OO� UHTXLUH� H[WUD� ZRUN� GXULQJ� UXQWLPH�� )XUWKHUPRUH�� WKH

GHJUDGHG�SHUIRUPDQFH�ZLOO�EH�LQFXUUHG�IRU�HYHU\�FDOO� sum(y) �VXFK�WKDW� y �KDV�W\SH� Vector{Any} �

x = [1, 2, 3]                  # `x` has type `Vector{Int64}`

@btime sum($x[1:2])            # type stable

  22.406 ns (1 allocation: 80 bytes)

x = [1, 2, "hello"]            # `x` has type `Vector{Any}`

@btime sum($x[1:2])            # type UNSTABLE

  31.938 ns (1 allocation: 64 bytes)



5HPDUN

-XOLD
V�GHYHORSHUV�DUH�FRQWLQXDOO\�UHíQLQJ�WKH�FRPSLOHU��DGGUHVVLQJ�DQG

PLWLJDWLQJ� WKH� HìHFWV� RI� FHUWDLQ� W\SH� LQVWDELOLWLHV�� $V� D� UHVXOW��PDQ\

RSHUDWLRQV�WKDW�ZHUH�RQFH�W\SH�XQVWDEOH�DUH�QRZ�W\SH�VWDEOH��7KLV

PHDQV� WKDW� W\SH� VWDELOLW\� VKRXOG�EH� FRQVLGHUHG�D�G\QDPLF�SURSHUW\�RI

WKH�ODQJXDJH��VXEMHFW�WR�FKDQJH�DV�WKH�FRPSLOHU�HYROYHV�

CHECKING FOR TYPE STABILITY

7KHUH� DUH� VHYHUDO�PHFKDQLVPV� WR� GHWHUPLQH�ZKHWKHU� D� IXQFWLRQ� FDOO� LV� W\SH� VWDEOH��2QH� RI� WKHP� LV

EDVHG�RQ�WKH� @code_warntype �PDFUR��ZKLFK�UHSRUWV�DOO� WKH�W\SHV� LQIHUUHG�GXULQJ�D� IXQFWLRQ�FDOO��7R

LOOXVWUDWH� LWV�XVH��FRQVLGHU�D� IXQFWLRQ�WKDW�GHíQHV� y �DV�D�WUDQVIRUPDWLRQ�RI� x ��DQG�WKHQ�XVHV� y � WR

SHUIRUP�VRPH�RSHUDWLRQ�

julia> @code_warntype foo(1.)

julia> @code_warntype foo(1)

7KH� RXWSXW� RI� @code_warntype � FDQ� EH� GLïFXOW� WR� LQWHUSUHW�� 1RQHWKHOHVV�� WKH� DGGLWLRQ� RI� FRORUV

IDFLOLWDWHV�LWV�XQGHUVWDQGLQJ�

,I�DOO� OLQHV�DUH�blue�� WKH�IXQFWLRQ� LV�type stable��7KLV�PHDQV�WKDW� -XOLD�FDQ� LGHQWLI\�D�XQLTXH

FRQFUHWH�W\SH�IRU�HDFK�YDULDEOH�

,I�DW�OHDVW�RQH�OLQH�LV�red��WKH�IXQFWLRQ�LV�type unstable��,W�UHîHFWV�WKDW�RQH�YDULDEOH�RU�PRUH

FRXOG�SRWHQWLDOO\�DGRSW�PXOWLSOH�SRVVLEOH�W\SHV�

Yellow� OLQHV� LQGLFDWH�W\SH�LQVWDELOLWLHV�WKDW�WKH�FRPSLOHU�FDQ�KDQGOH�HìHFWLYHO\�� LQ�WKH�VHQVH

WKDW�WKH\�KDYH�D�UHGXFHG�LPSDFW�RQ�SHUIRUPDQFH��$V�D�UXOH�RI�WKXPE��you can safely ignore

them�

:DUQLQJ�

function foo(x)
    y = (x < 0) ?  0  :  x
    
    return [y * i for i in 1:100]
end

function foo(x)
    y = (x < 0) ?  0  :  x
    
    return [y * i for i in 1:100]
end



7KURXJKRXW� WKH� ZHEVLWH�� ZH
OO� UHIHU� WR� W\SH� LQVWDELOLWLHV� DV� WKRVH

LQGLFDWHG�E\� D� UHG�ZDUQLQJ�H[FOXVLYHO\�� <HOORZ�ZDUQLQJV�ZLOO� EH�PRVWO\

LJQRUHG�

,Q�WKH�SURYLGHG�H[DPSOH��WKH�FRPSLOHU�DWWHPSWV�WR�LQIHU�FRQFUHWH�W\SHV��7KLV�LV�GRQH�E\�LGHQWLI\LQJ�WZR

SLHFHV�RI�LQIRUPDWLRQ��JLYHQ� x 
V�FRQFUHWH�W\SH�

L� WKH�W\SH�RI� y �

LL� WKH�W\SH�RI� y * i �ZKHUH� i �KDV�W\SH� Int64 ��LPSOLFLWO\�GHíQLQJ�WKH�W\SH�RI� [y * i for i in

1:100] �

7KH� H[DPSOH� FOHDUO\� GHPRQVWUDWHV� WKDW� WKH� VDPH� IXQFWLRQ� FDQ� EH� W\SH� VWDEOH� RU� XQVWDEOH

GHSHQGLQJ�RQ�WKH�W\SHV�RI�LWV�LQSXWV�� foo �LV�W\SH�VWDEOH�ZKHQ� x �KDV�W\SH� Int64 ��EXW�W\SH�XQVWDEOH

ZKHQ� x �LV� Float64 �

6SHFLíFDOO\��LQ�WKH�VFHQDULR�ZKHUH� x = 1 ��WKH�FRPSLOHU�LQIHUV�IRU�i)�WKDW� y �FDQ�EH�HTXDO�WR�HLWKHU� 0 �RU

x �� 6LQFH�ERWK� 0 � DQG� 1 � DUH� Int64 �� WKH�FRPSLOHU� LGHQWLíHV�D�XQLTXH� W\SH� IRU� y �� JLYHQ�E\� Int64 �

5HJDUGLQJ�ii)�� y * i �DOVR�\LHOGV�DQ� Int64 ��DV�ERWK� i �DQG� y �KDYH�W\SH� Int64 ��7KLV�GHWHUPLQHV�WKDW

[y * i for i in 1:100] �KDV�W\SH� Vector{Int64} ��&RQVHTXHQWO\�� foo(1) � LV� W\SH�VWDEOH��HQDEOLQJ

-XOLD�WR�LQYRNH�D�PHWKRG�VSHFLDOL]HG�IRU�LQWHJHUV�

$V�IRU� x = 1.0 ��WKH�LQIRUPDWLRQ�IRU�i)�LV�WKDW� y �FRXOG�EH�HLWKHU� 0 �RU� 1.0 ��$V�D�UHVXOW��WKH�FRPSLOHU

FDQ
W� LQIHU� D� XQLTXH� W\SH� IRU� y �� ZKLFK� FRXOG� EH� HLWKHU� Int64 � RU� Float64 �� 7KH� @code_warntype

PDFUR�UHîHFWV� WKLV�� LGHQWLI\LQJ� y �DV�KDYLQJ� W\SH� Union{Float64, Int64} ��7KLV�DPELJXLW\�DìHFWV� ii)�

IRUFLQJ� WKH� FRPSLOHU� WR� FRQVLGHU� DSSURDFKHV� WKDW� KDQGOH� ERWK� Float64 � DQG� Int64 �� DQG� KHQFH

SUHYHQWLQJ� VSHFLDOL]DWLRQ�� 2YHUDOO�� foo(1.0) � LV� W\SH� XQVWDEOH�� ZKLFK� KDV� D� GHWULPHQWDO� LPSDFW� RQ

SHUIRUPDQFH�

5HPDUN

7KH� FRQFOXVLRQV� UHJDUGLQJ� W\SH� VWDELOLW\� ZRXOGQ
W� KDYH� FKDQJHG� LI� ZH

KDG�FRQVLGHUHG�� IRU� LQVWDQFH�� foo(-2) �RU� foo(-2.0) �� 7KLV� LV�EHFDXVH

WKH�FRPSLODWLRQ�SURFHVV� UHOLHV�RQ� LQIRUPDWLRQ�DERXW� W\SHV��QRW�YDOXHV�

0RUH�VSHFLíFDOO\��WKLV�PHDQV�WKDW�W\SH�VWDELOLW\�GHSHQGV�RQ�ZKHWKHU� x

KDV�W\SH� Int64 �RU� Float64 ��UHJDUGOHVV�RI�LWV�DFWXDO�YDOXH�

YELLOW WARNINGS MAY TURN RED

1RW�DOO�LQVWDQFHV�RI�W\SH�LQVWDELOLWLHV�KDYH�WKH�VDPH�LPSDFW�RQ�SHUIRUPDQFH��7KHLU�VHYHULW\�LV�XOWLPDWHO\

LQGLFDWHG� WKURXJK� D� \HOORZ� RU� UHG� ZDUQLQJ�� <HOORZ� ZDUQLQJV� GHQRWH� D� UHODWLYHO\� PLQRU� LPSDFW� RQ

SHUIRUPDQFH��W\SLFDOO\�UHVXOWLQJ�IURP�LVRODWHG�FRPSXWDWLRQV�WKDW�-XOLD�FDQ�KDQGOH�HìHFWLYHO\��+RZHYHU�

UHSHDWHG�H[HFXWLRQ�RI�WKHVH�RSHUDWLRQV�PD\�HVFDODWH�LQWR�PRUH�VHULRXV�SHUIRUPDQFH�LVVXHV��WULJJHULQJ

D�UHG�ZDUQLQJ��7KH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV�D�VFHQDULR�OLNH�WKLV�



julia> @code_warntype foo(1.)

julia> @code_warntype foo(1.)

julia> @code_warntype foo(1.)

7KH�\HOORZ�ZDUQLQJ�UHîHFWV�WKDW� y * 2 �FRXOG�UHWXUQ�HLWKHU�D� Float64 �RU� Int64 �YDOXH��+RZHYHU��WKLV

RSHUDWLRQ� LV� FRPSXWHG� RQO\� RQFH� DQG� EDVHG� RQ� WZR� W\SHV� WKDW� WKH� FRPSLOHU� FDQ� KDQGOH� HïFLHQWO\�

,QVWHDG�� WKH� VHFRQG� WDE� LQYROYHV� PXOWLSOH� FRPSXWDWLRQV� y * i � ZLWKRXW� NQRZOHGJH� RI� D� XQLTXH

FRQFUHWH�W\SH�IRU� y ��UHVXOWLQJ�LQ�D�UHG�ZDUQLQJ�

'HVSLWH� WKLV�� QRWH� WKDW� QRW� DOO� \HOORZ� ZDUQLQJV� ZLOO� QHFHVVDULO\� HVFDODWH� WR� D� UHG� ZDUQLQJ� ZKHQ

LQFRUSRUDWHG�LQWR�D�IRU�ORRS��7KH�WKLUG�WDE�LOOXVWUDWHV�WKLV�SRLQW��UHLQIRUFLQJ�WKDW�QRW�DOO�W\SH�LQVWDELOLWLHV

DUH�HTXDOO\�GHWULPHQWDO�

)RU�/RRSV�DQG�<HOORZ�:DUQLQJV

$�\HOORZ�ZDUQLQJ�ZLOO�DOZD\V�EH�GLVSOD\HG�ZKHQ�UXQQLQJ�D�IRU�ORRS��HYHQ

LI� WKH� RSHUDWLRQ� LWVHOI� LV� W\SH� VWDEOH�� ,Q� VXFK� FDVHV�� WKH� ZDUQLQJ� FDQ

VDIHO\� EH� GLVUHJDUGHG�� DV� LW� VLPSO\� UHîHFWV� WKH� LQKHUHQW� EHKDYLRU� RI

LWHUDWRUV�� WKH\� UHWXUQ� HLWKHU� WKH� QH[W� HOHPHQW� WR� LWHUDWH� RYHU� RU

nothing �ZLWK�W\SH� Nothing �ZKHQ�WKH�VHTXHQFH�LV�H[KDXVWHG�

For-Loop

function foo(x)
    y = (x < 0) ?  0  :  x
    
    y * 2
end

function foo(x)
    y = (x < 0) ?  0  :  x    
    
    [y * i for i in 1:100]    
end

function foo(x)
    y = (x < 0) ?  0  :  x    
    
    for i in 1:100
      y = y + i
    end
    
    return y
end



julia> @code_warntype foo()

function foo()
    for i in 1:100
        i
    end
end



8c. Type Stability with Scalars and Vectors

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KH� SUHYLRXV� VHFWLRQ� KDV� GHíQHG� W\SH� VWDELOLW\�� DORQJ� ZLWK� DSSURDFKHV� WR� FKHFNLQJ� ZKHWKHU� WKH

SURSHUW\�KROGV�� ,Q�WKLV�VHFWLRQ��ZH�VWDUW�WKH�DQDO\VLV�RI�W\SH�VWDELOLW\�IRU�VSHFLíF�REMHFWV��:H�FRYHU� LQ

SDUWLFXODU�WKH�FDVH�RI�VFDODUV�DQG�YHFWRUV��SURYLGLQJ�SUDFWLFDO�JXLGDQFH�IRU�DFKLHYLQJ�W\SH�VWDELOLW\�ZLWK

WKHP�

TYPES OF SCALARS AND VECTORS

5HFDOO� WKDW� WKH� IRUPDO� GHíQLWLRQ� RI� D� W\SH�VWDEOH� IXQFWLRQ� LV� WKDW� WKH� IXQFWLRQ
V� RXWSXW� W\SH� FDQ� EH

LQIHUUHG�IURP�LWV�DUJXPHQW�W\SHV�� ,Q�SUDFWLFH��KRZHYHU��ZH�RIWHQ�UHO\�RQ�D�PRUH�VWULQJHQW�GHíQLWLRQ�

ZKLFK� UHTXLUHV� WKDW� WKH� FRPSLOHU� FDQ� LQIHU� D� VLQJOH� FRQFUHWH� W\SH� IRU� HDFK� H[SUHVVLRQ� ZLWKLQ� WKH

IXQFWLRQ� ERG\�� 7KLV� SURSHUW\� JXDUDQWHHV� WKDW� HYHU\� RSHUDWLRQ� LV� VSHFLDOL]HG�� UHVXOWLQJ� LQ� RSWLPDO

SHUIRUPDQFH��1HYHUWKHOHVV�� VLPSO\�GHPDQGLQJ� WKDW� WKH�RXWSXW
V� W\SH�FDQ�EH� LQIHUUHG�DOUHDG\�RìHUV

EHQHíWV��DV� LW�HQVXUHV� WKDW� W\SH� LQVWDELOLW\�ZRQ
W�EH�SURSDJDWHG�ZKHQ�WKH� IXQFWLRQ� LV�FDOOHG� LQ�RWKHU

RSHUDWLRQV�

7KH�SULQFLSOH�DSSOLHG�WR�VFDODUV�LV�VWUDLJKWIRUZDUG��GHPDQGLQJ�RSHUDWLRQV�EH�SHUIRUPHG�RQ�YDULDEOHV

ZLWK� WKH� VDPH� FRQFUHWH� W\SH� �H�J��� Float64 �� Int64 �� Bool ��� ,Q� FRQWUDVW�� W\SH� VWDELOLW\� IRU� YHFWRUV

UDWKHU� UHTXLUHV� WKDW� WKH� elements� KDYH� D� FRQFUHWH� W\SH�� 7KH� IROORZLQJ� WDEOH� LGHQWLíHV� VFDODUV� DQG

YHFWRUV�VDWLVI\LQJ�WKLV�SURSHUW\�

Objects Whose Elements Have Concrete Types

Scalars Vectors

Int Vector{Int}

Int64 Vector{Int64}

Float64 Vector{Float64}

Bool BitVector

Note�� Int �GHIDXOWV�WR� Int64 �RU� Int32 ��GHSHQGLQJ�RQ�\RXU�&38
V�DUFKLWHFWXUH�

1H[W��ZH
OO�GHOYH�LQWR�W\SH�VWDELOLW\�LQ�VFDODUV�DQG�YHFWRUV��FRQVLGHULQJ�HDFK�FDVH�VHSDUDWHO\�

https://alfaromartino.github.io/


TYPE STABILITY WITH SCALARS

7R�PDNH�WKH�GHíQLWLRQ�RI�W\SH�VWDELOLW\�IRU�VFDODUV�RSHUDWLRQDO��OHW
V�UHYLVLW�VRPH�FRQFHSWV�DERXW�W\SHV�

5HFDOO�WKDW�RQO\�FRQFUHWH�W\SHV�OLNH� Int64 �RU� Float64 �FDQ�EH� instantiated��ZKLOH�DEVWUDFW�W\SHV�OLNH

Any �RU� Number �FDQ
W�

,QVWDQWLDWLRQ� VLPSO\�PHDQV� WKDW� DOO� YDOXHV� XOWLPDWHO\� DGRSW� D� XQLTXH� FRQFUHWH� W\SH�� )RU� LQVWDQFH�� D

YDULDEOH� x::Number = 2 � VKRXOGQ
W�EH� LQWHUSUHWHG�DV� x � KDYLQJ� WKH� W\SH� Number �� ,QVWHDG�� LW�PHDQV

WKDW� x �FDQ�RQO\�EH�UHDVVLJQHG�WR�YDOXHV�ZKRVH�FRQFUHWH�W\SH�LV�D�VXEW\SH�RI� Number ��8OWLPDWHO\�� x

PXVW�KDYH�D�FRQFUHWH�W\SH��ZKLFK�LQ�WKLV�FDVH�LV� Int64 �

,Q�WKLV�FRQWH[W��W\SH�LQVWDELOLW\�PD\�DULVH�ZKHQ�RSHUDWLRQV�PL[� Int64 �DQG� Float64 ��DOWKRXJK�WKLV�LVQ
W

DOZD\V� WKH� FDVH�� 7R� LOOXVWUDWH� WKLV�� ZH
OO� VWDUW� VKRZLQJ� VRPH� VFHQDULRV� ZKHUH� PL[LQJ� WKHVH� W\SHV

GRHVQ
W�FDXVH�LVVXHV�

TYPE PROMOTION AND CONVERSION

-XOLD�HPSOR\V�YDULRXV�PHFKDQLVPV� WR�KDQGOH�FDVHV�FRPELQLQJ� Int64 �DQG� Float64 ��7KH�íUVW�RQH� LV

SDUW� RI� D� FRQFHSW� NQRZQ� DV� type promotion�� ZKLFK� FRQYHUWV� GLVVLPLODU� W\SHV� WR� D� FRPPRQ� RQH

ZKHQHYHU�SRVVLEOH��7KH�VHFRQG�RQH�HPHUJHV�ZKHQ�YDULDEOHV�DUH�W\SH�DQQRWDWHG�� LQ�ZKLFK�FDVH� -XOLD

HQJDJHV� LQ� type conversions�� %\� WUDQVIRUPLQJ� YDOXHV� WR� WKH� UHVSHFWLYH� W\SH� GHFODUHG�� WKLV� IHDWXUH

FRXOG�DOVR�SUHYHQW�WKH�PL[�RI�W\SHV�

%RWK�PHFKDQLVPV�DUH�LOOXVWUDWHG�EHORZ�

julia> z

1.0

julia> z

1.0

foo(x,y)   = x * y

x          = 2
y          = 0.5

z          = foo(x,y)        # type stable: mixing `Int64` and `Float64` results in 
`Float64`

foo(x,y)   = x * y

x::Float64 = 2               # this is converted to `2.0` 
y          = 0.5

z          = foo(x,y)        # type stable: `x` and `y` are `Float64`, so predictable type 
of output

http://localhost:8000/PAGES/07d_TS-onTypes/#sub_only_concrete_types_can_be_instantiated_abstract_types_cant


,Q�WKH�íUVW�WDE��WKH�RXWSXW
V�W\SH�GHSHQGV�RQ�WKH�DUJXPHQW
V�W\SHV��+RZHYHU��LQ�DOO�FDVHV�WKH�RXWSXW
V

W\SH�FDQ�EH�SUHGLFWHG��VLQFH�PL[LQJ� Int64 �DQG� Float64 � UHVXOWV� LQ� Float64 �GXH�WR�DXWRPDWLF� W\SH

SURPRWLRQ��$V�IRU�WKH�VHFRQG�WDE��-XOLD�WUDQVIRUPV�WKH�YDOXH�RI� x �WR�PDNH�LW�FRQVLVWHQW�ZLWK�WKH�W\SH�

DQQRWDWLRQ� GHFODUHG�� &RQVHTXHQWO\�� x * y � LV� FRPSXWHG� DV� WKH� SURGXFW� RI� WZR� YDOXHV� ZLWK� W\SH

Float64 �

TYPE INSTABILITY WITH SCALARS

:KLOH� W\SH� SURPRWLRQ� DQG� FRQYHUVLRQ� FDQ� KDQGOH� FHUWDLQ� VLWXDWLRQV�� WKH\� FHUWDLQO\� GRQ
W� FRYHU� DOO

FDVHV�� 2QH� VXFK� VFHQDULR� LV� ZKHQ� D� VFDODU
V� YDOXH� GHSHQGV� RQ� D� FRQGLWLRQDO� VWDWHPHQW� DQG� HDFK

EUDQFK�UHWXUQV�D�YDOXH�RI�D�GLìHUHQW�W\SH��,Q�WKLV�VLWXDWLRQ��VLQFH�WKH�FRPSLOHU�RQO\�FRQVLGHUV�WKH�W\SHV

DQG� QRW� YDOXHV�� LW� FDQ
W� GHWHUPLQH� ZKLFK� EUDQFK� LV� UHOHYDQW� IRU� WKH� IXQFWLRQ� FDOO�� $V� D� UHVXOW�� LW
OO

JHQHUDWH�FRGH�WKDW�DFFRPPRGDWHV�ERWK�SRVVLELOLWLHV��DV�LW�KDSSHQV�LQ�WKH�IROORZLQJ�H[DPSOH�

julia> @btime foo(1,2)

julia> @btime foo(1,2.5)

,Q� WKH�H[DPSOH�� W\SH� LQVWDELOLW\�ZLOO� LQHYLWDEO\�DULVH� LI� x �DQG� y �KDYH�GLìHUHQW� W\SHV��1RWH� WKDW� W\SH

SURPRWLRQ� LV� RI� QR�KHOS�KHUH�� 7KH� UHDVRQ� LV� WKDW� WKLV�PHFKDQLVP�RQO\� HQVXUHV� WKDW� a * i �ZLOO� EH

FRQYHUWHG� WR� Float64 � LI� a � LV� Float64 �� FRQVLGHULQJ� WKDW� i � LV� Int64 ��+RZHYHU�� WKH� FRPSLOHU� DOVR

QHHGV�WR�FRQVLGHU�WKH�SRVVLELOLW\�WKDW� a �FRXOG�EH� Int64 ��LQ�ZKLFK�FDVH� a * i �ZRXOG�EH� Int64 �

*LYHQ�WKLV�DPELJXLW\��WKH�PHWKRG�LQVWDQFH�FUHDWHG�PXVW�EH�FDSDEOH�RI�KDQGOLQJ�ERWK�VFHQDULRV��7KHQ�

GXULQJ� UXQWLPH�� -XOLD� ZLOO� JDWKHU� PRUH� LQIRUPDWLRQ� WR� GLVDPELJXDWH� WKH� VLWXDWLRQ�� DQG� VHOHFW� WKH

UHOHYDQW�FRPSXWDWLRQ�LPSOHPHQWDWLRQ�

TYPE STABILITY WITH VECTORS

function foo(x,y)
    a = (x > y) ?  x  :  y

    [a * i for i in 1:100_000]
end

foo(1, 2)           # type stable   -> `a * i` is always `Int64`

  23.800 μs (2 allocations: 781.30 KiB)

function foo(x,y)
    a = (x > y) ?  x  :  y

    [a * i for i in 1:100_000]
end

foo(1, 2.5)         # type UNSTABLE -> `a * i` is either `Int64` or `Float64`

  43.200 μs (2 allocations: 781.30 KiB)



9HFWRUV� LQ� -XOLD� DUH� IRUPDOO\� GHíQHG� DV� FROOHFWLRQV� RI� HOHPHQWV� VKDULQJ� D� KRPRJHQHRXV� W\SH�� 6LQFH

RSHUDWLRQV� EDVHG� RQ� YHFWRUV� XOWLPDWHO\� KDQGOH� LQGLYLGXDO� HOHPHQWV�� W\SH� VWDELOLW\� LV� FRQWLQJHQW� RQ

ZKHWKHU�WKH�W\SH�RI�WKHLU�HOHPHQWV�LV�FRQFUHWH�

,Q�WKLV�FRQWH[W��LW
V�LPSRUWDQW�WR�GLVWLQJXLVK�EHWZHHQ�WKH�W\SH�RI�WKH�REMHFW�DQG�RI�LWV�HOHPHQWV��7KLV�LV

EHFDXVH� YHFWRUV� KDYLQJ� HOHPHQWV�ZLWK� D� FRQFUHWH� W\SH� DUH� WKHPVHOYHV� FRQFUHWH�� EXW� HOHPHQWV�ZLWK

DEVWUDFW� W\SHV� ZLOO� VWLOO� JLYH� ULVH� WR� YHFWRUV� ZLWK� FRQFUHWH� W\SHV�� 7KLV� LV� FOHDUO\� REVHUYHG� ZLWK

Vector{Any} ��D�FRQFUHWH�W\SH�FRPSULVLQJ�HOHPHQWV�ZLWK�WKH�DEVWUDFW�W\SH� Any �

%HIRUH�WKH�DQDO\VLV�RI�VSHFLíF�VFHQDULRV��ZH�VWDUW�E\�FRQVLGHULQJ�W\SH�FRQYHUVLRQ�DSSOLHG�WR�YHFWRUV�

7KLV�PHFKDQLVP�SUHYHQWV�WKH�PL[�RI�W\SHV�ZKHQ�YHFWRUV�DUH�GHíQHG�

TYPE PROMOTION AND CONVERSION

%\�GHíQLWLRQ�� YHFWRUV� UHTXLUH�DOO� WKHLU�HOHPHQWV� WR� VKDUH� WKH� VDPH� W\SH��7KLV�PHDQV� WKDW� LI� \RX�PL[

HOHPHQWV� ZLWK� GLVSDUDWH� W\SHV�� VXFK� DV� String � DQG� Int64 �� -XOLD� ZLOO� LQIHU� WKH� YHFWRU
V� W\SH� DV

Vector{Any} ��'HVSLWH�WKLV��WKHUH�DUH�FDVHV�ZKHUH�HOHPHQWV�FDQ�EH�FRQYHUWHG�WR�D�FRPPRQ�W\SH��VXFK

DV�ZKHQ�PL[LQJ� Float64 �DQG� Int64 �

7KH� IROORZLQJ� H[DPSOH� VKRZV� WKLV� PHFKDQLVP� LQ� DQ� DVVLJQPHQW�� ZKHUH� WKH� YHFWRU� LV� QRW� W\SH

DQQRWDWHG�� ,Q� WKLV� FDVH�� DOO� HOHPHQWV� DUH� FRQYHUWHG� WR� WKH� PRVW� JHQHUDO� W\SH� DPRQJ� WKH� YDOXHV

LQFOXGHG�

julia> x

3-element Vector{Float64}:
 1.0
 2.0
 2.5

julia> y
3-element Vector{Float64}:
 1.0
 2.0
 3.0

:KHQ�DVVLJQPHQWV�DUH�LQVWHDG�GHFODUHG�ZLWK�W\SH�DQQRWDWLRQV�DQG�YDOXHV�DUH�RI�GLìHUHQW�W\SHV��-XOLD

ZLOO�DWWHPSW�WR�SHUIRUP�D�FRQYHUVLRQ��,I�SRVVLEOH��WKLV�HQVXUHV�WKDW�WKH�DVVLJQHG�YDOXHV�FRQIRUP�WR�WKH

GHFODUHG�W\SH�

x = [1, 2, 2.5]     # automatic conversion to `Vector{Float64}`

y = [1, 2.0, 3.0]    # automatic conversion to `Vector{Float64}`



julia> z2

3-element Vector{Number}:
 1.0
 2.0
 2.5

julia> z2

3-element Vector{Number}:
 1.0
 2.0
 2.5

julia> v
3-element Vector{Any}:
 1
 1
 1

TYPE INSTABILITY

:KHQ�HYDOXDWLQJ�W\SH�VWDELOLW\�ZLWK�YHFWRUV��WZR�IRUPV�RI�RSHUDWLRQV�PXVW�EH�FRQVLGHUHG��7KH�íUVW�RQH

LQYROYHV�RSHUDWLRQV�WKDW�PDQLSXODWH�LQGLYLGXDO�HOHPHQWV��VXFK�DV� x[i] ��7KLV�VFHQDULR�LV�DQDORJRXV�WR

WKH�FDVH�RI�VFDODUV��DQG�WKHUHIRUH�W\SH�VWDELOLW\�IROORZV�WKH�VDPH�UXOHV�

7KH� VHFRQG� VFHQDULR� LQYROYHV� IXQFWLRQV� RSHUDWLQJ� RQ� WKH� HQWLUH� YHFWRU�� ,Q� WKLV� FDVH�� W\SH� VWDELOLW\

UHTXLUHV� WKDW�YHFWRUV�KDYH�HOHPHQWV�ZLWK�D�FRQFUHWH� W\SH��1RWH� WKDW� WKLV�FRQGLWLRQ� LVQ
W� VXïFLHQW� WR

JXDUDQWHH� W\SH� VWDELOLW\�� ZKLFK� XOWLPDWHO\� GHSHQGV� RQ� KRZ� WKH� IXQFWLRQ� LPSOHPHQWV� WKH� RSHUDWLRQ

H[HFXWHG�

1HYHUWKHOHVV��SDFNDJHV�WHQG�WR�SURYLGH�RSWLPL]HG�YHUVLRQV�RI�IXQFWLRQV��&RQVHTXHQWO\��IXQFWLRQV�DUH

W\SLFDOO\�W\SH�VWDEOH�ZKHQ�XVHUV�SURYLGH�YHFWRUV�ZLWK�HOHPHQWV�RI�D�FRQFUHWH�W\SH��)RU�LQVWDQFH��WKLV�LV

LOOXVWUDWHG�EHORZ�E\�WKH�IXQFWLRQ� sum ��ZKLFK�DGGV�DOO�HOHPHQWV�LQ�D�YHFWRU�

x1                 = [1, 2.0, 3.0]                 # automatic conversion to 
`Vector{Float64}`  

x2::Vector{Int64}  = y1                            # conversion to `Vector{Int64}`

y1                 = [1, 2, 2.5]                   # automatic conversion to
`Vector{Float64}`  

y2::Vector{Number} = y1                            # `y2` is still `Vector{Number}`

nr_elements  = 3
z            = Vector{Any}(undef, nr_elements)     # `Vector{Any}` always

z           .= 1

x1::Vector{Int}     = [1, 2, 3]

sum(x1)             # type stable



,Q�FRQWUDVW��WKH�IROORZLQJ�YHFWRUV�KDYH�HOHPHQWV�ZLWK�DEVWUDFW�W\SHV��ZKLFK�UHVXOW�LQ�W\SH�LQVWDELOLW\�

x2::Vector{Int64}   = [1, 2, 3]

sum(x2)             # type stable

x3::Vector{Float64} = [1, 2, 3]

sum(x3)             # type stable

x4::BitVector       = [true, false, true]

sum(x4)             # type stable

x5::Vector{Number} = [1, 2, 3]

sum(x5)             # type UNSTABLE -> `sum` must consider all possible subtypes of
`Number`

x6::Vector{Any}    = [1, 2, 3]

sum(x6)             # type UNSTABLE -> `sum` must consider all possible subtypes of `Any`



8d. Type Stability with Global Variables

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

9DULDEOHV�FDQ�EH�FDWHJRUL]HG�DV�ORFDO�RU�JOREDO�DFFRUGLQJ�WR�WKH�FRGH�EORFN�LQ�ZKLFK�WKH\�OLYH��global

variables� FDQ� EH� DFFHVVHG� DQG� PRGLíHG� DQ\ZKHUH� LQ� WKH� FRGH�� ZKLOH� local variables� DUH� RQO\

DFFHVVLEOH�ZLWKLQ�D�VSHFLíF�VFRSH��,Q�WKH�FRQWH[W�RI�WKLV�VHFWLRQ��WKH�VFRSH�RI�LQWHUHVW�LV�D�IXQFWLRQ��VR

ORFDO�YDULDEOHV�ZLOO�H[FOXVLYHO\�UHIHU�WR�IXQFWLRQ�DUJXPHQWV�DQG�YDULDEOHV�GHíQHG�ZLWKLQ�WKH�IXQFWLRQ�

7KH�GLVWLQFWLRQ�EHWZHHQ� ORFDO�DQG�JOREDO�YDULDEOHV� LV�HVSHFLDOO\�UHOHYDQW�IRU�WKLV�FKDSWHU�VLQFH�global

variables are a common source of type instability�� 7KH� LVVXH� DULVHV� EHFDXVH� -XOLD
V� W\SH� V\VWHP

GRHVQ
W�DVVLJQ�VSHFLíF�FRQFUHWH�W\SHV�WR�JOREDO�YDULDEOHV��$V�D�UHVXOW��WKH�FRPSLOHU�LV�IRUFHG�WR�FRQVLGHU

PXOWLSOH� SRVVLELOLWLHV� IRU� DQ\� FRPSXWDWLRQ� LQYROYLQJ� WKHVH� YDULDEOHV�� 7KLV� OLPLWDWLRQ� SUHYHQWV

VSHFLDOL]DWLRQ��OHDGLQJ�WR�UHGXFHG�SHUIRUPDQFH�

7KH�FXUUHQW�VHFWLRQ�H[SORUHV�WZR�DSSURDFKHV�WR�ZRUNLQJ�ZLWK�JOREDO�YDULDEOHV�� W\SH�DQQRWDWLRQV�DQG

FRQVWDQWV��'HíQLQJ�JOREDO�YDULDEOHV�DV�FRQVWDQWV�LV�D�QDWXUDO�FKRLFH�ZKHQ�YDOXHV�DUH�WUXO\�í[HG��VXFK

DV� LQ� WKH� FDVH� RI� π = 3.14159 ��0RUH� EURDGO\�� FRQVWDQWV� FDQ� EH� XVHG� LQ� DQ\� VFHQDULR� ZKHUH� WKH\

UHPDLQ� XQPRGLíHG� WKURXJKRXW� WKH� VFULSW�� &RPSDUHG� WR� W\SH� DQQRWDWLRQV�� FRQVWDQWV� RìHU� EHWWHU

SHUIRUPDQFH��DV�WKH�FRPSLOHU�JDLQV�NQRZOHGJH�RI�both�WKH�W\SH�DQG�YDOXH��UDWKHU�WKDQ�MXVW�WKH�W\SH�

7KLV�IHDWXUH�DOORZV�IRU�IXUWKHU�RSWLPL]DWLRQV��HìHFWLYHO\�PDNLQJ�the behavior of constants within a

function indistinguishable from that of a literal value��

Warning! - You Should Still Wrap Code in a Function

(YHQ� LI�\RX� LPSOHPHQW�WKH�í[HV�SURSRVHG�IRU�JOREDO�YDULDEOHV��RSWLPDO

SHUIRUPDQFH� VWLOO� FDOOV� IRU� ZUDSSLQJ� WDVNV� LQ� IXQFWLRQV�� 7KH� UHDVRQ� LV

WKDW� functions implement additional optimizations� WKDW� DUHQ
W

SRVVLEOH�LQ�WKH�JOREDO�VFRSH�

WHEN ARE WE USING GLOBAL VARIABLES?

%HIRUH�H[SORULQJ�DSSURDFKHV�IRU�KDQGOLQJ�JOREDO�YDULDEOHV��OHW
V�íUVW�LGHQWLI\�VFHQDULRV�LQ�ZKLFK�JOREDO

YDULDEOHV� DULVH�� 7R� WKLV� HQG�� ZH� SUHVHQW� WZR� FDVHV�� HDFK� UHSUHVHQWHG� LQ� D� WDE� EHORZ�� 7KH� íUVW� RQH

FRQVLGHUV�WKH�VLPSOHVW�VFHQDULR�SRVVLEOH��ZKHUH�RSHUDWLRQV�DUH�SHUIRUPHG�GLUHFWO\�LQ�WKH�JOREDO�VFRSH�

)RU�LWV�SDUW��WKH�VHFRQG�RQH�LOOXVWUDWHV�D�PRUH�QXDQFHG�FDVH��ZKHUH�D�IXQFWLRQ�DFFHVVHV�DQG�RSHUDWHV

RQ�D�JOREDO�YDULDEOH�

1

https://alfaromartino.github.io/


7KH�WKLUG�WDE�VHUYHV�DV�D�FRXQWHUSRLQW��LPSOHPHQWLQJ�WKH�VDPH�RSHUDWLRQV�EXW�ZLWKLQ�D�VHOI�FRQWDLQHG

IXQFWLRQ�� %\� GHíQLWLRQ�� VHOI�FRQWDLQHG� IXQFWLRQV� H[FOXVLYHO\� RSHUDWH� ZLWK� ORFDOO\� GHíQHG� YDULDEOHV�

7KXV�� WKH� FRPSDULVRQ� RI� WKH� ODVW� WZR� WDEV� KLJKOLJKWV� WKH� SHUIRUPDQFH� ORVW� E\� UHO\LQJ� RQ� JOREDO

YDULDEOHV�

6HOI�FRQWDLQHG� IXQFWLRQV� RìHU� DGYDQWDJHV� WKDW� H[WHQG� EH\RQG� SHUIRUPDQFH� JDLQV�� WKH\� enhance

readability, predictability, testability, and reusability��7KHVH�EHQHíWV�ZHUH�EULHî\�FRQVLGHUHG�in a

previous section��DQG�FRPH�IURP�DQ�LQWHUSUHWDWLRQ�RI�IXQFWLRQV�DV�HPERG\LQJ�D�VSHFLíF�WDVN�

$PRQJ� RWKHU� EHQHíWV�� VHOI�FRQWDLQHG� IXQFWLRQV� DUH� HDVLHU� WR� UHDVRQ� DERXW�� DV� XQGHUVWDQGLQJ� WKHLU

ORJLF�GRHVQ
W�UHTXLUH�WUDFNLQJ�YDULDEOHV�DFURVV�WKH�HQWLUH�VFULSW��0RUHRYHU��D�IXQFWLRQ
V�RXWSXW�GHSHQGV

VROHO\� RQ� LWV� LQSXW� SDUDPHWHUV�� ZLWKRXW� DQ\� GHSHQGHQFH� RQ� WKH� VFULSW
V� VWDWH� UHJDUGLQJ� JOREDO

YDULDEOHV�� 7KLV� PDNHV� VHOI�FRQWDLQHG� IXQFWLRQV� PRUH� SUHGLFWDEOH�� DGGLWLRQDOO\� VLPSOLI\LQJ� WKH� FRGH

GHEXJJLQJ�SURFHVV��)LQDOO\��E\�DFWLQJ�DV�D�VWDQGDORQH�SURJUDP�ZLWK�D�FOHDU�ZHOO�GHíQHG�SXUSRVH��VHOI�

FRQWDLQHG�IXQFWLRQV�FDQ�EH�UHDSSOLHG�IRU�VLPLODU�WDVNV��UHGXFLQJ�FRGH�GXSOLFDWLRQ�DQG�IDFLOLWDWLQJ�FRGH

PDLQWDLQDELOLW\�

ACHIEVING TYPE STABILITY WITH GLOBAL VARIABLES

# all operations are type UNSTABLE (they're defined in the global scope)
x = 2

y = 2 * x 
z = log(y)

x = 2

function foo() 
    y = 2 * x 
    z = log(y)

    return z
end

@code_warntype foo() # type UNSTABLE

x = 2

function foo(x) 
    y = 2 * x 
    z = log(y)

    return z
end

@code_warntype foo(x)  # type stable

http://localhost:8000/PAGES/03d_scope/#the_role_of_functions
http://localhost:8000/PAGES/03d_scope/#the_role_of_functions


7KH� SUHYLRXV� VXEVHFWLRQ� HPSKDVL]HG� WKH� EHQHíWV� RI� VHOI�FRQWDLQHG� IXQFWLRQV�� SURYLGLQJ� FRPSHOOLQJ

UHDVRQV�WR�DYRLG�JOREDO�YDULDEOHV��1RQHWKHOHVV��JOREDO�YDULDEOHV�FDQ�VWLOO�EH�KLJKO\�FRQYHQLHQW�LQ�FHUWDLQ

VFHQDULRV��)RU�LQVWDQFH��WKLV�LV�WKH�FDVH�ZKHQ�ZH�ZRUN�ZLWK�WUXH�FRQVWDQWV��&RQVLGHULQJ�WKLV��QH[W�ZH

SUHVHQW� WZR� DSSURDFKHV� WKDW� OHW� XV�ZRUN�ZLWK� JOREDO� YDULDEOHV��ZKLOH� DGGUHVVLQJ� WKHLU� SHUIRUPDQFH

SHQDOW\�

CONSTANT GLOBAL VARIABLES

'HFODULQJ� JOREDO� YDULDEOHV� DV� FRQVWDQWV� UHTXLUHV� DGGLQJ� WKH� const � NH\ZRUG� EHIRUH� WKH� YDULDEOH
V

QDPH�� VXFK� DV� LQ� const x = 3 �� 7KLV� DSSURDFK� FDQ� EH� DSSOLHG� WR� YDULDEOHV� RI� DQ\� W\SH�� LQFOXGLQJ

FROOHFWLRQV�

Warning!

Global variables should only be declared constants if their value

will remain unchanged throughout the script��$OWKRXJK�LW
V�SRVVLEOH

WR� UHGHíQH� FRQVWDQWV�� WKLV� RSWLRQ� ZDV� RQO\� LQWURGXFHG� WR� IDFLOLWDWH

WHVWLQJ� GXULQJ� LQWHUDFWLYH� XVH�� WKHUHE\� DYRLGLQJ� WKH� QHHG� WR� UHVWDUW� D

-XOLD� VHVVLRQ� IRU�HDFK�QHZ�FRQVWDQW� YDOXH�� ,PSRUWDQWO\�� WKH�XVH�RI� WKLV

RSWLRQ�DVVXPHV�WKDW�DOO�GHSHQGHQW�IXQFWLRQV�DUH�UH�GHFODUHG�ZKHQ�WKH

FRQVWDQW
V� YDOXH� LV�PRGLíHG�� DQ\� IXQFWLRQ� WKDW� LVQ
W� UHGHíQHG�ZLOO� VWLOO

UHO\�RQ�WKH�FRQVWDQW
V�RULJLQDO�YDOXH��7KLV� LV�ZK\�\RX�VKRXOG�UH�UXQ�WKH

HQWLUH� VFULSW� if you absolutely need to reassign the value of a

constant�

7R� LOOXVWUDWH� WKH� SRWHQWLDO� FRQVHTXHQFHV� RI� RYHUORRNLQJ� WKLV� SUDFWLFH�

OHW
V� FRPSDUH� WKH� IROORZLQJ� FRGH� VQLSSHWV� WKDW� H[HFXWH� WKH� IXQFWLRQ

foo �� %RWK� GHíQH� D� FRQVWDQW� YDOXH� RI� x=1 �� ZKLFK� LV� VXEVHTXHQWO\

UHGHíQHG� DV� x=2 �� 7KH� íUVW� H[DPSOH� UXQV� WKH� VFULSW� ZLWKRXW� UH�

H[HFXWLQJ� WKH� GHíQLWLRQ� RI� foo �� LQ� ZKLFK� FDVH� WKH� YDOXH� UHWXUQHG� E\

foo �LV�VWLOO�EDVHG�RQ� x = 1 ��,Q�FRQWUDVW��WKH�VHFRQG�H[DPSOH�HPXODWHV

WKH� UH�H[HFXWLRQ� RI� WKH� HQWLUH� VFULSW�� 7KLV� LV� DFKLHYHG� E\� UHUXQQLQJ

foo 
V�GHíQLWLRQ��WKXV�HQVXULQJ�WKDW� foo �UHOLHV�RQ�WKH�XSGDWHG�YDOXH�RI

x �

const a = 5
foo()   = 2 * a

@code_warntype foo()        # type stable

const b = [1, 2, 3]
foo()   = sum(b)

@code_warntype foo()        # type stable



TYPE-ANNOTATING A GLOBAL VARIABLE

7KH�VHFRQG�DSSURDFK�WR�DGGUHVV�W\SH�LQVWDELOLW\�LQYROYHV�DVVHUWLQJ�D�concrete�W\SH�IRU�D�JOREDO�YDULDEOH�

7KLV�LV�GRQH�E\�LQFOXGLQJ�WKH�RSHUDWRU� :: �DIWHU�WKH�YDULDEOH
V�QDPH��H�J��� x::Int64 ��

1RWH� WKDW� VLPSO\� GHFODULQJ� D� JOREDO� YDULDEOH�ZLWK� DQ� DEVWUDFW� W\SH�ZRQ
W� UHVROYH� WKH� W\SH� LQVWDELOLW\

LVVXH�

DIFFERENCES BETWEEN APPROACHES

7KH�WZR�DSSURDFKHV�SUHVHQWHG�IRU�KDQGOLQJ�JOREDO�YDULDEOHV�KDYH�GLVWLQFW� LPSOLFDWLRQV�IRU�ERWK�FRGH

EHKDYLRU� DQG� SHUIRUPDQFH�� 7KH� NH\� WR� WKHVH� GLìHUHQFHV� OLHV� LQ� WKDW� type-annotations assert a

variable's type, while constants additionally declare its value�� 1H[W�� ZH� DQDO\]H� HDFK

FRQVHTXHQFH�

const x = 1
foo()   = x
foo()             # it gives 1

x     = 2
foo()             # it still gives 1

const x = 1
foo()   = x
foo()             # it gives 1

x     = 2
foo() = x 
foo()             # it gives 2

x::Int64           = 5
foo()              = 2 * x

@code_warntype foo()     # type stable

y::Vector{Float64} = [1, 2, 3]
foo()              = sum(y)

@code_warntype foo()     # type stable

z::Vector{Number}  = [1, 2, 3]
foo()              = sum(z)

@code_warntype foo()     # type UNSTABLE



DIFFERENCES IN CODE

8QOLNH� WKH� FDVH� RI� FRQVWDQWV�� W\SH�DQQRWDWLRQV� DOORZ� \RX� WR� UHDVVLJQ� D� JOREDO� YDULDEOH� ZLWKRXW

XQH[SHFWHG�FRQVHTXHQFHV��7KLV�PHDQV�\RX�GRQ
W�QHHG�WR�UH�UXQ�WKH�HQWLUH�VFULSW�ZKHQ�UHGHíQLQJ�WKH

YDULDEOH�

DIFFERENCES IN PERFORMANCE

7\SH�DQQRWDWHG� JOREDO� YDULDEOHV� DUH�PRUH� îH[LEOH�� DV� ZH� RQO\� QHHG� WR� GHFODUH� WKHLU� W\SHV� ZLWKRXW

FRPPLWWLQJ�WR�D�VSHFLíF�YDOXH��+RZHYHU��WKLV�îH[LELOLW\�FRPHV�DW�WKH�FRVW�RI�SHUIRUPDQFH��VLQFH�WKH\

SUHYHQW� FHUWDLQ� RSWLPL]DWLRQV� WKDW� KROG� ZLWK� FRQVWDQWV�� 6XFK� RSWLPL]DWLRQV� DUH� IHDVLEOH� EHFDXVH

FRQVWDQWV�QRW�RQO\�SURYLGH�LQIRUPDWLRQ�DERXW�WKHLU�W\SHV��EXW�DOVR�DFW�DV�D�SURPLVH�WKDW�WKHLU�YDOXH�ZLOO

UHPDLQ�í[HG�WKURXJKRXW�WKH�FRGH��:LWKLQ�D�IXQFWLRQ��WKLV�IHDWXUH�DOORZV�FRQVWDQWV�WR�EHKDYH�OLNH�OLWHUDO

YDOXHV� HPEHGGHG� GLUHFWO\� LQ� WKH� FRGH�� &RQVHTXHQWO\�� WKH� FRPSLOHU� FDQ� SRWHQWLDOO\� UHSODFH� FHUWDLQ

H[SUHVVLRQV�ZLWK�WKHLU�UHVXOWLQJ�RXWFRPH�

7KH�IROORZLQJ�FRGH�GHPRQVWUDWHV�D�VFHQDULR�ZKHUH�WKLV�RFFXUV��,W�FRQVLVWV�RI�DQ�RSHUDWLRQ�WKDW�FDQ�EH

SUH�FDOFXODWHG�LI�WKH�JOREDO�YDULDEOH
V�YDOXH�LV�NQRZQ��7KXV��GHFODULQJ�WKH�JOREDO�YDULDEOH�DV�D�FRQVWDQW

HQDEOHV� WKH� FRPSLOHU� WR� UHSODFH� WKLV� RSHUDWLRQ� E\� LWV� UHVXOW�� PDNLQJ� LW� HTXLYDOHQW� WR� D� KDUG�FRGHG

YDOXH��2Q�WKH�FRQWUDU\��PHUHO\�W\SH�DQQRWDWLQJ�WKH�JOREDO�YDULDEOH�RQO\�VSHFLDOL]HV�FRGH�IRU�WKH�W\SH

SURYLGHG��7R�VWDUNO\�UHYHDO�WKH�HìHFW��ZH
OO�FDOO�WKLV�RSHUDWLRQ�LQ�D�IRU�ORRS�

julia> @btime foo()

x::Int64 = 5
foo()    = 2 * x
foo()               # output is 10

x        = 2
foo()    = 2 * x
foo()               # output is 4

const k1  = 2

function foo()
    for _ in 1:100_000
       2^k1
    end
end

  0.800 ns (0 allocations: 0 bytes)



julia> @btime foo()

Remark

(YHQ�ZLWKRXW�GHFODULQJ�D�YDULDEOH�DV�D�FRQVWDQW��WKH�FRPSLOHU�FRXOG�VWLOO

UHFRJQL]H�WKH�LQYDULDQFH�RI�VRPH�RSHUDWLRQV�DQG�SHUIRUP�RSWLPL]DWLRQV

DFFRUGLQJO\�� 7R� LOOXVWUDWH� WKLV�� VXSSRVH� ZH� ZDQW� WR� UHH[SUHVV� HDFK

HOHPHQW� RI� x � DV� D� SURSRUWLRQ� UHODWLYH� WR� WKH� VXP�RI� WKH� HOHPHQWV�� $

QDLYH�DSSURDFK�ZRXOG�LQYROYH�D�IRU�ORRS�ZLWK� sum(x) �LQFRUSRUDWHG�LQWR

WKH�IRU�ORRS�ERG\��UHVXOWLQJ�LQ�WKH�UHSHDWHG�FRPSXWDWLRQ�RI� sum(x) ��,I�

RQ� WKH� FRQWUDU\�� ZH� FDOFXODWH� VKDUHV� WKURXJK� x ./ sum(x) �� WKH

FRPSLOHU�LV�VPDUW�HQRXJK�WR�UHFRJQL]H�WKH�LQYDULDQFH�RI� sum(x) �DFURVV

LWHUDWLRQV��WKHUHIRUH�SURFHHGLQJ�WR�LWV�SUH�FRPSXWDWLRQ�

julia> @btime foo($x)

julia> @btime foo($x)

k2::Int64 = 2

function foo()
    for _ in 1:100_000
       2^k2
    end
end

  115.600 μs (0 allocations: 0 bytes)

x           = rand(100_000)

function foo(x)
    y    = similar(x)
    
    for i in eachindex(x,y)
        y[i] = x[i] / sum(x)
    end

    return y
end

  633.245 ms (2 allocations: 781.30 KiB)

x           = rand(100_000)

foo(x) = x ./ sum(x)

  49.400 μs (2 allocations: 781.30 KiB)



julia> @btime foo($x)

FOOTNOTES

 Literal values refer to values expressed directly in the code (e.g., 1 , "hello" , or true ), in contrast to values

coming from a variable input.

x           = rand(100_000)
const sum_x = sum(x)

foo(x) = x ./ sum_x

  41.500 μs (2 allocations: 781.30 KiB)

1.



8e. Barrier Functions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� SUHVHQWV� DQ� DSSURDFK� WR� PLWLJDWLQJ� W\SH� LQVWDELOLW\� EDVHG� RQ� WKH� VR�FDOOHG� barrier

functions�� 7KHVH� DUH� GHíQHG� DV� W\SH�VWDEOH� IXQFWLRQV� HPEHGGHG� ZLWKLQ� D� W\SH�XQVWDEOH� IXQFWLRQ�

ZKHUH� YDULDEOHV� KDYLQJ� XQFHUWDLQ� W\SHV� DUH� SDVVHG� DV� DUJXPHQWV�� %\� GRLQJ� VR�� WKH� FRPSLOHU� LV

SURPSWHG�WR� LQIHU�D�FRQFUHWH�W\SH�IRU�WKH�YDULDEOHV��HìHFWLYHO\�FUHDWLQJ�D��EDUULHU��WKDW�SUHYHQWV�WKH

VSUHDG�RI�W\SH�LQVWDELOLW\�WR�VXEVHTXHQW�RSHUDWLRQV�

$� NH\�EHQHíW�RI� WKLV� DSSURDFK� LV� WKDW�barrier functions are agnostic to the underlying cause of

type instability, making them widely applicable�

Warning! - Barrier Functions Should Be Considered as a Second Option

7\SLFDOO\��EDUULHU�IXQFWLRQV�VKRXOG�EH�UHVHUYHG�IRU�VLWXDWLRQV�ZKHUH�W\SH

LQVWDELOLW\� LV� HLWKHU� GLïFXOW� WR� í[� RU� LQKHUHQW� WR� WKH� RSHUDWLRQV

SHUIRUPHG�� 7KLV� LV� EHFDXVH� WKH� RULJLQDO� IXQFWLRQ� ZLOO� VWLOO� EH� W\SH

XQVWDEOH�� ZLWK� GLìHUHQW� FRQVHTXHQFHV� GHSHQGLQJ� RQ� WKH� LQVWDELOLW\

QDWXUH��&RQVLGHULQJ� WKLV�� LW
V�EHVW� WR�DLP�IRU� W\SH�VWDEOH�FRGH� IURP�WKH

RXWVHW��ZKHQHYHU�SRVVLEOH�

APPLYING BARRIER FUNCTIONS

7R�LOOXVWUDWH�WKH�WHFKQLTXH��OHW
V�UHYLVLW�D�W\SH�XQVWDEOH�IXQFWLRQ�IURP�D�SUHYLRXV�VHFWLRQ��7KLV�IXQFWLRQ

GHíQHV�D�YDULDEOH� y �EDVHG�RQ� x ��DQG�VXEVHTXHQWO\�SHUIRUPV�DQ�RSHUDWLRQ�LQYROYLQJ� y �

,Q� WKH�H[DPSOH�� 0 � LV�DQ� Int64 ��ZKHUHDV� x � FRXOG�EH�HLWKHU�DQ� Int64 �RU� Float64 ��:KHQ� x � LV�DQ

Int64 �� y �ZLOO�DOVR�EH�DQ� Int64 ��PDNLQJ� foo(1) � W\SH�VWDEOH��+RZHYHU��ZKHQ� x � LV�D� Float64 �� WKH

FRPSLOHU� FDQ
W� GHWHUPLQH� ZKHWKHU� y � ZLOO� EH� DQ� Int64 � RU� D� Float64 �� UHQGHULQJ� foo(1.) � W\SH

XQVWDEOH�

function foo(x)
    y = (x < 0) ?  0  :  x
    
    [y * i for i in 1:100]
end

@code_warntype foo(1)       # type stable
@code_warntype foo(1.)      # type UNSTABLE

https://alfaromartino.github.io/


$GGUHVVLQJ�WKLV�W\SH�LQVWDELOLW\�WKURXJK�D�EDUULHU�IXQFWLRQV�UHTXLUHV�HPEHGGLQJ�D�W\SH�VWDEOH�IXQFWLRQ

LQWR� foo �� SDVVLQJ� y � DV� DQ� DUJXPHQW�� %\� GRLQJ� VR�� WKH� IXQFWLRQ�ZLOO� DWWHPSW� WR� GHGXFH� y 
V� W\SH�

DOORZLQJ� WKH� FRPSLOHU� WR� XVH� WKLV� LQIRUPDWLRQ� IRU� VXEVHTXHQW� RSHUDWLRQV�� 7KH� H[DPSOH� EHORZ� LQ

SDUWLFXODU�GHíQHV� operation �DV�D�EDUULHU�IXQFWLRQ��

:LWK�WKH�LQWURGXFWLRQ�RI�WKH�EDUULHU�IXQFWLRQ� operation ��WKH�YDULDEOH� y �LQ� foo(1.) �FDQ�VWLOO�EH�HLWKHU

DQ� Int64 � RU� D� Float64 �� 1HYHUWKHOHVV�� WKLV� DPELJXLW\� QR� ORQJHU� PDWWHUV�� DV� operation(y) � ZLOO

GHWHUPLQH�WKH�W\SH�RI� y �EHIRUH�WKH�DUUD\�FRPSUHKHQVLRQ�LV�H[HFXWHG��$V�D�UHVXOW��WKH�H[SUHVVLRQ� [y

* i for i in 1:100] � ZLOO� EH� FRPSXWHG� XVLQJ� D� PHWKRG� VSHFLDOL]HG� IRU� WKH� VSHFLíF� W\SH� RI� y �

HQVXULQJ�W\SH�VWDELOLW\�

Warning!

%DUULHU� )XQFWLRQV� VKRXOG� VROYH� WKH� W\SH� LQVWDELOLW\� before� WKH� W\SH

XQVWDEOH� RSHUDWLRQ� LV� H[HFXWHG�� 2WKHUZLVH�� ZH
UH� EDFN� WR� WKH� RULJLQDO

LVVXH��ZKHUH�WKH�FRPSLOHU�KDV�WR�FKHFN� y 
V� W\SH�DW�HDFK� LWHUDWLRQ�DQG

VHOHFW�D�PHWKRG�DFFRUGLQJO\�

)RU� H[DPSOH�� foo � LQ� WKH� H[DPSOH� EHORZ� GRHVQ
W� DSSO\� FRUUHFWO\� WKH

EDUULHU�IXQFWLRQ� WHFKQLTXH�� y � FDQ� EH� HLWKHU� Float64 � RU� Int64 �� DQG

operation(y,i) � RQO\� LGHQWLíHV� WKH� W\SH� LQVLGH� WKH� IRU�ORRS�� 7KLV

GHWHUPLQHV� WKDW� WKH� FRPSLOHU� LV� IRUFHG� WR� FKHFN� y 
V� W\SH� DW� HDFK

LWHUDWLRQ�RI�WKH�ORRS��ZKLFK�LV�WKH�RULJLQDO�SUREOHP�WKH�EDUULHU�IXQFWLRQ

ZDV�LQWHQGHG�WR�VROYH�

1

operation(y) = [y * i for i in 1:100]

function foo(x)
    y = (x < 0) ?  0  :  x
    
    operation(y)
end

@code_warntype operation(1)    # barrier function is type stable
@code_warntype operation(1.)   # barrier function is type stable

@code_warntype foo(1)          # type stable
@code_warntype foo(1.)         # barrier-function solution

operation(y,i) = y * i 

function foo(x)
    y = (x < 0) ?  0  :  x
    
    [operation(y,i) for i in 1:100]
end

@code_warntype foo(1)          # type stable
@code_warntype foo(1.)         # type UNSTABLE



REMARKS ON @CODE_WARNTYPE

)XQFWLRQV�LQWURGXFLQJ�EDUULHU�IXQFWLRQV�KLQGHU�WKH�LQWHUSUHWDWLRQ�RI� @code_warntype ��7KLV�LV�EHFDXVH

EDUULHU� IXQFWLRQV� W\SLFDOO\�PLWLJDWH� W\SH� LQVWDELOLW\�� UDWKHU� WKDQ�FRPSOHWHO\�HOLPLQDWLQJ� LW��$QG�HYHQ� LI

WKH�EDUULHU�IXQFWLRQ�VXFFHVVIXOO\�HOLPLQDWHV�WKH�W\SH�LQVWDELOLW\��ZH�FRXOG�VWLOO�UHFHLYH�D�UHG�ZDUQLQJ�

7R�LOOXVWUDWH�WKLV��OHW
V�VWDUW�SUHVHQWLQJ�D�VFHQDULR�ZKHUH�WKH�EDUULHU�IXQFWLRQ�FRPSOHWHO\�HOLPLQDWHV�WKH

W\SH�LQVWDELOLW\��<HW��D�UHG�ZDUQLQJ�VKRZV�XS�

julia> @code_warntype foo(x)

julia> @code_warntype foo(x)

,Q�WKLV�H[DPSOH�� y �LV�GHíQHG�IURP�DQ�REMHFW�ZLWK�W\SH� Vector{Any} ��7KLV�OHDGV�WR�D�UHG�ZDUQLQJ��DV

x[2] � KDV� W\SH� Any � DQG� WKHUHIRUH� WKH� FRPSLOHU� FDQ
W� LQIHU� D� FRQFUHWH� W\SH� IRU� y �� +RZHYHU�� QR

RSHUDWLRQ�LV�LQYROYHG�DW�WKDW�SRLQW��DV�ZH
UH�RQO\�SHUIRUPLQJ�DQ�DVVLJQPHQW��6LQFH�WKH�RQO\�RSHUDWLRQ

SHUIRUPHG� XVHV� D� EDUULHU� IXQFWLRQ�� WKH� ODFN� RI� W\SH� LQIRUPDWLRQ� LV� LQFRQVHTXHQWLDO�� 7KHUHIRUH�� W\SH

LQVWDELOLW\�LV�QHYHU�LPSDFWLQJ�SHUIRUPDQFH�DIWHU�LQWURGXFLQJ�D�EDUULHU�IXQFWLRQ�

,Q�FRQWUDVW��WKH�H[DPSOH�EHORZ�GHPRQVWUDWHV�WKDW�D�EDUULHU�IXQFWLRQ�PD\�RQO\�DOOHYLDWH�W\SH�LQVWDELOLW\�

UDWKHU�WKDQ�HOLPLQDWH�LW�HQWLUHO\��,Q�WKLV�VFHQDULR��WKH�RSHUDWLRQ� 2 * x[2] �LV�W\SH�XQVWDEOH��IRUFLQJ�WKH

FRPSLOHU�WR�JHQHUDWH�FRGH�IRU�HDFK�SRVVLEOH�FRQFUHWH�W\SH�RI� x[2] ��1RQHWKHOHVV��WKLV�RSHUDWLRQ�KDV�D

QHJOLJLEOH� SHUIRUPDQFH� LPSDFW� RQ� foo �� MXVWLI\LQJ� ZK\� WKH� EDUULHU� IXQFWLRQ� RQO\� WDUJHWV� WKH� PRUH

GHPDQGLQJ�RSHUDWLRQ�

x = ["a", 1]                     # variable with type 'Any'

function foo(x)
    y = x[2]
    
    [y * i for i in 1:100]
end

x = ["a", 1]                     # variable with type 'Any'

operation(y) = [y * i for i in 1:100]

function foo(x)
    y = x[2]
    
    operation(y)
end



julia> @code_warntype foo(x)

julia> @code_warntype foo(x)

julia> @code_warntype foo(x)

1RWLFH�WKDW�ZKHWKHU�D�EDUULHU�IXQFWLRQ�LV�HìHFWLYH�LQ�VROYLQJ�SHUIRUPDQFH�LVVXHV�XOWLPDWHO\�GHSHQGV�RQ

KRZ�WKH�IXQFWLRQ�LV�DSSOLHG��,Q�WKH�JLYHQ�H[DPSOH��WKH�EDUULHU�IXQFWLRQ�VROXWLRQ�ZRXOG�EH�VXïFLHQW�LI

foo �LV�FDOOHG�RQO\�RQFH��,QVWHDG��LI� foo �LV�HYHQWXDOO\�FDOOHG�LQ�D�WLJKW�ORRS��WKH�W\SH�LQVWDELOLW\�RI� 2 *

x[2] �ZRXOG�EH�LQFXUUHG�PXOWLSOH�WLPHV��,Q�VXFK�FDVHV��DGGLWLRQDOO\�DGGUHVVLQJ�WKH�W\SH�LQVWDELOLW\�RI� 2

* x[2] �FRXOG�OHDG�WR�VXEVWDQWLDO�SHUIRUPDQFH�EHQHíWV�

FOOTNOTES

�,Q�WKLV�SDUWLFXODU�H[DPSOH��WKHUH
V�DQ�HDVLHU�VROXWLRQ�IRU�WKH�W\SH�LQVWDELOLW\��ZKHUH� 0 �LV�VXEVWLWXWHG�ZLWK� zero(x) �

7KH�IXQFWLRQ� zero(x) �KDV�EHHQ�GHVLJQHG�WR�UHWXUQ�WKH�QXOO�HOHPHQW�IRU�WKH�W\SH�LGHQWLíHG�RI� x �

x = ["a", 1]                     # variable with type 'Any'

function foo(x)
    y = 2 * x[2]
    
    [y * i for i in 1:100]
end

x = ["a", 1]                     # variable with type 'Any'

operation(y) = [y * i for i in 1:100]

function foo(x)
    y = 2 * x[2]
    
    operation(y)
end

x = ["a", 1]                     # variable with type 'Any'

operation(y) = [y * i for i in 1:100]

function foo(z)
    y = 2 * z
    
    operation(y)
end

1.



8f. Type Stability with Tuples

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

$� IXQFWLRQ� LV� FRQVLGHUHG� W\SH� VWDEOH� ZKHQ�� JLYHQ� WKH� W\SHV� RI� LWV� DUJXPHQWV�� WKH� FRPSLOHU� FDQ

DFFXUDWHO\�SUHGLFW�VLQJOH�FRQFUHWH� W\SHV� IRU� LWV�H[SUHVVLRQV��7KLV�GHíQLWLRQ��ZKLOH�XQLYHUVDO�� WDNHV�RQ

GLìHUHQW�IRUPV�ZKHQ�DSSOLHG�WR�VSHFLíF�REMHFWV��6R�IDU��ZH
YH�H[FOXVLYHO\�FRQFHQWUDWHG�RQ�VFDODUV�DQG

YHFWRUV��ZKRVH�FRQGLWLRQV�IRU�W\SH�VWDELOLW\�DUH�UHODWLYHO\�VWUDLJKWIRUZDUG�

,Q�WKLV�VHFWLRQ��ZH�EHJLQ�WKH�DQDO\VLV�RI�W\SH�VWDELOLW\�IRU�RWKHU�GDWD�VWUXFWXUHV��7KLV�LV�GRQH�E\�FRYHULQJ

WXSOHV��*XDUDQWHHLQJ� W\SH� VWDELOLW\�ZLWK� WXSOHV� LV�PRUH� QXDQFHG� FRPSDUHG� WR� YHFWRUV�� DV� WKHLU� W\SH

FKDUDFWHUL]DWLRQ�GHPDQGV�PRUH�LQIRUPDWLRQ��,WV�H[SORUDWLRQ�ZLOO�FKDOOHQJH�RXU�XQGHUVWDQGLQJ�RI�W\SH

VWDELOLW\��GHPDQGLQJ�D�FOHDU�JUDVS�RI�LWV�GHíQLWLRQ�DQG�VXEWOHWLHV�

:DUQLQJ� - Tuples Are Only Suitable For Small Collections

5HPHPEHU�WKDW�WXSOHV�VKRXOG�RQO\�EH�XVHG�IRU�FROOHFWLRQV�WKDW�FRPSULVH

D�IHZ�HOHPHQWV��8VLQJ�WKHP�IRU�ODUJH�FROOHFWLRQV�ZLOO�UHVXOW�LQ�VLJQLíFDQW

SHUIRUPDQFH�GHJUDGDWLRQ�RU�GLUHFWO\�WULJJHU�IDWDO�HUURUV�

COMPARING TUPLES AND VECTORS

7XSOHV�DQG�YHFWRUV�DUH�WKH�PRVW�XELTXLWRXV�IRUPV�RI�FROOHFWLRQV�LQ�-XOLD��ZLWK�WXSOHV�SOD\LQJ�D�YLWDO�UROH

IRU�WZR�UHDVRQV��)LUVWO\��WXSOHV�DUH�PRUH�SHUIRUPDQW�IRU�VPDOO�REMHFWV��DV�WKH\�DYRLG�WKH�RYHUKHDG�RI

PHPRU\� DOORFDWLRQ�� 7KLV� IHDWXUH� ZLOO� EH� H[SDQGHG� RQ� ZKHQ� ZH� H[SORUH� static vectors�� ZKLFK� DUH

HVVHQWLDOO\� WXSOHV� WKDW� FDQ� EH� KDQGOHG� DV� YHFWRUV�� 7KH� VHFRQG� UHDVRQ� LV� WKDW� WXSOHV� DXWRPDWLFDOO\

HQFRPSDVV� WKH� FDVH� RI�QDPHG� WXSOHV�� ZKLFK� DUH�PHUHO\� WXSOHV� KDYLQJ� V\PEROV� DV� NH\V� LQVWHDG� RI

LQGLFHV�

,Q� FRPSDULVRQ� WR� YHFWRUV�� WXSOHV� SRVVHVV� D� PRUH� LQWULFDWH� W\SH� V\VWHP�� 7R� DSSUHFLDWH� WKLV�� OHW
V

FRPSDUH�WKH�LQIRUPDWLRQ�QHHGHG�IRU�HDFK�W\SH�GHVFULSWLRQ�

9HFWRUV� UHSUHVHQW� FROOHFWLRQV� RI� HOHPHQWV� VKDULQJ� D� homogeneous� W\SH�� DGGLWLRQDOO\� DOORZLQJ� IRU

YDU\LQJ� QXPEHU� RI� HOHPHQWV�� 7KXV�� WKH� LQIRUPDWLRQ� QHHGHG� WR� GHVFULEH� WKH� W\SHV� RI� YHFWRUV� LV

UHODWLYHO\�PLQRU�� )RU� LQVWDQFH��D� W\SH� OLNH� Vector{Float64} � HVWDEOLVKHV� WKDW�all� HOHPHQWV�PXVW�KDYH

W\SH� Float64 ��ZLWKRXW�DQ\�UHVWULFWLRQ�RQ�QXPEHU�RI�HOHPHQWV�WR�EH�FRQWDLQHG�

)RU�WKHLU�SDUW��WXSOHV�DUH�í[HG�VL]H�FROOHFWLRQV�WKDW�FDQ�DFFRPPRGDWH�heterogeneous�W\SHV��7KLV�PDNHV

WKH�FKDUDFWHUL]DWLRQ�RI�D� WXSOH
V� W\SH�PRUH�GHPDQGLQJ�� UHTXLULQJ�ERWK� WKH�QXPEHU�RI�HOHPHQWV�DQG

WKH� W\SH�RI�each� HOHPHQW�� )RU� LQVWDQFH�� WKH� YDULDEOH� tup = ("hello", 1) � KDV� W\SH� Tuple{String,



Int64} ��LQGLFDWLQJ�WKDW�WKH�íUVW�HOHPHQW�KDV�W\SH� String �DQG�WKH�VHFRQG�RQH� Int64 ��)XUWKHUPRUH��LW

LPSOLFLWO\� VHWV� WKH� QXPEHU� RI� HOHPHQWV� WR� WZR�� DV� WKHUH
V� QR� SRVVLELOLW\� RI� DSSHQGLQJ� RU� UHPRYLQJ

HOHPHQWV�

7KH� IDFW� WKDW� WKH� QXPEHU� RI� HOHPHQWV� LV� SDUW� RI� WKH� W\SH� EHFRPHV� FOHDU� ZKHQ� WXSOHV� FRQWDLQ� N

HOHPHQWV�RI�WKH�VDPH�W\SH� T ��)RU�WKLV�FDVH��-XOLD�SURYLGHV�WKH�FRQYHQLHQW�DOLDV� Ntuple{N, Float64} �

ZKLFK�LV�MXVW�V\QWDFWLF�VXJDU�IRU� Tuple{T, T,...,T} �ZKHUH� T �DSSHDUV� N �WLPHV��

,Q�WKH�IROORZLQJ��ZH�VKRZ�WKDW�WKH�FKRLFH�EHWZHHQ�WXSOHV�DQG�YHFWRUV�PD\�KDYH�GLìHUHQW�LPSOLFDWLRQV

IRU�W\SH�VWDELOLW\�

SLICES OF HETEROGENEOUS TUPLES CAN STILL BE TYPE STABLE

7KH� W\SH� Tuple � SURYLGHV� H[SOLFLW� LQIRUPDWLRQ� DERXW� HDFK� HOHPHQW
V� W\SH�� ,Q� FRQWUDVW�� YHFWRUV

QHFHVVDULO\� KROG� HOHPHQWV� ZLWK� D� XQLIRUP� W\SH�� HQWDLOLQJ� WKDW� PL[LQJ� FRQFUHWH� W\SHV� OHDGV� -XOLD� WR

FKRRVH�WKH�VPDOOHVW�W\SH�WKDW�FDQ�HQFRPSDVV�DOO�RI�WKHP�

,Q� SDUWLFXODU�� YHFWRUV� ZKRVH� HOHPHQWV
� W\SHV� DUH� H[WUHPHO\� GLìHUHQW� UHTXLUH� DQ� DEVWUDFW� W\SH� WR

FKDUDFWHUL]H� DOO� RI� WKHP�� ,Q� WKH� ZRUVW� FDVH� VFHQDULR�� -XOLD� FRXOG� GHíQH� Vector{Any} � DV� WKH� W\SH�

'HíQLQJ�WKLV�W\SH�SURSDJDWHV�WR�VOLFHV��ZKLFK�ZLOO�LQKHULW�WKH�W\SH�RI�WKH�SDUHQWH�YHFWRU��&RQVHTXHQO\�

RSHUDWLRQV�RQ�WKHVH�VOLFHV�ZLOO�UHVXOW�LQ�W\SH�LQVWDELOLW\��6XFK�D�IHDWXUH�FRQVWUDVWV�ZLWK�RSHUDWLRQV�RQ

VOLFHV�RI�WXSOHV��ZKLFK�LGHQWLI\�D�VSHFLíF�W\SH�IRU�HDFK�HOHPHQW�

783/(

9(&725

1RWLFH�WKDW�type promotion�FRXOG�VROYH�WKLV�LVVXH��7KURXJK�WKLV�PHFKDQLVP��-XOLD�DWWHPSWV�WR�FRQYHUW

HDFK�HOHPHQW�RI�D�YHFWRU� LQWR�D�FRPPRQ�concrete type�� WKXV�DYRLGLQJ�WKH�QHHG�RI�abstract� W\SHV� OLNH

Any �� 7KLV� LV�ZKDW�RFFXUV�EHORZ��ZKHUH�QXPEHUV�KROGLQJ�GLìHUHQW� W\SHV�DUH� FRQYHUWHG� WR� WKH�PRVW

JHQHUDO�FRQFUHWH�W\SH�

783/(

1

tup    = (1, 2, "hello")        # type is `Tuple{Int64, Int64, String}`

foo(x) = sum(x[1:2])

@code_warntype foo(tup)         # type stable (output is `Int64`)

vector = [1, 2, "hello"]        # type is `Vector{Any}`

foo(x) = sum(x[1:2])

@code_warntype foo(vector)      # type UNSTABLE

tup    = (1, 2, 3.5)            # type is `Tuple{Int64, Int64, Float64}` 

foo(x) = sum(x)

@code_warntype foo(tup)         # type stable (output returned is `Int64`)



9(&725

TUPLES CONTAIN MORE INFORMATION THAN VECTORS

*LYHQ�WKH�GLìHUHQFHV� LQ�W\SH� LQIRUPDWLRQ��FRQYHUVLRQV�EHWZHHQ�WXSOHV�DQG�YHFWRUV�FDQ�SRVH�VHYHUDO

FKDOOHQJHV�IRU�W\SH�VWDELOLW\��7R�VHH�WKLV��OHW
V�VWDUW�ZLWK�WKH�VLPSOHVW�FDVH��ZKHUH�D�WXSOH�LV�FRQYHUWHG

LQWR� D� YHFWRU�� 7KH� FRQFOXVLRQV� GUDZQ� IURP� WKLV� FDVH� DUH� VWUDLJKWIRUZDUG�� DV� WKH\
UH� HVVHQWLDOO\� D

FRUROODU\� IURP� WKH� SUHYLRXV� DQDO\VLV�� W\SH� VWDELOLW\� ZLOO� KROG� ZKHQ� WKH� WXSOH� FRQWDLQV� W\SH�

KRPRJHQHRXV� HOHPHQWV� RU�ZKHQ� WKH� W\SHV� DUH�KHWHURJHQHRXV�EXW� FDQ�EH�SURPRWHG� WR� D� FRPPRQ

W\SH�

)RU�WKH�H[DPSOHV��UHFDOO�WKDW�each type automatically creates a function�WKDW�WUDQVIRUPV�YDULDEOHV�LQWR

WKDW� W\SH�� ,Q� SDUWLFXODU�� EHORZ� ZH� LQWURGXFH� WKH� IXQFWLRQ� Vector � ZLWK� WKH� SXUSRVH� RI� FRQYHUWLQJ

YDULDEOHV�

7<3(�+202*(1(286�783/(6

7<3(�352027,21

vector = [1, 2, 3.5]            # type is `Vector{Float64}` (type promotion)

foo(x) = sum(x)

@code_warntype foo(vector)      # type stable (output returned is `Float64`)

tup = (1, 2, 3)               # `Tuple{Int64, Int64, Int64}` or just `NTuple{3, Int64}`

function foo(tup)
    x = Vector(tup)           # 'x' has type `Vector(Int64)}`
    sum(x)
end

@code_warntype foo(tup)       # type stable

tup = (1, 2, 3.5)             # `Tuple{Int64, Int64, Float64}`

function foo(tup)
    x = Vector(tup)           # 'x' has type `Vector(Float64)}`
    sum(x)
end

@code_warntype foo(tup)       # type stable



7<3(�+(7(52*(1(286�783/(6

)RU�LWV�SDUW��FUHDWLQJ�D�WXSOH�IURP�D�YHFWRU�ZLOO�LQHYLWDEO\�FDXVH�W\SH�LQVWDELOLW\��UHJDUGOHVV�RI�WKH

YHFWRU
V� FKDUDFWHULVWLFV�� 7KH� UHDVRQ� LV� WKDW� YHFWRUV� GRQ
W� VWRUH� LQIRUPDWLRQ� DERXW� WKH� QXPEHU� RI

HOHPHQWV�WKH\�FRQWDLQ��&RQVHTXHQWO\��WKH�FRPSLOHU�PXVW�WUHDW�WXSOHV�DV�KDYLQJ�D�YDULDEOH�QXPEHU�RI

DUJXPHQWV��ZLWK�HDFK�SRVVLEOH�QXPEHU�FRUUHVSRQGLQJ�WR�D�GLìHUHQW�FRQFUHWH�W\SH�

9(&725�:,7+�121�35,0,7,9(�7<3(6

9(&725�:,7+�35,0,7,9(�7<3(6

ADDRESSING VARIABLE ARGUMENTS: DISPATCH BY VALUE

$�NH\�WDNHDZD\�IURP�WKH�SUHYLRXV�VXEVHFWLRQ�LV�WKDW�GHíQLQJ�WXSOHV�IURP�YHFWRUV�LQYDULDEO\�LQWURGXFH

W\SH�LQVWDELOLW\��$�VLPSOH�UHPHG\�IRU�WKLV�LV�WR�FRQYHUW�WXSOHV�RXWVLGH�WKH�IXQFWLRQ��ZKLFK�ZH�WKHQ�SDVV

DV�IXQFWLRQ�DUJXPHQWV��7KLV�LV�GHPRQVWUDWHG�LQ�WKH�FRGH�VQLSSHW�EHORZ�

tup = (1, 2, "hello")         # `Tuple{Int64, Int64, String}`

function foo(tup)
    x = Vector(tup)           # 'x' has type `Vector(Any)}`
    sum(x)
end

@code_warntype foo(tup)       # type UNSTABLE

x   = [1, 2, "hello"]           # 'Vector{Any}' has no info on each individual type

function foo(x)
    tup = Tuple(x)              # 'tup' has type `Tuple`

    sum(tup[1:2])
end

@code_warntype foo(x)           # type UNSTABLE

x   = [1, 2, 3]                 # 'Vector{Int64}' has no info on the number of elements

function foo(x)
    tup = Tuple(x)              # 'tup' has type `Tuple{Vararg(Int64)}` (`Vararg` means
"variable arguments")

    sum(tup[1:2])
end

@code_warntype foo(x)           # type UNSTABLE



783/(�$6�)81&7,21�$5*80(17

7KH� DSSURDFK� SUHVHQWHG� VKRXOG� EH� \RXU� íUVW� RSWLRQ� ZKHQ� WUDQVIRUPLQJ� YHFWRUV� WR� WXSOHV�

1RQHWKHOHVV�� WKHUH�PD\�EH�VFHQDULRV�ZKHUH�GHíQLQJ�WKH�WXSOH� LQVLGH�WKH�IXQFWLRQ� LV�XQDYRLGDEOH�� ,Q

VXFK�FDVHV��WKHUH�DUH�D�IHZ�DOWHUQDWLYHV�WKDW�FDQ�EH�LPSOHPHQWHG�

1RWH�íUVW�WKDW�VLPSO\�SDVVLQJ�WKH�YHFWRU
V�QXPEHU�RI�HOHPHQWV�DV�D�IXQFWRLQ�DUJXPHQW�GRHVQ
W�VROYH

WKH� LVVXH��7KH� UHDVRQ� LV� WKDW� WKH�FRPSLOHU�JHQHUDWHV�PHWKRG� LQVWDQFHV�EDVHG�RQ� LQIRUPDWLRQ�DERXW

W\SHV��QRW�YDOXHV��7KLV�PHDQV�WKDW�D�IXQFWLRQ�DUJXPHQW�OLNH� length(x) �PHUHO\�LQIRUPV�WKH�FRPSLOHU

WKDW�WKH�QXPEHU�RI�HOHPHQWV�FDQ�EH�GHVFULEHG�DV�DQ�REMHFW�ZLWK�W\SH� Int64 ��ZLWKRXW�SURYLGLQJ�DQ\

DGGLWLRQDO�LQVLJKW�

,QVWHDG�� RQH� HìHFWLYH� VROXWLRQ� LV� WR� GHíQH� WKH� WXSOH
V� OHQJWK� XVLQJ� D� OLWHUDO� YDOXH�� DV� GHPRQVWUDWHG

EHORZ�

127�$�62/87,21

,1)/(;,%/(�62/87,21

7KH�GRZQVLGH�RI�WKLV�VROXWLRQ�LV�WKDW�LW�GHIHDWV�WKH�SXUSRVH�RI�KDYLQJ�JHQHULF�FRGH��DV�LW�UHVWULFWV�WKH

IXQFWLRQ�WR�WXSOHV�RI�D�VLQJOH�SUHGHWHUPLQHG�VL]H��7R�HOLPLQDWH�WKH�W\SH�LQVWDELOLW\�ZLWKRXW�FRQVWUDLQLQJ

IXQFWLRQDOLW\��ZH�QHHG�WR�LQWURGXFH�D�PRUH�DGYDQFHG�VROXWLRQ��7KLV�LV�EDVHG�RQ�D�WHFKQLTXH�NQRZQ�DV

GLVSDWFK�E\�YDOXH��6LQFH�WKLV�DSSURDFK�LV�PRUH�FRPSOH[�WR�LPSOHPHQW��I recommend using it only when

passing the tuple as a function argument is unfeasible�

x   = [1, 2, 3]
tup = Tuple(x)

foo(tup) = sum(tup[1:2])

@code_warntype foo(tup)         # type stable

x   = [1, 2, 3]

function foo(x)
    tup = NTuple{length(x), eltype(x)}(x)

    sum(tup)
end

@code_warntype foo(x)        # type UNSTABLE

x   = [1, 2, 3]

function foo(x)
    tup = NTuple{3, eltype(x)}(x)

    sum(tup)
end

@code_warntype foo(tup)       # type stable



1H[W��ZH�OD\�RXW�WKH�SULQFLSOHV�RI�GLVSDWFK�E\�YDOXH��DQG�WKHQ�DSSO\�WKH�WHFKQLTXH�WR�WKH�VSHFLíF�FDVH

RI�WXSOHV�

DEFINITING DISPATCH BY VALUE

'LVSDWFK� E\� YDOXH� HQDEOHV� SDVVLQJ� LQIRUPDWLRQ� DERXW� YDOXHV� WR� WKH� FRPSLOHU�� ,PSOHPHQWLQJ� WKLV

IHDWXUH��QRQHWKHOHVV��UHTXLUHV�D�ZRUNDURXQG��VLQFH�WKH�FRPSLOHU�RQO\�JDWKHUV�LQIRUPDWLRQ�DERXW�W\SHV�

7KH�KDFN�FRQVLVWV�RI�FUHDWLQJ�D�W\SH�WKDW�VWRUHV�YDOXHV�DV�W\SH�SDUDPHWHUV��,Q�WKH�FDVH�RI�WXSOHV��WKLV

W\SH�SDUDPHWHU�LV�VLPSO\�WKH�YHFWRU
V�QXPEHU�RI�HOHPHQWV�

7KH� IXQFWLRQDOLW\� LV� LPSOHPHQWHG�YLD� WKH�EXLOW�LQ� W\SH� Val ��ZKRVH�XVH� LV�EHVW�H[SODLQHG� WKURXJK�DQ

H[DPSOH��6XSSRVH�D�IXQFWLRQ� foo �DQG�D�YDOXH� a �WKDW�\RX�ZLVK�WKH�FRPSLOHU�WR�NQRZ��7KH�WHFKQLTXH

UHTXLUHV�GHíQLQJ� foo �ZLWK� D� W\SH�DQQRWDWHG� DUJXPHQW�KDYLQJ�QR�QDPH�� ::Val{a} �� $IWHU� WKLV�� \RX

PXVW�FDOO� foo �SDVVLQJ�DQ�DUJXPHQW� Val(a) ��ZKLFK�LQVWDQWLDWHV�D�W\SH�ZLWK�SDUDPHWHU� a �

7R� LOOXVWUDWH� WKH� XVH� RI� Val �� ZH� UHYLVLW� DQ� H[DPSOH� LQFOXGHG� LQ� SUHYLRXV� VHFWLRQV�� 7KLV� FRQVLGHUV� D

YDULDEOH� y �WKDW�FRXOG�EH�DQ� Int64 �RU� Float64 ��FRQWLQJHQW�XSRQ�D�FRQGLWLRQ��7KH�DPELJXLW\�RI� y 
V

W\SH�LV�WKHQ�WUDQVPLWWHG�WR�DQ\�VXEVHTXHQW�RSHUDWLRQ��OHDGLQJ�WR�W\SH�LQVWDELOLW\�

'LVSDWFK�E\�YDOXH�LV�LPSOHPHQWHG�E\�GHíQLQJ�WKH�FRQGLWLRQ�DV�D�W\SH�SDUDPHWHU�RI� Val ��,Q�WKLV�ZD\�

WKH�FRPSLOHU�ZLOO�UHFHLYH�LQIRUPDWLRQ�DERXW�ZKHWKHU�FRQGLWLRQ�LV� true �RU� false ��DQG�WKHUHIRUH�NQRZ

y 
V�W\SH��7KLV�PDNHV�LW�SRVVLEOH�WR�VSHFLDOL]H�LWV�RSHUDWLRQV�

7<3(�8167$%/(

62/87,21��9$/�

:DUQLQJ�

7KH�IXQFWLRQ�DUJXPHQW� Val �PXVW�EH�GHíQHG�ZLWK� {} ��EXW�FDOOHG�ZLWK

() �� 7KLV� LV� EHFDXVH� W\SHV� GHíQH� WKHLU� SDUDPHWHUV� ZLWK� {} �� ZKLOH

LQVWDQFHV�RI�W\SHV�UHTXLUH�IXQFWLRQV�

function foo(condition)
    y = condition ? 1 : 0.5      # either `Int64` or `Float64`
    
    [y * i for i in 1:100]
end

@code_warntype foo(true)         # type UNSTABLE
@code_warntype foo(false)        # type UNSTABLE

function foo(::Val{condition}) where condition
    y = condition ? 1 : 0.5      # either `Int64` or `Float64`
    
    [y * i for i in 1:100]
end

@code_warntype foo(Val(true))    # type stable
@code_warntype foo(Val(false))   # type stable



DISPATCHING BY VALUE WITH TUPLES

/HW
V�QRZ�UHYLVLW�WKH�FRQYHUVLRQ�RI�YHFWRUV�WR�WXSOHV��$V�ZH�SUHYLRXVO\�GLVFXVVHG��W\SH�LQVWDELOLW\�DULVHV

EHFDXVH� YHFWRUV�GRQ
W� VWRUH� WKH� VL]H� DV�SDUW�RI� WKHLU� W\SH� LQIRUPDWLRQ�� OHDYLQJ� WKH� FRPSLOHU�ZLWKRXW

VXïFLHQW�LQIRUPDWLRQ�WR�GHWHUPLQH�WKH�WXSOH
V�W\SH�

'LVSDWFK�E\�YDOXH�SURYLGHV�D�VROXWLRQ�WR�WKLV�LVVXH��E\�SDVVLQJ�WKH�YHFWRU
V�OHQJWK�DV�D�W\SH�SDUDPHWHU�

WKH�IXQFWLRQ�FDOO�EHFRPHV�W\SH�VWDEOH�

7<3(�8167$%/(

62/87,21��9$/�

FOOTNOTES

 Don't confuse NTuple  as an abbreviation for the type NamedTuples . The "N" in the former case is referring to a

number "N" of elements.

x = [1, 2, 3]

function foo(x, N)
    tuple_x = NTuple{N, eltype(x)}(x)   

    2 .+ tuple_x    
end

@code_warntype foo(x, length(x))        # type UNSTABLE

x = [1, 2, 3]

function foo(x, ::Val{N}) where N
    tuple_x = NTuple{N, eltype(x)}(x)   

    2 .+ tuple_x    
end

@code_warntype foo(x, Val(length(x)))   # type stable

1.



8g. Type Stability with Higher-Order
Functions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

)XQFWLRQV�LQ�-XOLD�DUH�íUVW�FODVV�REMHFWV��D�FRQFHSW�DOVR�UHIHUUHG�WR�DV�íUVW�FODVV�FLWL]HQV��7KLV�PHDQV

WKDW�IXQFWLRQV�FDQ�EH�WUHDWHG�OLNH�DQ\�RWKHU�YDULDEOH��WKXV�DOORZLQJ�IRU�YHFWRUV�RI�IXQFWLRQV��IXQFWLRQV

UHWXUQLQJ�RWKHU�IXQFWLRQV��DQG�PRUH�

,Q�SDUWLFXODU�� WKH�SURSHUW\�PDNHV� LW� SRVVLEOH� WR�GHíQH�KLJKHU�RUGHU� IXQFWLRQV��ZKLFK�DUH� IXQFWLRQV

WKDW� WDNH�DQRWKHU� IXQFWLRQ�DV�DQ�DUJXPHQW��:H
YH�DOUHDG\�HQFRXQWHUHG�VHYHUDO�H[DPSOHV�RI�KLJKHU�

RUGHU�IXQFWLRQV��RIWHQ�LQ�WKH�IRUP�RI�DQRQ\PRXV�IXQFWLRQV�SDVVHG�DV�DUJXPHQWV��$�FODVVLF�H[DPSOH�RI

D� KLJKHU�RUGHU� IXQFWLRQ� LV� map(<function>, <collection>) �� JLYHQ� WKDW� <function> � LV� RQH� RI� LWV

DUJXPHQWV�� 7KURXJKRXW� WKH� H[SODQDWLRQV�� ZH� IROORZ� FRPPRQ� WHUPLQRORJ\� DQG� UHIHU� WKH� IXQFWLRQ

SDVVHG�DV�DQ�DUJXPHQW�DV�WKH�FDOOEDFN�IXQFWLRQ�

,Q�WKLV�VHFWLRQ��ZH
OO�H[DPLQH�FRQGLWLRQV�XQGHU�ZKLFK�KLJKHU�RUGHU�IXQFWLRQV�DUH�W\SH�VWDEOH��$V�ZH
OO

VHH��WKHVH�IXQFWLRQV�SUHVHQW�VRPH�FKDOOHQJHV�IRU�VSHFLDOL]LQJ�WKHLU�FRPSXWDWLRQ�PHWKRG�

FUNCTIONS AS ARGUMENTS: THE ISSUE

)RU�H[SORULQJ�W\SH�VWDELOLW\��D�GLVWLQFWLYH�IHDWXUH�RI�IXQFWLRQV�LV�WKDW�HDFK�IXQFWLRQ�GHïQHV�LWV�RZQ�XQLTXH

FRQFUHWH� W\SH�� ,Q� WXUQ�� WKLV� FRQFUHWH� W\SH� LV� D� VXEW\SH� RI� DQ� DEVWUDFW� W\SH� FDOOHG� Function �� ZKLFK

HQFRPSDVVHV� DOO� SRVVLEOH� IXQFWLRQV� GHíQHG� LQ� -XOLD�� 7KLV� W\SH� V\VWHP� FUHDWHV� FKDOOHQJHV� ZKHQ

VSHFLDOL]LQJ� WKH� FRPSXWDWLRQ� PHWKRG� RI� KLJKHU�RUGHU� IXQFWLRQV�� DV� LW� FDQ� SRWHQWLDOO\� OHDG� WR� D

FRPELQDWRULDO�H[SORVLRQ�RI�PHWKRGV��ZLWK�D�XQLTXH�PHWKRG�JHQHUDWHG�IRU�HDFK�FDOOEDFN�IXQFWLRQ�

7R� DGGUHVV� WKLV� LVVXH�� -XOLD� WDNHV� D� FRQVHUYDWLYH� DSSURDFK�� often choosing not to specialize the

methods of high-order functions��7KH�SHUIRUPDQFH�LQ�VXFK�FDVHV�FDQ�EH�VHYHUHO\�GHJUDGHG��DV�WKH

H[HFXWLRQ�UXQWLPH�ZRXOG�EHFRPH�VLPLODU�WR�SHUIRUPLQJ�RSHUDWLRQV�LQ�WKH�JOREDO�VFRSH�

7DNLQJ�WKLV�LQWR�DFFRXQW��LW
V�LPSRUWDQW�WR�SLQSRLQW�WKH�VFHQDULRV�ZKHUH�VSHFLDOL]DWLRQ�LV�LQKLELWHG�DQG

PRQLWRU� LWV� FRQVHTXHQFHV�� ,I� LW�RFFXUV� WKDW�SHUIRUPDQFH� LV� VHYHUHO\� LPSDLUHG�� WKHUH�DUH� VWLOO�ZD\V� WR

HQIRUFH�VSHFLDOL]DWLRQ��,Q�WKH�IROORZLQJ�VHFWLRQ��ZH�H[SORUH�VHYHUDO�WHFKQLTXHV�IRU�GRLQJ�VR�

Warning!

([HUFLVH� FDXWLRQ� ZKHQ� LQGXFLQJ� VSHFLDOL]DWLRQ�� 2YHUO\� DJJUHVVLYH

VSHFLDOL]DWLRQ�FDQ�GHJUDGH�SHUIRUPDQFH�VHYHUHO\��H[SODLQLQJ�ZK\�-XOLD
V

GHIDXOW�DSSURDFK� LV�GHOLEHUDWHO\�FRQVHUYDWLYH�� ,Q�SDUWLFXODU��\RX�VKRXOG

https://alfaromartino.github.io/


DYRLG� VSHFLDOL]DWLRQ� ZKHQ� \RXU� VFULSW� UHSHDWHGO\� FDOOV� D� KLJK�RUGHU

IXQFWLRQ�ZLWK�PDQ\�XQLTXH�IXQFWLRQV��

AN EXAMPLE OF NO SPECIALIZATION

7R�LOOXVWUDWH�ZKHQ�KLJKHU�RUGHU�IXQFWLRQV�GRQ
W�VSHFLDOL]H��OHW
V�FRQVLGHU�D�VSHFLíF�VFHQDULR�ZKHUH�ZH

VXP� WKH� WUDQVIRUPHG� HOHPHQWV� RI� D� YHFWRU� x �� 7KH� RQO\� UHTXLUHPHQW� ZH� LPSRVH� LV� WKDW� WKH

WUDQVIRUPLQJ� IXQFWLRQ� VKRXOG� EH� JHQHULF�� DOORZLQJ� XV� WR� SRVVLEO\� DSSO\� GLìHUHQW� IXQFWLRQV� IRU� WKH

WUDQVIRUPDWLRQ�

%HORZ�� ZH� LPSOHPHQW� WKLV� RSHUDWLRQ� WKURXJK� D� KLJKHU�RUGHU� IXQFWLRQ� foo �� 7KLV� íUVW� XVHV� map � WR

WUDQVIRUP� x � WKURXJK�VRPH�IXQFWLRQ� f ��DQG�WKHQ�DSSOLHV�WKH�IXQFWLRQ� sum � WR�DGG�WKH�WUDQVIRUPHG

HOHPHQWV�� )RU� GHPRQVWUDWLQJ� KRZ� foo � ZRUNV�� ZH� DOVR� FDOO� LW� ZLWK� WKH� IXQFWLRQ� abs � DV� LWV� VSHFLíF

WUDQVIRUPHG�IXQFWLRQ�

julia> @code_warntype foo(abs,x)

$OWKRXJK�ZH�FDQ�VKRZ�WKDW� foo(abs,x) �LVQ
W�VSHFLDOL]HG�� @code_warntype fails to detect any type-

stability issues�� 7KLV� LV� D� FRQVHTXHQFH� RI� @code_warntype � HYDOXDWLQJ� W\SH� VWDELOLW\� XQGHU� WKH

DVVXPSWLRQ�WKDW�VSHFLDOL]DWLRQ�LV�DWWHPSWHG��,Q�RXU�H[DPSOH��WKLV�DVVXPSWLRQ�GRHVQ
W�KROG�DQG�WKHUHIRUH

@code_warntype �LV�RI�QR�XVH�

7KH� VSHFLíF� UHDVRQ� IRU� WKLV� EHKDYLRU� LV� WKDW� -XOLD�avoids specialization when a callback function

isn't explicitly called within the function�� ,Q� WKH�H[DPSOH�� WKH� IXQFWLRQ� f �RQO\�HQWHUV� foo �DV�DQ

DUJXPHQW�RI� map ��EXW�WKHUH
V�QR�H[SOLFLW�OLQH�FDOOLQJ� f �

7R�REWDLQ�LQGLUHFW�HYLGHQFH�UHJDUGLQJ�WKH�ODFN�RI�VSHFLDOL]DWLRQ��ZH�FDQ�FRPSDUH�WKH�UXQWLPHV�RI�WKH

RULJLQDO� foo �IXQFWLRQ�ZLWK�D�YHUVLRQ�WKDW�H[SOLFLWO\�FDOOV� f �

1

x = rand(100)

function foo(f, x)
    y = map(f, x)
    
    sum(y)    
end



julia> foo(abs, x)

julia> @btime foo(abs, $x)

julia> foo(abs, x)

julia> @btime foo(abs, $x)

7KH�FRPSDULVRQ� OD\V�EDUH�D�VLJQLíFDQW�UHGXFWLRQ� LQ�WLPH�ZKHQ� f(1) � LV�DGGHG��)XUWKHUPRUH�� WKHUH
V

DOVR� D� QRWDEOH� GHFUHDVH� LQ� PHPRU\� DOORFDWLRQV�� $V� ZH
OO� GHPRQVWUDWH� ZKHQ� H[SORULQJ� WKH� VXEMHFW�

H[FHVVLYH�DOORFDWLRQV�RIWHQ�VHUYH�DV�D�WHOOWDOH�VLJQ�RI�W\SH�LQVWDELOLW\�

FORCING SPECIALIZATION

([SOLFLWO\�FDOOLQJ�WKH�IXQFWLRQ�WR�FLUFXPYHQW�WKH�QR�VSHFLDOL]DWLRQ�LVVXH�LVQ
W�RSWLPDO��VLQFH�LW�LQWURGXFHV

DQ� XQQHFHVVDU\� FRPSXWDWLRQ�� )RUWXQDWHO\�� DOWHUQDWLYH� VROXWLRQV� H[LVW� WR� DGGUHVV� WKH� SUREOHP�� 2QH

DSSURDFK�LV�WR�W\SH�DQQRWDWH� f ��ZKLFK�SURYLGHV�-XOLD�ZLWK�D�KLQW�WR�VSHFLDOL]H��$QRWKHU�VROXWLRQ�LV�WR

ZUDS�WKH�IXQFWLRQ�LQ�D�WXSOH�DQG�WKHQ�FDOO� LW��7KLV�HQVXUHV�WKH�LGHQWLíFDWLRQ�RI�WKH�IXQFWLRQ
V�W\SH��DV

WXSOHV�LGHQWLI\�D�FRQFUHWH�W\SH�IRU�HDFK�HOHPHQW�

%HORZ��ZH�RXWOLQH�ERWK�DSSURDFKHV�

x = rand(100)

function foo(f, x)
    y = map(f, x)
    

    sum(y)    
end

48.447

  195.579 ns (3 allocations: 928 bytes)

x = rand(100)

function foo(f, x)
    y = map(f, x)
    f(1)                # irrelevant computation to force specialization

    sum(y)
end

48.447

  45.745 ns (1 allocation: 896 bytes)



julia> foo(abs, x)

julia> @btime foo(abs, $x)

julia> foo(f_tup, x)

julia> @btime foo($f_tup, $x)

FOOTNOTES

 For discussions about the issue of excessive specialization, see here and here.

x = rand(100)

function foo(f::F, x) where F
    y = map(f, x)
    

    sum(y)
end

48.447

  46.686 ns (1 allocation: 896 bytes)

x = rand(100)
f_tup = (abs,)

function foo(f_tup, x)
    y = map(f_tup[1], x)
    

    sum(y)
end

48.447

  45.101 ns (1 allocation: 896 bytes)

1.

https://docs.julialang.org/en/v1/devdocs/functions/#compiler-efficiency-issues
https://discourse.julialang.org/t/be-less-aware-of-when-julia-avoids-specializing/109111/5


8h. Gotchas for Type Stability

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV�VHFWLRQ�FRQVLGHUV�VFHQDULRV�ZKHUH�W\SH�LQVWDELOLWLHV�DUHQ
W� LPPHGLDWHO\�REYLRXV��)RU�WKLV�UHDVRQ�

ZH� GXE� WKHP� DV� �JRWFKDV��� :H� DOVR� SURYLGH� UHFRPPHQGDWLRQV� IRU� DGGUHVVLQJ� WKHP�� 7R� PDNH� WKH

VHFWLRQ�VHOI�FRQWDLQHG��ZH�UHYLVLW�VRPH�H[DPSOHV�RI�W\SH�LQVWDELOLW\�WKDW�ZHUH�FRYHUHG�SUHYLRXVO\�

GOTCHA 1: INTEGERS AND FLOATS

:KHQ�ZRUNLQJ�ZLWK�QXPHULF�VFDODUV��LW
V�HVVHQWLDO�WR�UHPHPEHU�WKDW� Int64 �DQG� Float64 �DUH�GLVWLQFW

W\SHV��0L[LQJ�WKHP�FDQ�LQDGYHUWHQWO\�LQWURGXFH�W\SH�LQVWDELOLW\�

7R�LOOXVWUDWH�WKLV�FDVH�DQG�KRZ�WR�KDQGOH�LW��FRQVLGHU�D�IXQFWLRQ� foo ��7KLV�WDNHV�D�QXPHULF�YDULDEOH� x

DV� LWV�DUJXPHQW�DQG�SHUIRUPV�WZR�WDVNV��)LUVWO\�� LW�GHíQHV�D�YDULDEOH� y �E\�WUDQVIRUPLQJ� x � LQ�D�ZD\

WKDW� DOO� QHJDWLYH� YDOXHV� DUH� UHSODFHG� ZLWK� ]HUR�� 6HFRQGO\�� LW� H[HFXWHV� DQ� RSHUDWLRQ� EDVHG� RQ� WKH

UHVXOWLQJ� y �

7KH� IROORZLQJ� H[DPSOH� LOOXVWUDWHV� WZR� LPSOHPHQWDWLRQV� RI� foo �� 7KH� íUVW� RQH� VXìHUV� IURP� W\SH

LQVWDELOLW\��ZKLOH�WKH�VHFRQG�SURYLGHV�D�UHYLVHG�LPSOHPHQWDWLRQ�WKDW�DGGUHVVHV�WKLV�LVVXH�

function foo(x)
    y = (x < 0) ?  0  :  x
    
    return [y * i for i in 1:100]
end

@code_warntype foo(1)      # type stable
@code_warntype foo(1.)     # type UNSTABLE

function foo(x)
    y = (x < 0) ?  zero(x)  :  x
    
    return [y * i for i in 1:100]
end

@code_warntype foo(1)      # type stable
@code_warntype foo(1.)     # type stable

https://alfaromartino.github.io/


7KH� íUVW� LPSOHPHQWDWLRQ� XVHV� WKH� OLWHUDO� 0 �� ZKLFK� KDV� W\SH� Int64 �� ,I� x � LV� DOVR� Int64 �� QR� W\SH

LQVWDELOLW\� DULVHV�� +RZHYHU�� LI� x � LV� Float64 �� WKH� FRPSLOHU� PXVW� FRQVLGHU� WKDW� y � FRXOG� EH� HLWKHU

Int64 �RU� Float64 ��WKXV�FDXVLQJ�W\SH�LQVWDELOLW\��

-XOLD� FDQ� KDQGOH� FRPELQDWLRQV� RI� Int64 � DQG� Float64 � TXLWH� HìHFWLYHO\�� 7KHUHIRUH�� WKH� ODWWHU� W\SH

LQVWDELOLW\� ZRXOGQ
W� EH� D� VLJQLíFDQW� LVVXH� LI� WKH� RSHUDWLRQ� LQYROYLQJ� y � FDOOV� y � RQO\� RQFH�� ,QGHHG�

@code_warntype �ZRXOG�RQO\�LVVXH�D�\HOORZ�ZDUQLQJ�WKDW�WKHUHIRUH�FRXOG�EH�VDIHO\�LJQRUHG��+RZHYHU�

foo � LQ� RXU� H[DPSOH� UHSHDWHGO\� SHUIRUPV� DQ� RSHUDWLRQ� WKDW� LQYROYHV� y �� LQFXUULQJ� WKH� FRVW� RI� W\SH

LQVWDELOLW\�PXOWLSOH�WLPHV��$V�D�UHVXOW�� @code_warntype �LVVXHV�D�UHG�ZDUQLQJ��LQGLFDWLQJ�D�PRUH�VHULRXV

SHUIRUPDQFH�LVVXH�

7KH�VHFRQG�WDE�SURSRVHV�D�VROXWLRQ�EDVHG�RQ�D�IXQFWLRQ�WKDW�UHWXUQV�WKH�]HUR�HOHPHQW�FRUUHVSRQGLQJ

WR� WKH� W\SH� RI� x �� 7KLV� DSSURDFK� FDQ� EH� H[WHQGHG� WR� RWKHU� YDOXHV� E\� XVLQJ� HLWKHU� WKH� IXQFWLRQ

convert(typeof(x), <value>) �RU� oftype(x, <value>) ��%RWK�FRQYHUW� <value> �WR�WKH�VDPH�W\SH�DV

x ��)RU�LQVWDQFH��EHORZ�ZH�UHLPSOHPHQW� foo ��EXW�XVLQJ�WKH�YDOXH� 5 �LQVWHDG�RI� 0 �

GOTCHA 2: COLLECTIONS OF COLLECTIONS

1

function foo(x)
    y = (x < 0) ?  5  :  x
    
    return [y * i for i in 1:100]
end

@code_warntype foo(1)      # type stable
@code_warntype foo(1.)     # type UNSTABLE

function foo(x)
    y = (x < 0) ?  convert(typeof(x), 5)  :  x
    
    return [y * i for i in 1:100]
end

@code_warntype foo(1)      # type stable
@code_warntype foo(1.)     # type stable

function foo(x)
    y = (x < 0) ?  oftype(x, 5)  :  x
    
    return [y * i for i in 1:100]
end

@code_warntype foo(1)      # type stable
@code_warntype foo(1.)     # type stable



:KHQ�ZRUNLQJ� LQ� GDWD� DQDO\VLV�� FROOHFWLRQV�RI� FROOHFWLRQV� HPHUJH�QDWXUDOO\�� $Q� H[DPSOH�RI� WKLV� GDWD

VWUXFWXUH�LV�JLYHQ�E\�WKH� DataFrames �SDFNDJH��ZKLFK�GHíQHV�D�WDEOH�ZLWK�HDFK�FROXPQ�UHSUHVHQWLQJ�D

GLìHUHQW� YDULDEOH�� $V� ZH� KDYHQ
W� LQWURGXFHG� WKLV� SDFNDJH�� ZH
OO� FRQVLGHU� D� PRUH� EDVLF� VFHQDULR

LQYROYLQJ� D� YHFWRU� RI� YHFWRUV�� UHSUHVHQWHG� E\� WKH� W\SH� Vector{Vector} �� 7KLV� H[KLELWV� D� VLPLODU

VWUXFWXUH��DQG�DOVR�WKH�VDPH�SRWHQWLDO�LVVXHV�UHJDUGLQJ�W\SH�VWDELOLW\�

(VVHQWLDOO\��WKH�LVVXH�DULVHV�EHFDXVH��E\�QRW�FRQVWUDLQLQJ�WKH�W\SHV�RI�LWV�LQQHU�YHFWRUV��D�FROOHFWLRQ�RI

FROOHFWLRQV�OLNH� Vector{Vector} �RìHUV�D�KLJK�GHJUHH�RI�îH[LELOLW\��7KLV�îH[LELOLW\�LV�SDUWLFXODUO\�YDOXDEOH

LQ� GDWD� DQDO\VLV�� ZKHUH� GDWDVHWV� RIWHQ� FRPSULVH� GLYHUVH� FROXPQV� WKDW� PD\� FRQWDLQ� GLVSDUDWH� GDWD

W\SHV� �H�J��� String �� Float64 �� Int64 ���+RZHYHU�� LW� DOVR� FRPHV�DW�D� FRVW�� WKH� W\SH� Vector{Vector}

RQO\�JXDUDQWHHV�WKDW� LWV�HOHPHQWV�DUH�YHFWRUV��ZLWKRXW�SURYLGLQJ�DQ\�LQIRUPDWLRQ�DERXW�WKH�FRQFUHWH

W\SHV� WKH\� FRQWDLQ�� $V� D� UHVXOW�� ZKHQ� D� IXQFWLRQ� RSHUDWHV� RQ� RQH� RI� WKHVH� LQQHU� YHFWRUV�� WKH� W\SH

V\VWHP�LV�XQDEOH�WR�LQIHU�WKH�FRQFUHWH�W\SH�RI�WKH�GDWD��OHDGLQJ�WR�W\SH�LQVWDELOLW\�

7R� LOOXVWUDWH� WKLV� VFHQDULR�� VXSSRVH� D� YHFWRU� data � FRPSULVLQJ� PXOWLSOH� LQQHU� YHFWRUV�� 0RUHRYHU�

FRQVLGHU�D� IXQFWLRQ� foo � WKDW� WDNHV� data �DV� LWV�DUJXPHQW��DQG�RSHUDWHV�RQ�RQH�RI� LWV� LQQHU�YHFWRUV

vec2 �� 7KH� íUVW� WDE� EHORZ� VKRZV� WKDW� WKLV� FDVH� OHDGV� WR� W\SH� LQVWDELOLW\�� 7KH� VLPSOHVW� VROXWLRQ� LV

SUHVHQWHG� LQ�WKH�VHFRQG�WDE��DQG�FRQVLVWV�RI� LQFOXGLQJ�D�EDUULHU� IXQFWLRQ�WKDW� WDNHV�WKH� LQQHU�YHFWRU

vec2 �DV�LWV�DUJXPHQW��7KH�WHFKQLTXH�UHFWLíHV�WKH�W\SH�LQVWDELOLW\��DV�WKH�EDUULHU�IXQFWLRQ�DWWHPSWV�WR

LGHQWLI\�D�FRQFUHWH�W\SH�IRU� vec2 ��1RWH�WKDW�WKH�EDUULHU�IXQFWLRQ�LV�GHíQHG�LQ�SODFH���7KLV�LPSOLHV�WKDW

WKH�YDOXH�RI� vec2 ��DQG�KHQFH�RI� data ��LV�XSGDWHG�ZKHQ� foo �LV�H[HFXWHG�

vec1 = ["a", "b", "c"] ; vec2 = [1, 2, 3]
data = [vec1, vec2] 

function foo(data) 
    for i in eachindex(data[2])
        data[2][i] = 2 * i
    end
end

@code_warntype foo(data)            # type UNSTABLE

vec1 = ["a", "b", "c"] ; vec2 = [1, 2, 3]
data = [vec1, vec2] 

foo(data) = operation!(data[2])

function operation!(x)
    for i in eachindex(x)
        x[i] = 2 * i
    end
end

@code_warntype foo(data)            # barrier-function solution

http://localhost:8000/PAGES/05g_inplace_functions/


GOTCHA 3: BARRIER FUNCTIONS

%DUULHU� IXQFWLRQV� DUH� DQ� HìHFWLYH� WHFKQLTXH� WR�PLWLJDWH� W\SH� LQVWDELOLWLHV�� +RZHYHU�� LW
V� HVVHQWLDO� WR

UHPHPEHU�WKDW�WKH�SDUHQW�IXQFWLRQ�PD\�UHPDLQ�W\SH�XQVWDEOH��:KHQ�WKLV�LV�WKH�FDVH��LI�ZH�IDLO�WR

UHVROYH�WKH�W\SH� LQVWDELOLW\�EHIRUH�H[HFXWLQJ�D�UHSHDWHG�RSHUDWLRQ�� WKH�SHUIRUPDQFH�FRVW�RI� WKH�W\SH

LQVWDELOLW\�ZLOO�EH�LQFXUUHG�PXOWLSOH�WLPHV�

7R� LOOXVWUDWH� WKLV�SRLQW�� OHW
V� UHYLVLW� WKH� ODVW�H[DPSOH� LQYROYLQJ�D�YHFWRU�RI�YHFWRUV��%HORZ��ZH�SUHVHQW

WZR� LQFRUUHFW� DSSURDFKHV� WR� XVLQJ� D� EDUULHU� IXQFWLRQ�� IROORZHG� E\� D� GHPRQVWUDWLRQ� RI� LWV� SURSHU

DSSOLFDWLRQ�

vec1 = ["a", "b", "c"] ; vec2 = [1, 2, 3]
data = [vec1, vec2] 

operation(i) = (2 * i)

function foo(data) 
    for i in eachindex(data[2])
        data[2][i] = operation(i)
    end
end

@code_warntype foo(data)            # type UNSTABLE

vec1 = ["a", "b", "c"] ; vec2 = [1, 2, 3]
data = [vec1, vec2] 

operation!(x,i) = (x[i] = 2 * i)

function foo(data) 
    for i in eachindex(data[2])
        operation!(data[2], i)
    end
end

@code_warntype foo(data)            # type UNSTABLE

vec1 = ["a", "b", "c"] ; vec2 = [1, 2, 3]
data = [vec1, vec2] 

function operation!(x)
    for i in eachindex(x)
        x[i] = 2 * i
    end
end

foo(data) = operation!(data[2])

@code_warntype foo(data)            # barrier-function solution



GOTCHA 4: INFERENCE IS BY TYPE, NOT BY VALUE

-XOLD
V� FRPSLOHU� JHQHUDWHV� PHWKRG� LQVWDQFHV� VROHO\� EDVHG� RQ� W\SHV�� ZLWKRXW� FRQVLGHULQJ� WKH� DFWXDO

YDOXHV��7R�GHPRQVWUDWH�WKLV��OHW
V�FRQVLGHU�WKH�IROORZLQJ�FRQFUHWH�H[DPSOH�

$W�íUVW�JODQFH��ZH�PLJKW�HUURQHRXVO\�FRQFOXGH�WKDW� foo(true) �LV�W\SH�VWDEOH��WKH�YDOXH�RI� condition

LV� true ��VR�WKDW� y = 2.5 �DQG�WKHUHIRUH� y �ZLOO�KDYH�W\SH� Float64 ��+RZHYHU��YDOXHV�GRQ
W�SDUWLFLSDWH

LQ�PXOWLSOH�GLVSDWFK��PHDQLQJ�WKDW�-XOLD
V�FRPSLOHU�LJQRUHV�WKH�YDOXH�RI� condition �ZKHQ�LQIHUULQJ� y 
V

W\SH��8OWLPDWHO\�� y �LV�WUHDWHG�DV�SRWHQWLDOO\�EHLQJ�HLWKHU� Int64 �RU� Float64 ��OHDGLQJ�WR�W\SH�LQVWDELOLW\�

7KH� LVVXH� LQ�WKLV�FDVH�FDQ�EH�HDVLO\�UHVROYHG�E\�UHSODFLQJ� 1 �E\� 1. �� WKXV�HQVXULQJ�WKDW� y � LV�DOZD\V

Float64 ��0RUH�JHQHUDOO\��ZH�FRXOG�HPSOR\�VLPLODU�WHFKQLTXHV�WR�WKH�íUVW��JRWFKD���ZKHUH�YDOXHV�DUH

FRQYHUWHG�WR�D�VSHFLíF�FRQFUHWH�W\SH�

$Q� DOWHUQDWLYH� VROXWLRQ� UHOLHV� RQ� GLVSDWFKLQJ� E\� YDOXH�� D� WHFKQLTXH� ZH� DOUHDG\� H[SORUHG� DQG

LPSOHPHQWHG� IRU� WXSOHV�� 7KLV� WHFKQLTXH�PDNHV� LW� SRVVLEOH� WR� SDVV� LQIRUPDWLRQ� DERXW� YDOXHV� WR� WKH

FRPSLOHU��,W
V�EDVHG�RQ�WKH�W\SH� Val ��DORQJ�ZLWK�WKH�NH\ZRUG� where �LQWURGXFHG�KHUH�

6SHFLíFDOO\�� IRU� DQ\� IXQFWLRQ� foo � DQG� YDOXH� a � WKDW� \RX� VHHN� WKH� FRPSLOHU� WR� NQRZ�� \RX� QHHG� WR

LQFOXGH� ::Val{a} �DV�DQ�DUJXPHQW��,Q�WKLV�ZD\�� a �LV�LQWHUSUHWHG�DV�D�W\SH�SDUDPHWHU��ZKLFK�\RX�FDQ

LGHQWLI\�E\�LQFOXGLQJ�WKH�NH\ZRUG� where ��)LQDOO\��ZH�QHHG�WR�FDOO� foo �E\�SDVVLQJ� Val(a) �DV�LWV�LQSXW�

$SSOLHG�WR�RXU�H[DPSOH��W\SH�LQVWDELOLW\�LQ� foo �HPHUJHV�EHFDXVH�WKH�YDOXH�RI� condition �LVQ
W�NQRZQ

E\�WKH�FRPSLOHU��'LVSDWFKLQJ�E\� a �HQDEOHV�XV�WR�SDVV�WKH�YDOXH�RI� condition �WR�WKH�FRPSLOHU�

function foo(condition)
    y = condition ?  2.5  :  1
    
    return [y * i for i in 1:100]
end

@code_warntype foo(true)         # type UNSTABLE
@code_warntype foo(false)        # type UNSTABLE

function foo(condition)
    y = condition ?  2.5  :  1
    
    return [y * i for i in 1:100]
end

@code_warntype foo(true)         # type UNSTABLE
@code_warntype foo(false)        # type UNSTABLE

http://localhost:8000/PAGES/08f_TS-tuples/#addressing_variable_arguments_dispatch_by_value
http://localhost:8000/PAGES/08f_TS-tuples/#addressing_variable_arguments_dispatch_by_value
http://localhost:8000/PAGES/07d_TS-onTypes/#sub_the_keyword_where


GOTCHA 5: VARIABLES AS DEFAULT VALUES OF KEYWORD

ARGUMENTS

)XQFWLRQV�DFFHSW�SRVLWLRQDO�DQG�NH\ZRUG�DUJXPHQWV��,Q�WKH�SDUWLFXODU�FDVH�WKDW�IXQFWLRQV�DUH�GHíQHG

ZLWK�NH\ZRUG�DUJXPHQWV�� LW
V�SRVVLEOH� WR�DVVLJQ�GHIDXOW� YDOXHV��+RZHYHU��ZKHQ� WKHVH�GHIDXOW� YDOXHV

DUH�VSHFLíHG�WKURXJK�YDULDEOHV�UDWKHU�WKDQ�OLWHUDO�YDOXHV��D�W\SH�LQVWDELOLW\�LV�LQWURGXFHG��7KH�UHDVRQ�LV

WKDW�WKH�YDULDEOH�LV�WKHQ�WUHDWHG�DV�D�JOREDO�YDULDEOH�

:KHQ� VHWWLQJ� D� YDULDEOH� DV� D�GHIDXOW� YDOXH� LV� XQDYRLGDEOH�� WKHUH� DUH� VWLOO� D� IHZ� VWUDWHJLHV� \RX� FRXOG

IROORZ�WR�UHVWRUH�W\SH�VWDELOLW\�

2QH�VHW�RI�VROXWLRQV�OHYHUDJHV�WKH�WHFKQLTXHV�ZH�LQWURGXFHG�IRU�JOREDO�YDULDEOHV��7KHVH�LQFOXGH�W\SH�

DQQRWDWLQJ�WKH�JOREDO�YDULDEOH��Solution 1a��RU�GHíQLQJ�LW�DV�D�FRQVWDQW��Solution 1b��

$QRWKHU�VWUDWHJ\�LQYROYHV�GHíQLQJ�D�IXQFWLRQ�WKDW�VWRUHV�WKH�GHIDXOW�YDOXH��%\�GRLQJ�VR��\RX�FDQ�WDNH

DGYDQWDJH�RI�W\SH�LQIHUHQFH��ZKHUH�WKH�IXQFWLRQ�DWWHPSWV�WR�LQIHU�D�FRQFUHWH�W\SH�IRU�WKH�GHIDXOW�YDOXH

�Solution 2��

<RX� FDQ� DOVR� DGRSW� D� ORFDO� DSSURDFK�� E\� DGGLQJ� W\SH� DQQRWDWLRQV� WR� HLWKHU� WKH� NH\ZRUG� DUJXPHQW

�Solution 3a�� RU� WKH� GHIDXOW� YDOXH� LWVHOI� �Solution 3b��� )LQDOO\�� W\SH� LQVWDELOLW\� GRHV� QRW� DULVH� ZKHQ

SRVLWLRQDO�DUJXPHQWV�DUH�XVHG�DV�GHIDXOW�YDOXHV�RI�NH\ZRUG�DUJXPHQWV��Solution 4��

function foo(::Val{condition}) where condition
    y = condition ?  2.5  :  1
    
    return [y * i for i in 1:100]
end

@code_warntype foo(Val(true))    # type stable
@code_warntype foo(Val(false))   # type stable

foo(; x) = x

β = 1
@code_warntype foo(x=β)         #type stable

foo(; x = 1) = x

@code_warntype foo()            #type stable

foo(; x = β) = x

β = 1
@code_warntype foo()            #type UNSTABLE

http://localhost:8000/PAGES/03c_functions/#positional_and_keyword_arguments
http://localhost:8000/PAGES/08d_TS-globalVariables/


$OO�WKHVH�FDVHV�DUH�VWDWHG�EHORZ�

GOTCHA 6: CLOSURES CAN EASILY INTRODUCE TYPE INSTABILITIES

Closures�DUH�D�IXQGDPHQWDO�FRQFHSW� LQ�SURJUDPPLQJ��$�W\SLFDO�VLWXDWLRQ�ZKHUH�WKH\�DULVH� LV�ZKHQ�D

IXQFWLRQ� LV� GHíQHG� LQVLGH� DQRWKHU� IXQFWLRQ�� JUDQWLQJ� WKH� LQQHU� IXQFWLRQ� DFFHVV� WR� WKH� RXWHU

IXQFWLRQ
V� VFRSH�� ,Q� -XOLD�� FORVXUHV� H[SOLFLWO\� VKRZ�XS�ZKHQ�GHíQLQJ� IXQFWLRQV�ZLWKLQ� D� IXQFWLRQ�� EXW

DOVR�LPSOLFLWO\�ZKHQ�XVLQJ�DQRQ\PRXV�IXQFWLRQV�ZLWKLQ�D�IXQFWLRQ�

:KLOH� FORVXUHV� RìHU� D� FRQYHQLHQW� ZD\� WR� ZULWH� VHOI�FRQWDLQHG� FRGH�� WKH\� FDQ� HDVLO\� LQWURGXFH� W\SH

LQVWDELOLWLHV�� )XUWKHUPRUH�� DOWKRXJK� WKHUH� KDYH� EHHQ� VRPH� LPSURYHPHQWV� LQ� WKLV� DUHD�� WKHLU

VXUURXGLQJ�LVVXHV�KDYH�EHHQ�DURXQG�IRU�VHYHUDO�\HDUV��7KLV�LV�ZK\�LW
V�FUXFLDO�WR�EH�DZDUH�RI�LWV�VXEWOH

FRQVHTXHQFHV�DQG�KRZ�WR�DGGUHVV�WKHP�

CLOSURES ARE COMMON IN CODING

foo(; x = β) = x

const β = 1
@code_warntype foo()            #type stable

foo(; x = β) = x

β::Int64 = 1
@code_warntype foo()            #type stable

foo(; x = β()) = x

β() = 1
@code_warntype foo()            #type stable

foo(; x::Int64 = β) = x

β = 1
@code_warntype foo()            #type stable

foo(; x = β::Int64) = x

β = 1
@code_warntype foo()            #type stable

foo(β; x = β) = x

β = 1
@code_warntype foo(β)           #type stable



7KHUH� DUH� VHYHUDO� VFHQDULRV�ZKHUH�QHVWLQJ� IXQFWLRQV� HPHUJHV�QDWXUDOO\��2QH� VXFK� VFHQDULR� LV�ZKHQ

\RX� DLP� WR� NHHS� D� WDVN� ZLWKLQ� D� VLQJOH� VHOI�FRQWDLQHG� XQLW� RI� FRGH�� )RU� LQVWDQFH�� WKLV� DSSURDFK� LV

SDUWLFXODUO\� XVHIXO� LI� D� IXQFWLRQ� QHHGV� WR� SHUIRUP� PXOWLSOH� LQWHUGHSHQGHQW� VWHSV�� VXFK� DV� GDWD

SUHSDUDWLRQ��H�J���VHWWLQJ�SDUDPHWHUV�RU�LQLWLDOL]LQJ�YDULDEOHV��DQG�VXEVHTXHQW�FRPSXWDWLRQV�EDVHG�RQ

WKDW�GDWD��%\�QHVWLQJ�D�IXQFWLRQ�ZLWKLQ�DQRWKHU��\RX�FDQ�NHHS�UHODWHG�FRGH�RUJDQL]HG�DQG�FRQWDLQHG

ZLWKLQ�WKH�VDPH�ORJLFDO�EORFN��SURPRWLQJ�FRGH�UHDGDELOLW\�DQG�PDLQWDLQDELOLW\�

7R�LOOXVWUDWH�WKH�SDWWHUQV�LQYROYHG�ZLWK�DQG�ZLWKRXW�FORVXUHV��ZH
OO�XVH�JHQHULF�FRGH��7KLV�LVQ
W�LQWHQGHG

WR�EH�H[HFXWHG��EXW�UDWKHU� WR�GHPRQVWUDWH� WKH�XQGHUO\LQJ�VWUXFWXUH�RI� WKH�FRGH��:H�DOVR�VXSSRVH�D

WDVN�WKDW�OHQGV�LWVHOI�WR�QHVWHG�IXQFWLRQV�

$OWKRXJK�WKH�DSSURDFK�XVLQJ�FORVXUHV�PD\�VHHP�PRUH�LQWXLWLYH��LW�FDQ�HDVLO\�LQWURGXFH�W\SH�LQVWDELOLW\�

7KLV�RFFXUV�XQGHU�FHUWDLQ�FRQGLWLRQV��VXFK�DV�

5HGHíQLQJ�YDULDEOHV�RU�DUJXPHQWV��H�J���ZKHQ�XSGDWLQJ�D�YDULDEOH�LQ�DQ�RXWSXW�

$OWHULQJ�WKH�RUGHU�LQ�ZKLFK�IXQFWLRQV�DUH�GHíQHG

8WLOL]LQJ�DQRQ\PRXV�IXQFWLRQV

(DFK�RI�WKHVH�FDVHV�LV�H[SORUHG�EHORZ��ZKHUH�ZH�UHIHU�WR�WKH�FRQWDLQLQJ�IXQFWLRQ�DV�WKH�outer function

DQG�WKH�FORVXUH�DV�WKH�inner function�

WHEN THE ISSUE ARISES

/HW
V� VWDUW� H[DPLQLQJ� WKUHH� H[DPSOHV�� 7KH\� FRYHU� DOO� WKH� SRVVLEOH� VLWXDWLRQV� ZKHUH� FORVXUHV� FRXOG

UHVXOW�LQ�W\SH�LQVWDELOLW\��DOORZLQJ�XV�WR�LGHQWLI\�UHDO�ZRUOG�VFHQDULRV�ZKHUH�WKH\�FRXOG�HPHUJH�

function task()    
        # <here, you define parameters and initialize variables>
       
    function output() 
        # <here, you do some computations with the variables and parameters>
    end

    return output()
end

task()

function task()
        # <here, you define parameters and initialize variables>
    
    return output(<variables>, <parameters>)
end

function output(<variables>, <parameters>)
        # <here, you do some computations with the variables and parameters>
end

task()



7KH�íUVW�H[DPSOHV�UHYHDO�WKDW�WKH�SODFHPHQW�RI�WKH�LQQHU�IXQFWLRQ�FRXOG�PDWWHU�IRU�W\SH�VWDELOLW\�

function foo()
    x            = 1
    bar()        = x
    
    return bar()
end

@code_warntype foo()      # type stable

function foo()
    bar(x)       = x
    x            = 1    
    
    return bar(x)
end

@code_warntype foo()      # type stable

function foo()
    bar()        = x
    x            = 1
    
    return bar()
end

@code_warntype foo()      # type UNSTABLE

function foo()
    bar()::Int64 = x::Int64
    x::Int64     = 1       

    return bar()
end

@code_warntype foo()      # type UNSTABLE

function foo()    
    x = 1
    
    return bar(x)
end

bar(x) = x

@code_warntype foo()      # type stable



7KH� VHFRQG� H[DPSOH� HVWDEOLVKHV� WKDW� W\SH� LQVWDELOLW\� DULVHV� ZKHQ� FORVXUHV� DUH� FRPELQHG� ZLWK

UHDVVLJQPHQWV�RI�YDULDEOHV�RU�DUJXPHQWV��7KLV�LVVXH�HYHQ�SHUVLVWV�ZKHQ�\RX�UHDVVLJQ�WKH�VDPH�REMHFW

WR� WKH� YDULDEOH�� LQFOXGLQJ� WULYLDO� H[SUHVVLRQV� VXFK� DV� x = x �� 7KH� H[DPSOH� DOVR� UHYHDOV� WKDW� W\SH

DQQRWDWLQJ�WKH�UHGHíQHG�YDULDEOH�RU�WKH�FORVXUH�GRHVQ
W�UHVROYH�WKH�SUREOHP�

function foo()
    x            = 1
    x            = 1            # or 'x = x', or 'x = 2'
    
    return x
end

@code_warntype foo()            # type stable

function foo()
    x            = 1
    x            = 1            # or 'x = x', or 'x = 2'
    bar(x)       = x
    
    return bar(x)
end

@code_warntype foo()            # type stable

function foo()
    x            = 1
    x            = 1            # or 'x = x', or 'x = 2'
    bar()        = x
        
    return bar()
end

@code_warntype foo()            # type UNSTABLE

function foo()
    x::Int64     = 1
    x            = 1
    bar()::Int64 = x::Int64
    
    return bar()
end

@code_warntype foo()            # type UNSTABLE



)LQDOO\��WKH�ODVW�H[DPSOH�GHDOV�ZLWK�VLWXDWLRQV�LQYROYLQJ�PXOWLSOH�FORVXUHV��,W�KLJKOLJKWV�WKDW�WKH�RUGHU�LQ

ZKLFK�\RX�GHíQH� WKHP�FRXOG�PDWWHU� IRU� W\SH�VWDELOLW\��7KH� WKLUG� WDE� LQ�SDUWLFXODU�GHPRQVWUDWHV� WKDW

SDVVLQJ�VXEVHTXHQW�FORVXUHV�DV�DUJXPHQWV�FDQ�VLGHVWHS�WKH� LVVXH��+RZHYHU��VXFK�DQ�DSSURDFK� LV�DW

RGGV�ZLWK�KRZ�FRGH�LV�JHQHUDOO\�ZULWWHQ�LQ�-XOLD�

function foo()
    x::Int64     = 1
    bar()::Int64 = x::Int64
    x            = 1
    
    return bar()
end

@code_warntype foo()            # type UNSTABLE

function foo()
    bar()::Int64 = x::Int64
    x::Int64     = 1
    x            = 1
    
    return bar()
end

@code_warntype foo()            # type UNSTABLE

function foo()
    x            = 1
    x            = 1            # or 'x = x', or 'x = 2'    
        
    return bar(x)
end

bar(x) = x

@code_warntype foo()            # type stable

function foo(x)
    closure1(x) = x
    closure2(x) = closure1(x)
    
    return closure2(x)
end

@code_warntype foo(1)            # type stable



,Q�WKH�IROORZLQJ��ZH
OO�H[DPLQH�VSHFLíF�VFHQDULRV�ZKHUH�WKHVH�SDWWHUQV�HPHUJH��7KH�H[DPSOHV�UHYHDO

WKDW�WKH�LVVXH�FDQ�RFFXU�PRUH�IUHTXHQWO\�WKDQ�ZH�PLJKW�H[SHFW��)RU�HDFK�VFHQDULR��ZH
OO�DOVR�SURYLGH�D

VROXWLRQ� WKDW� HQDEOHV� WKH� XVH� RI� D� FORVXUH� DSSURDFK�� 1RQHWKHOHVV�� LI� WKH� IXQFWLRQ� FDSWXUHV� D

SHUIRUPDQFH�FULWLFDO�SDUW�RI�\RXU�FRGH��LW
V�SUREDEO\�ZLVH�WR�DYRLG�FORVXUHV�

"BUT NO ONE WRITES CODE LIKE THAT"

i)�7UDQVIRUPLQJ�9DULDEOHV�WKURXJK�&RQGLWLRQDOV

function foo(x)
    closure2(x) = closure1(x)
    closure1(x) = x
    
    return closure2(x)
end

@code_warntype foo(1)            # type UNSTABLE

function foo(x)
    closure2(x, closure1) = closure1(x)
    closure1(x)           = x
    
    return closure2(x, closure1)
end

@code_warntype foo(1)            # type stable

function foo(x)
    closure2(x) = closure1(x)    
    
    return closure2(x)
end

closure1(x) = x

@code_warntype foo(1)            # type stable

x = [1,2]; β = 1

function foo(x, β)
    (β < 0) && (β = -β)         # transform 'β' to use its absolute value

    bar(x) = x * β

    return bar(x)
end

@code_warntype foo(x, β)        # type UNSTABLE



5HFDOO� WKDW� WKH�FRPSLOHU�GRHVQ
W�GLVSDWFK�E\�YDOXH��DQG�VR�ZKHWKHU� WKH�FRQGLWLRQ�KROGV� LV� LUUHOHYDQW�

)RU�LQVWDQFH��WKH�W\SH�LQVWDELOLW\�ZRXOG�VWLOO�KROG�LI�ZH�ZURWH� 1 < 0 �LQVWHDG�RI� β < 0 ��0RUHRYHU��WKH

YDOXH�XVHG�WR�UHGHíQH� β �LV�DOVR�XQLPSRUWDQW��ZLWK�WKH�VDPH�FRQFOXVLRQ�KROGLQJ�LI�\RX�ZULWH� β = β �

ii)�$QRQ\PRXV�)XQFWLRQV�LQVLGH�D�)XQFWLRQ

8VLQJ�DQ�DQRQ\PRXV�IXQFWLRQ�LQVLGH�D�IXQFWLRQ�LV�DQRWKHU�FRPPRQ�IRUP�RI�FORVXUH��&RQVLGHULQJ�WKLV�

W\SH� LQVWDELOLW\� DOVR� DULVHV� LQ� WKH� H[DPSOH� DERYH� LI� ZH� UHSODFH� WKH� LQQHU� IXQFWLRQ� bar � IRU� DQ

DQRQ\PRXV�IXQFWLRQ��7R�GHPRQVWUDWH�WKLV��ZH�DSSO\� filter �ZLWK�DQ�DQRQ\PRXV�IXQFWLRQ�WKDW�NHHSV

DOO�WKH�YDOXHV�LQ� x �WKDW�DUH�JUHDWHU�WKDQ� β �

x = [1,2]; β = 1

function foo(x, β)
    (β < 0) && (β = -β)         # transform 'β' to use its absolute value

    bar(x,β) = x * β

    return bar(x,β)
end

@code_warntype foo(x, β)        # type stable

x = [1,2]; β = 1

function foo(x, β)
    δ = (β < 0) ? -β : β        # transform 'β' to use its absolute value    

    bar(x) = x * δ

    return bar(x)
end

@code_warntype foo(x, β)        # type stable

x = [1,2]; β = 1

function foo(x, β)
    β = abs(β)                  # 'δ = abs(β)' is preferable (you should avoid redefining 
variables) 

    bar(x) = x * δ

    return bar(x)
end

@code_warntype foo(x, β)        # type stable



iii)�9DULDEOH�8SGDWHV

x = [1,2]; β = 1

function foo(x, β)
    (β < 0) && (β = -β)         # transform 'β' to use its absolute value
    
    filter(x -> x > β, x)       # keep elements greater than 'β'
end

@code_warntype foo(x, β)        # type UNSTABLE

x = [1,2]; β = 1

function foo(x, β)
    δ = (β < 0) ? -β : β        # define 'δ' as the absolute value of 'β'
    
    filter(x -> x > δ, x)       # keep elements greater than 'δ'
end

@code_warntype foo(x, β)        # type stable

x = [1,2]; β = 1

function foo(x, β)
    β = abs(β)                  # 'δ = abs(β)' is preferable (you should avoid redefining 
variables) 
    
    filter(x -> x > β, x)       # keep elements greater than β
end

@code_warntype foo(x, β)        # type stable

function foo(x)
    β = 0                      # or 'β::Int64 = 0'
    for i in 1:10
        β = β + i              # equivalent to 'β += i'
    end

    bar() = x + β              # or 'bar(x) = x + β'

    return bar()
end

@code_warntype foo(1)          # type UNSTABLE



iv)�7KH�2UGHU�LQ�:KLFK�\RX�'HíQH�)XQFWLRQV�&RXOG�0DWWHU�,QVLGH�D�)XQFWLRQ

7R� LOOXVWUDWH� WKLV� FODLP�� VXSSRVH�\RX�ZDQW� WR�GHíQH�D� YDULDEOH� x � WKDW�GHSHQGV�RQ�D�SDUDPHWHU� β �

+RZHYHU�� β �LV�PHDVXUHG�LQ�RQH�XQLW��H�J���PHWHUV���ZKLOH� x �UHTXLUHV� β �WR�EH�H[SUHVVHG�LQ�D�GLìHUHQW

XQLW� �H�J��� FHQWLPHWHUV���7KLV� LPSOLHV� WKDW��EHIRUH�GHíQLQJ� x ��ZH�PXVW� UHVFDOH� β � WR� WKH�DSSURSULDWH

XQLW�

'HSHQGLQJ�RQ�KRZ�ZH�LPSOHPHQW�WKH�RSHUDWLRQ��D�W\SH�LQVWDELOLW\�FRXOG�HPHUJH�

function foo(x)
    β = 0
    for i in 1:10
        β = β + i
    end

    bar(x,β) = x + β

    return bar(x,β)
end

@code_warntype foo(1)          # type stable

x = [1,2]; β = 1

function foo(x, β)
    (1 < 0) && (β = β)

    bar(x) = x * β

    return bar(x)
end

@code_warntype foo(x, β)        # type UNSTABLE

function foo(β)
    x(β)                  =  2 * rescale_parameter(β)
    rescale_parameter(β)  =  β / 10

    return x(β)
end

@code_warntype foo(1)      # type UNSTABLE



FOOTNOTES

 A similar problem would occur if we replaced 0  by 0.  and x  is an integer.

function foo(β)
    rescale_parameter(β)  =  β / 10
    x(β)                  =  2 * rescale_parameter(β)  
    
    return x(β)
end

@code_warntype foo(1)      # type stable

1.



9a. Overview and Goals

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

,Q� WKH�SUHYLRXV�FKDSWHU��ZH�EHJDQ�RXU�H[SORUDWLRQ�RI�KLJK�SHUIRUPDQFH� LQ� -XOLD�E\� IRFXVLQJ�RQ� W\SH

VWDELOLW\�� :H� QRZ� VKLIW� RXU� DWWHQWLRQ� WR� PHPRU\� DOORFDWLRQV�� D� FULWLFDO� DVSHFW� RI� SHUIRUPDQFH

RSWLPL]DWLRQ�

0HPRU\� DOORFDWLRQV� RFFXU� ZKHQHYHU� D� QHZ� REMHFW� LV� FUHDWHG�� LQYROYLQJ� WKH� UHVHUYDWLRQ� RI� PHPRU\

VSDFH�WR�VWRUH�LWV�YDOXHV��7KH�DVSHFW�LV�FUXFLDO�IRU�SHUIRUPDQFH��VLQFH�WKH�DSSURDFK�VHOHFWHG�WR�KDQGOH

WKH�SURFHVV�FDQ�VLJQLíFDQWO\�VORZ�GRZQ�FRPSXWDWLRQV��,Q�SDUWLFXODU��PHPRU\�DOORFDWLRQV�RQ�WKH�KHDS�

VLPSO\�UHIHUUHG�WR�DV�memory allocations�� LQFXU�D�QRWDEOH�FRVW�GXH�WR�WKH�DGGLWLRQDO�&38�LQVWUXFWLRQV

UHTXLUHG�IRU�PHPRU\�PDQDJHPHQW�

'HVSLWH�WKLV��WKH�LQWHUSOD\�EHWZHHQ�PHPRU\�DOORFDWLRQ�DQG�SHUIRUPDQFH�LV�FRPSOH[��,Q�IDFW��UHGXFLQJ

PHPRU\� DOORFDWLRQ� LV� QHLWKHU� QHFHVVDU\� QRU� VXïFLHQW� IRU� VSHHGLQJ� XS� FRPSXWDWLRQVÌZH
OO

SUHVHQW�LQVWDQFHV�ZKHUH�WKH�DSSURDFK�DOORFDWLQJ�PRUH�PHPRU\�WXUQV�RXW�WR�EH�IDVWHU��7KLV�DSSDUHQW

SDUDGR[�DULVHV�IURP�D�WUDGH�Rì�LQYROYHG�ZKHQ�FUHDWLQJ�D�QHZ�REMHFW��DOWKRXJK�DOORFDWLRQV�FDQ�OHDG�WR

D�VLJQLíFDQW�RYHUKHDG��WKH�UHVXOWLQJ�REMHFWV�VWRUH�WKHLU�GDWD�LQ�FRQWLJXRXV�EORFNV�RI�PHPRU\��HQDEOLQJ

WKH�&38�WR�DFFHVV�LQIRUPDWLRQ�PRUH�HïFLHQWO\�

)URP�D�SUDFWLFDO�SHUVSHFWLYH��LW
V�HVVHQWLDO�WR�FORVHO\�PRQLWRU�PHPRU\�XVDJH�LI�SHUIRUPDQFH�LV�FULWLFDO�

([FHVVLYH�PHPRU\�DOORFDWLRQ�RIWHQ�VHUYHV�DV�D�UHG�îDJ��LI�WZR�DSSURDFKHV�H[KLELW�ODUJH�GLìHUHQFHV

LQ�PHPRU\�DOORFDWLRQ��WKHLU�H[HFXWLRQ�VSHHGV�DUH�OLNHO\�WR�GLìHU�VLJQLíFDQWO\�DV�ZHOO�

https://alfaromartino.github.io/


9b. Stack vs Heap

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

0HPRU\� DOORFDWLRQV� DUH� D� IXQGDPHQWDO� SURFHVV� LQ� FRPSXWHU� SURJUDPPLQJ�� 7KLV� RFFXUV�ZKHQHYHU� D

QHZ�REMHFW� LV�FUHDWHG��DQG� LQYROYHV�UHVHUYLQJ�PHPRU\�VSDFH� WR�VWRUH� WKH�REMHFW
V�YDOXHV�� W\SLFDOO\� LQ

WKH�FRPSXWHU
V�5DQGRP�$FFHVV�0HPRU\��5$0���,Q�WXUQ��5$0�LV�ORJLFDOO\�GLYLGHG�LQWR�WZR�PDLQ�DUHDV�

WKH� VWDFN� DQG� WKH� KHDS�� ,PSRUWDQWO\�� WKHVH� DUHDV� DUHQ
W� SK\VLFDO� ORFDWLRQV�� EXW� UDWKHU� FRQFHSWXDO

PRGHOV�WKDW�JRYHUQ�KRZ�PHPRU\�LV�PDQDJHG�

7KH�GLVWLQFWLRQ�LV�FUXFLDO�IRU�SHUIRUPDQFH�VLQFH�PHPRU\�DOORFDWLRQV�RQ�WKH�KHDS�DUH�D�FRVWO\�RSHUDWLRQ�

7KLV�DSSURDFK�WR�KDQGOH�PHPRU\�UHTXLUHV�VHDUFKLQJ�IRU�IUHH�PHPRU\��WUDFNLQJ�PHPRU\�LQIRUPDWLRQ�

DQG� IUHHLQJ�XQXVHG�PHPRU\� �D�SURFHVV�NQRZQ�DV�JDUEDJH�FROOHFWLRQ���6WDFN�DOORFDWLRQV��E\�FRQWUDVW�

DUH�VLPSOHU�DQG�WKHUHIRUH�PRUH�HïFLHQW�

7KH�SHUIRUPDQFH�GLìHUHQFH�EHWZHHQ�VWDFN�DQG�KHDS�DOORFDWLRQV�FDQ�EH�VLJQLíFDQW��TXLFNO\�EHFRPLQJ�D

PDMRU�SHUIRUPDQFH�ERWWOHQHFN�LI�WKH�RSHUDWLRQ�LV�SHUIRUPHG�UHSHDWHGO\��7KLV�GLVSDULW\�LQ�SHUIRUPDQFH

H[SODLQV� WKH� FRPPRQ� FRQYHQWLRQ� LQ� SURJUDPPLQJ�� LQFOXGLQJ� -XOLD�� ZKHUH�memory allocations will

exclusively refer to heap allocations�

,Q�WKH�FXUUHQW�VHFWLRQ��ZH�EHJLQ�WKH�H[SORUDWLRQ�RI�PHPRU\�DOORFDWLRQV��E\�EULHî\�FRPSDULQJ�KRZ�WKH

VWDFN�DQG�WKH�KHDS�ZRUN�

STACK ALLOCATIONS

,Q�-XOLD��W\SLFDO�REMHFWV�VWRUHG�RQ�WKH�VWDFN�LQFOXGH�LQWHJHUV��QXPEHUV��FKDUDFWHUV��DQG�VPDOO�í[HG�VL]H

FROOHFWLRQV�OLNH�WXSOHV�

2EMHFWV�RQ�WKH�VWDFN�DUH�FKDUDFWHUL]HG�E\�KDYLQJ�D�í[HG�VL]H��SUHFOXGLQJ�WKH�SRVVLELOLW\�RI�G\QDPLFDOO\

JURZLQJ�RU� VKULQNLQJ� LQ� VL]H�� 7KHVH� FKDUDFWHULVWLFV�PDNH�DOORFDWLQJ�DQG�GHDOORFDWLQJ�PHPRU\�RQ� WKH

VWDFN�H[WUHPHO\�HïFLHQW�

7KH�SULPDU\�OLPLWDWLRQ�RI�WKH�VWDFN�LV�LWV�OLPLWHG�FDSDFLW\��PDNLQJ�LW�VXLWDEOH�RQO\�IRU�REMHFWV�ZLWK�D�IHZ

HOHPHQWV��,QGHHG��DWWHPSWLQJ�WR�DOORFDWH�PRUH�PHPRU\�WKDQ�WKH�VWDFN�FDQ�DFFRPPRGDWH�ZLOO�UHVXOW�LQ

D� �VWDFN� RYHUîRZ�� HUURU�� FDXVLQJ� SURJUDP� WHUPLQDWLRQ�� $QG�� HYHQ� LI� DQ� REMHFW� íWV� RQ� WKH� VWDFN�

DOORFDWLQJ�WRR�PDQ\�HOHPHQWV�FDQ�VLJQLíFDQWO\�GHJUDGH�SHUIRUPDQFH��

HEAP ALLOCATIONS

1

https://alfaromartino.github.io/


&RPPRQ�REMHFWV�VWRUHG�RQ�WKH�KHDS�LQFOXGH�DUUD\V��VXFK�DV�YHFWRUV�DQG�PDWULFHV��DQG�VWULQJV��8QOLNH

WKH�VWDFN��WKH�KHDS�LV�GHVLJQHG�WR�DOORFDWH�DQG�IUHH�PHPRU\�LQ�DQ\�RUGHU��DOORZLQJ�LW�WR�DFFRPPRGDWH

ODUJHU�DQG�PRUH�FRPSOH[�GDWD�VWUXFWXUHV��7KXV��WKH�KHDS�FDQ�KDQGOH�REMHFWV�DV�ODUJH�DV�WKH�DYDLODEOH

5$0�SHUPLWV��ZKLFK�DGGLWLRQDOO\�FRXOG�JURZ�RU�VKULQN�G\QDPLFDOO\�

:KLOH�WKH�KHDS�RìHUV�JUHDWHU�îH[LELOLW\�WKDQ�WKH�VWDFN��LWV�PRUH�FRPSOH[�PHPRU\�PDQDJHPHQW�FRPHV

DW�WKH�FRVW�RI�VORZHU�SHUIRUPDQFH�� �'XH�WR�WKHLU�UHGXFHG�VSHHG��&KDSWHU���ZLOO�RXWOLQH�DSSURDFKHV�WR

PLQLPL]LQJ� KHDS� DOORFDWLRQV�� 6WUDWHJLHV� IRU� DFKLHYLQJ� WKLV� LQFOXGHV� XWLOL]LQJ� WKH� VWDFN� ZKHQHYHU

SRVVLEOH��DQG�IDYRULQJ�PXWDWLRQ�RYHU�WKH�FUHDWLRQ�RI�QHZ�REMHFWV�

FOOTNOTES

�7KHUH
V�QR�KDUG�DQG�IDVW�UXOH�DERXW�KRZ�PDQ\�HOHPHQWV�DUH��WRR�PDQ\���%HQFKPDUNLQJ�LV�WKH�RQO\�UHOLDEOH�ZD\�WR

GHWHUPLQH�WKH�SHUIRUPDQFH�FRQVHTXHQFHV�IRU�HDFK�SDUWLFXODU�FDVH��$V�D�URXJK�JXLGHOLQH��REMHFWV�ZLWK�PRUH�WKDQ

����HOHPHQWV�ZLOO�FHUWDLQO\�VXìHU�IURP�SRRU�SHUIRUPDQFH��ZKLOH�WKRVH�ZLWK�IHZHU�WKDQ����HOHPHQWV�DUH�OLNHO\�WR

EHQHíW�IURP�VWDFN�DOORFDWLRQ�

�7R�KDQGOH�WKH�PHPRU\�RI�KHDS�DOORFDWHG�REMHFWV��-XOLD�XVHV�ZKDW
V�NQRZQ�DV�D�garbage collector��7KLV�PHFKDQLVP

DXWRPDWLFDOO\�LGHQWLíHV�DQG�IUHHV�PHPRU\�QR�ORQJHU�LQ�XVH��ZKLFK�FDQ�EH�FRPSXWDWLRQDOO\�H[SHQVLYH�

2

1.

2.



9c. Objects Allocating Memory

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

,Q� the previous section�� ZH� LQWURGXFHG� WKH� IXQGDPHQWDOV� RI� PHPRU\� DOORFDWLRQV�� KLJKOLJKWLQJ� WKDW

REMHFWV�FDQ�EH�VWRUHG�RQ�HLWKHU�WKH�KHDS�RU�WKH�VWDFN��)XUWKHUPRUH��ZH�HPSKDVL]HG�WKH�DSSOLFDWLRQ�RI

FRQYHQWLRQDO�WHUPLQRORJ\�LQ�SURJUDPPLQJ�DQG�-XOLD��ZKHUH�allocations exclusively refer to those on

the heap��7KLV�GHíQLWLRQ�DOVR�JLYHV�ULVH�WR�WKH�H[SUHVVLRQ�WKDW��DQ�REMHFW�DOORFDWHV��ZKHQ�WKH�REMHFW�LV

VWRUHG�RQ�WKH�KHDS�

7KH�GLVWLQFWLRQ� LVQ
W�PHUHO\� WR�HFRQRPL]H�RQ�ZRUGV��5DWKHU�� LW� UHîHFWV� WKDW�KHDS�DOORFDWLRQV�DUH� WKH

RQHV�WKDW�PDWWHU�ZKHQ�LW�FRPHV�WR�SHUIRUPDQFH��WKH\�LQYROYH�D�PRUH�FRPSOH[�PHPRU\�PDQDJHPHQW�

ZKLFK�FDQ�VLJQLíFDQWO\�KLQGHU�SHUIRUPDQFH�

,Q�IDFW��WKH�FORVH�UHODWLRQVKLS�EHWZHHQ�SHUIRUPDQFH�DQG�KHDS�DOORFDWLRQV�FDQ�EH�DSSUHFLDWHG�WKURXJK

WKH�PDFURV� @time �DQG� @btime ��7R�SURYLGH�D�FRPSUHKHQVLYH�PHDVXUH�RI�SHUIRUPDQFH��WKH\�QRW�RQO\

UHWXUQ�WKH�WRWDO�UXQWLPH�RI�DQ�RSHUDWLRQ��EXW�DGGLWLRQDOO\�WKH�KHDS�DOORFDWLRQV�LQYROYHG�

,Q�WKH�IROORZLQJ��ZH�LQLWLDWH�RXU�DQDO\VLV�RI�PHPRU\�DOORFDWLRQ�E\�FDWHJRUL]LQJ�REMHFWV�LQWR�WZR�JURXSV�

WKRVH�WKDW�DOORFDWH�DQG�WKRVH�WKDW�GRQ
W�

NUMBERS, TUPLES, NAMED TUPLES, AND RANGES DON'T ALLOCATE

:H�VWDUW�E\�IRFXVLQJ�RQ�REMHFWV�WKDW�GRQ
W�DOORFDWH�PHPRU\��7KH\�LQFOXGH�

1XPEHUV

7XSOHV

1DPHG�7XSOHV

5DQJHV

$V� WKHVH� REMHFWV� GRQ
W� DOORFDWH�� QHLWKHU� GRHV� FUHDWLQJ�� DFFHVVLQJ�� DQG� RSHUDWLQJ� RQ� WKHP�� 7KLV� LV

GHPRQVWUDWHG�EHORZ�

julia> @btime foo()

function foo()
    x = 1; y = 2
    
    x + y
end

  0.800 ns (0 allocations: 0 bytes)

https://alfaromartino.github.io/
http://localhost:8000/PAGES/09b_onAllocations/


julia> @btime foo()

julia> @btime foo()

julia> @btime foo()

ARRAYS AND SLICES DO ALLOCATE MEMORY

7KH�PRVW�FRPPRQ�REMHFW�WKDW�DOORFDWHV�PHPRU\�LV�DUUD\V��7KHVH�DOORFDWLRQV�RFFXU�QRW�RQO\�ZKHQ�ZH

FUHDWH� DQ� DUUD\� DQG� DVVLJQ� LW� WR� D� YDULDEOH�� EXW� DOVR� ZKHQ� FRPSXWDWLRQV� UHWXUQLQJ� DUUD\V� DUH

SHUIRUPHG�RQ�WKH�î\��7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKLV�SRLQW�

julia> @btime foo()

Slicing� LV�DQRWKHU�RSHUDWLRQ�WKDW�FUHDWHV�DQ�DUUD\��DQG�WKHUHIRUH�DOORFDWHV��7KLV� LV�GXH�WR�WKH�GHIDXOW

EHKDYLRU� RI� VOLFLQJ�� ZKLFK� UHWXUQV� D� QHZ� FRS\� UDWKHU� WKDQ� D� YLHZ� RI� WKH� RULJLQDO� REMHFW�� 7KH� VROH

H[FHSWLRQ�WR�WKLV�UXOH�LV�ZKHQ�D�VLQJOH�HOHPHQW�LV�DFFHVVHG��LQ�ZKLFK�FDVH�QR�QHZ�DOORFDWLRQ�RFFXUV�

function foo()
    tup = (1,2,3)

    tup[1] + tup[2] * tup[3]
end

  0.800 ns (0 allocations: 0 bytes)

function foo()
    nt = (a=1, b=2, c=3)

    nt.a + nt.b * nt.c
end

  0.800 ns (0 allocations: 0 bytes)

function foo()
    rang = 1:3

    rang[1] + rang[2] * rang[3]
end

  0.800 ns (0 allocations: 0 bytes)

foo()  = [1,2,3]

  13.714 ns (1 allocation: 80 bytes)

http://localhost:8000/PAGES/05e_slices/


julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

2WKHU� RSHUDWLRQV� WKDW� LQYROYH� DUUD\� FUHDWLRQ� LQFOXGH� DUUD\� FRPSUHKHQVLRQV� DQG� EURDGFDVWLQJ�

5HPDUNDEO\��EURDGFDVWLQJ�HYHQ�LQYROYHV�PHPRU\�DOORFDWLRQ�ZKHQ�LQWHUPHGLDWH�UHVXOWV�DUH�FRPSXWHG

LQWHUQDOO\��EXW�QRW�H[SOLFLWO\�UHWXUQHG��7KLV�VSHFLíF�FDVH�LV�GHPRQVWUDWHG�LQ��%URDGFDVWLQJ����EHORZ�

julia> @btime foo()

julia> @btime foo($x)

julia> @btime foo($x)

x      = [1,2,3]

foo(x) = x[1:2]                 # ONE allocation, since ranges don't allocate (but 'x[1:2]' 
itself does)

  16.116 ns (1 allocation: 80 bytes)

x      = [1,2,3]

foo(x) = x[[1,2]]               # TWO allocations (one for '[1,2]' and another for
'x[[1,2]]' itself)

  31.759 ns (2 allocations: 160 bytes)

x      = [1,2,3]

foo(x) = x[1] * x[2] + x[3]

  1.400 ns (0 allocations: 0 bytes)

foo()  = [a for a in 1:3]

  13.514 ns (1 allocation: 80 bytes)

x      = [1,2,3]
foo(x) = x .* x

  15.916 ns (1 allocation: 80 bytes)

x      = [1,2,3]
foo(x) = sum(x .* x)                # 1 allocation from temporary vector 'x .* x'

  21.242 ns (1 allocation: 80 bytes)



9d. Slice Views to Reduce Allocations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

,Q�RXU�SUHYLRXV�GLVFXVVLRQ�RQ�Slices and Views��ZH�GHíQHG�WKH�FRQFHSW�RI�D�slice�DV�D�VXEYHFWRU�RI�WKH

SDUHQW� YHFWRU� x �� 7\SLFDO� H[DPSOHV� RI� VOLFHV� DUH� H[SUHVVLRQV� VXFK� DV� x[1:2] � RU� x[x .> 0] �� %\

GHIDXOW�� VOLFHV� FUHDWH� D� FRS\� RI� WKH� GDWD� DQG� WKHUHIRUH� LQFXUV� PHPRU\� DOORFDWLRQ�� ZLWK� WKH� RQO\

H[FHSWLRQ�RI�VOLFHV�FRPSULVLQJ�D�VLQJOH�REMHFW�

1H[W��ZH�SUHVHQW�DQ�DSSURDFK� WR�DYRLGLQJ� WKH�RYHUKHDG�RI�PHPRU\�DOORFDWLRQ��7KLV� LV�EDVHG�RQ� WKH

FRQFHSW� RI�views��ZKLFK�E\SDVV� WKH�QHHG� IRU� D� FRS\�E\�GLUHFWO\� UHIHUHQFLQJ� WKH�SDUHQW� REMHFW�� 7KLV

PHWKRG�LV�SDUWLFXODUO\�HìHFWLYH�ZKHQ�VOLFHV�DUH�LQGH[HG�WKURXJK�UDQJHV��+RZHYHU��LW
V�QRW�VXLWDEOH�IRU

VOLFHV�WKDW�HPSOR\�%RROHDQ�LQGH[LQJ��LQ�ZKLFK�FDVH�DOORFDWLRQV�ZLOO�VWLOO�RFFXU�

)LQDOO\��ZH�GHPRQVWUDWH�WKDW�copying data could be faster than using views��GHVSLWH�WKH�DGGLWLRQDO

PHPRU\� DOORFDWLRQ� LQYROYHG�� 7KLV� VHHPLQJ� SDUDGR[� DULVHV� EHFDXVH� FUHDWLQJ� D� YHFWRU� HQVXUHV� WKDW

HOHPHQWV�DUH�VWRUHG�LQ�D�FRQWLJXRXV�EORFN�LQ�PHPRU\��ZKLFK�IDFLOLWDWHV�PRUH�HïFLHQW�DFFHVV�WR�WKHP�

VIEWS OF SLICES

:H�VWDUW�VKRZLQJ�WKDW�YLHZV�GRQ
W�DOORFDWH�PHPRU\�if the slice is indexed by a range��7KLV�SURSHUW\�FDQ

OHDG�WR�SHUIRUPDQFH�LPSURYHPHQWV�RYHU�UHJXODU�VOLFHV��ZKLFK�FUHDWH�D�FRS\�E\�GHIDXOW�

SLICE AS A COPY

julia> @btime foo($x)

SLICE AS A VIEW

julia> @btime foo($x)

x = [1, 2, 3]

foo(x) = sum(x[1:2])           # it allocates ONE vector -> the slice 'x[1:2]'

  15.015 ns (1 allocation: 80 bytes)

x = [1, 2, 3]

foo(x) = sum(@view(x[1:2]))    # it doesn't allocate

  1.200 ns (0 allocations: 0 bytes)



+RZHYHU�� views under Boolean indexing won't reduce memory allocations or be more

performant�� 7KHUHIRUH��GRQ
W� UHO\�RQ� YLHZV�RI� WKHVH�REMHFWV� WR� VSHHG�XS� FRPSXWDWLRQV�� 7KLV� IDFW� LV

LOOXVWUDWHG�EHORZ�

BOOLEAN INDEX (COPY)

julia> @btime foo($x)

BOOLEAN INDEX (VIEW)

julia> @btime foo($x)

COPYING DATA MAY BE FASTER

$OWKRXJK�YLHZV�FDQ� UHGXFH�PHPRU\�DOORFDWLRQV�� WKHUH�DUH� VFHQDULRV�ZKHUH�FRS\LQJ�GDWD�FDQ�EH� WKH

IDVWHU� DSSURDFK�� 7KLV� LV� GXH� WR� DQ� LQKHUHQW� WUDGH�Rì� EHWZHHQ�PHPRU\� DOORFDWLRQ� DQG� GDWD� DFFHVV

SDWWHUQV��2Q�WKH�RQH�KDQG��QHZO\�FUHDWHG�YHFWRUV�VWRUH�GDWD�LQ�FRQWLJXRXV�EORFNV�RI�PHPRU\��HQDEOLQJ

PRUH� HïFLHQW� &38� DFFHVV��2Q� WKH� RWKHU� KDQG��ZKLOH� YLHZV� DYRLG� DOORFDWLRQ�� WKH\� UHTXLUH� DFFHVVLQJ

GDWD�VFDWWHUHG�WKURXJKRXW�PHPRU\�

,Q� FHUWDLQ� FDVHV�� WKH�RYHUKHDG�RI� FUHDWLQJ�D� FRS\�PD\�EH�RXWZHLJKHG�E\� WKH�EHQHíWV�RI� FRQWLJXRXV

PHPRU\�DFFHVV��PDNLQJ�FRS\LQJ�WKH�PRUH�HïFLHQW�FKRLFH��7KLV�SRVVLELOLW\�LV�LOOXVWUDWHG�EHORZ�

COPY

julia> @btime foo($x)

VIEW

julia> @btime foo($x)

x = rand(1_000)

foo(x) = sum(x[x .> 0.5])

  662.500 ns (4 allocations: 8.34 KiB)

x = rand(1_000)

foo(x) = @views sum(x[x .> 0.5])

  759.770 ns (4 allocations: 8.34 KiB)

x = rand(100_000)

foo(x) = max.(x[1:2:length(x)], 0.5)

  30.100 μs (4 allocations: 781.34 KiB)

x = rand(100_000)

foo(x) = max.(@view(x[1:2:length(x)]), 0.5)

  151.700 μs (2 allocations: 390.67 KiB)





9e. Pre-Allocations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ�H[SORUHV�VFHQDULRV�ZKHUH� IRU�ORRSV�HQWDLO� WKH�FUHDWLRQ�RI�QHZ�YHFWRUV� LQ�HDFK� LWHUDWLRQ�

ZKLFK� OHDGV� WR� UHSHDWHG� PHPRU\� DOORFDWLRQ�� 6SHFLíFDOO\�� ZH� IRFXV� RQ� VLWXDWLRQV� ZKHUH� YHFWRUV

UHSUHVHQW�LQWHUPHGLDWH�UHVXOWV�WKDW�GRQ
W�QHHG�WR�EH�VWRUHG�IRU�IXWXUH�XVH��,Q�VXFK�FDVHV��WKH�LVVXH�FDQ

EH�DGGUHVVHG�E\�D�WHFKQLTXH�NQRZQ�DV�SUH�DOORFDWLRQ�

Pre-allocation� LQYROYHV� LQLWLDOL]LQJ� D� YHFWRU� EHIRUH� WKH� IRU�ORRS� H[HFXWHV�� DQG� WKHQ� UHXVLQJ� LW� WR

WHPSRUDULO\� VWRUH� UHVXOWV� GXULQJ� HDFK� LWHUDWLRQ�� %\� DOORFDWLQJ� PHPRU\� XSIURQW� DQG� PRGLI\LQJ� LW� LQ

SODFH��WKH�DSSURDFK�HìHFWLYHO\�E\SDVVHV�WKH�RYHUKHDG�RI�FUHDWLQJ�QHZ�YHFWRUV�UHSHDWHGO\�

7KH�SHUIRUPDQFH�JDLQV�IURP�SUH�DOORFDWLRQ�FDQ�EH�VXEVWDQWLDO��5HPDUNDEO\��WKH�WHFKQLTXH�LVQ
W�VSHFLíF

WR� -XOLD�� EXW� UDWKHU� DSSOLFDEOH� DFURVV� SURJUDPPLQJ� ODQJXDJHV�� 8OWLPDWHO\�� LWV� HìHFWLYHQHVV� UHOLHV� RQ

IDYRULQJ�WKH�PXWDWLRQ�RI�SUH�DOORFDWHG�PHPRU\��ZKLFK�PLQLPL]HV�WKH�UHOLDQFH�RQ�WKH�KHDS�

7KH�SUHVHQWDWLRQ�EHJLQV�E\� UHYLHZLQJ�PHWKRGV� WR� LQLWLDOL]H� YHFWRUV��ZKLFK� FRQVWLWXWHV�D�SUHUHTXLVLWH

IRU� SUH�DOORFDWLRQ�� :H� WKHQ� SUHVHQW� WZR� VFHQDULRV� ZKHUH� SUH�DOORFDWLRQ� SURYHV� DGYDQWDJHRXV�� ,Q

SDUWLFXODU��RQH�RI�WKHP�KLJKOLJKWV�WKH�EHQHíWV�RI�SUH�DOORFDWLQJ�LQ�WKH�FRQWH[W�RI�QHVWHG�IRU�ORRSV�

Remark

7KH�UHYLHZ�RI�YHFWRU�LQLWLDOL]DWLRQ�ZLOO�EH�UHODWLYHO\�EULHI�DQG�IRFXVHG�RQ

SHUIRUPDQFH�� )RU� PRUH� GHWDLOV�� ,� UHFRPPHQG� UHYLHZLQJ� WKH� section

about vector creation��DV�ZHOO�DV�WKH�VHFWLRQV�RQ�in-place assignments�

DQG�in-place functions��

INITIALIZING VECTORS

Vector initialization�UHIHUV�WR�WKH�SURFHVV�RI�FUHDWLQJ�D�YHFWRU�WR�VXEVHTXHQWO\�íOO�LW�ZLWK�YDOXHV��7KH

SURFHVV�W\SLFDOO\�LQYROYHV�WZR�VWHSV��UHVHUYLQJ�VSDFH�LQ�PHPRU\�DQG�SRSXODWLQJ�WKH�VSDFH�ZLWK�VRPH

LQLWLDO� YDOXHV�� $Q� HïFLHQW� ZD\� WR� LQLWLDOL]H� D� YHFWRU� LV� E\� RQO\� SHUIRUPLQJ� WKH� íUVW� VWHS�� NHHSLQJ

ZKDWHYHU�FRQWHQW�LV�KHOG�LQ�WKH�PHPRU\�DGGUHVV�DW�WKH�PRPHQW�RI�FUHDWLRQ��$OWKRXJK�WKHVH�YDOXHV�ZLOO

GLVSOD\� D� VSHFLíF� QXPEHU�� WKH\� DUH� HVVHQWLDOO\� DUELWUDU\� DQG� PHDQLQJOHVV�� H[SODLQLQJ� ZK\� WKH\
UH

UHIHUUHG�WR�DV� undef �

7KHUH�DUH�WZR�PHWKRGV�IRU� LQLWLDOL]LQJ�D�YHFWRU�ZLWK� undef �YDOXHV��7KH�íUVW�RQHV�UHTXLUHV�VSHFLI\LQJ

WKH�W\SH�DQG�OHQJWK�RI�WKH�DUUD\��DQG�LWV�V\QWD[�UHVHPEOHV�WKH�FUHDWLRQ�RI�QHZ�YHFWRUV��7KH�VHFRQG�RQH

LV�EDVHG�RQ� WKH� IXQFWLRQ� similar(y) ��ZKLFK�FUHDWHV�D�YHFWRU�ZLWK� WKH�VDPH�W\SH�DQG�GLPHQVLRQ�DV

https://alfaromartino.github.io/
http://localhost:8000/PAGES/05d_initializeVector/
http://localhost:8000/PAGES/05d_initializeVector/
http://localhost:8000/PAGES/05g_inplace_operations/
http://localhost:8000/PAGES/05g_inplace_functions/


DQRWKHU�H[LVWLQJ�YHFWRU� y �

%HORZ��ZH�FRPSDUH�WKH�SHUIRUPDQFH�RI�DSSURDFKHV�WR�LQLWLDOL]LQJ�D�YHFWRU��,Q�SDUWLFXODU��ZH�VKRZ�WKDW

ZRUNLQJ�ZLWK� undef �YDOXHV�LV�IDVWHU�WKDQ�VHWWLQJ�VSHFLíF�YDOXHV��7R�VWDUNO\�VKRZ�WKHVH�GLìHUHQFHV��ZH

FUHDWH�D�YHFWRU�ZLWK�����HOHPHQWV�DQG�UHSHDW�WKH�SURFHGXUH���������WLPHV�

julia> @btime foo($x, $repetitions)

julia> @btime foo($x, $repetitions)

julia> @btime foo($x, $repetitions)

julia> @btime foo($x, $repetitions)

x           = collect(1:100)
repetitions = 100_000                       # repetitions in a for-loop

function foo(x, repetitions)
    for _ in 1:repetitions
        Vector{Int64}(undef, length(x))
    end
end

  1.581 ms (100000 allocations: 85.45 MiB)

x           = collect(1:100)
repetitions = 100_000                       # repetitions in a for-loop

function foo(x, repetitions)
    for _ in 1:repetitions
        similar(x)
    end
end

  1.623 ms (100000 allocations: 85.45 MiB)

x           = collect(1:100)
repetitions = 100_000                       # repetitions in a for-loop

function foo(x, repetitions)
    for _ in 1:repetitions
        zeros(Int64, length(x))
    end
end

  7.530 ms (100000 allocations: 85.45 MiB)

x           = collect(1:100)
repetitions = 100_000                       # repetitions in a for-loop

function foo(x, repetitions)
    for _ in 1:repetitions
        ones(Int64, length(x))
    end
end

  4.674 ms (100000 allocations: 85.45 MiB)



julia> @btime foo($x, $repetitions)

Remark

5HFDOO�WKDW� _ �LV�D�FRQYHQWLRQ�DGRSWHG�IRU�GHQRWLQJ�dummy variables�

7KH\
UH� YDULDEOHV� WKDW� KDYH� D� YDOXH�� EXW� DUHQ
W� XVHG� RU� UHIHUHQFHG

DQ\ZKHUH�LQ�WKH�FRGH��,Q�WKH�FRQWH[W�RI�D�IRU�ORRS��WKH�VROH�SXUSRVH�RI

_ � LV� WR� VDWLVI\� WKH� V\QWD[� UHTXLUHPHQWV�� ZKLFK� H[SHFWV� D� YDULDEOH� WR

LWHUDWH�RYHU�

7KH� V\PERO� _ � LV� DUELWUDU\� DQG� DQ\� RWKHU� FRXOG� EH� XVHG� LQ� LWV� SODFH�

7KURXJKRXW�WKH�ZHEVLWH��ZH
YH�FRQVLVWHQWO\�XVHG� _ �ZKHQ�RXU�LQWHQWLRQ

LV�WR�UHSHDWHGO\�FRPSXWH�WKH�VDPH�RSHUDWLRQ�

APPROACHES TO INITIALIZING VECTORS

:H� FDQ� LQLWLDOL]H� output � E\� SDVVLQJ� LW� WR� WKH� IXQFWLRQ� DV� D� NH\ZRUG� DUJXPHQW�� 7KLV� HQDEOHV� XVLQJ

similar(x) �� ZKHUH� x � LV� D� SUHYLRXV� IXQFWLRQ
V� DUJXPHQW�� &RQVLGHULQJ� WKLV�� WKH� IROORZLQJ� WZR

LPSOHPHQWDWLRQV�WXUQ�RXW�WR�EH�HTXLYDOHQW�

:KHQ� LW� FRPHV� WR� LQLWLDOL]LQJ�PXOWLSOH� YDULDEOHV�� ZH� FDQ� OHYHUDJH� DUUD\� FRPSUHKHQVLRQ� WR� REWDLQ� D

FRQFLVH�V\QWD[��7KH�RQO\�UHTXLVLWH�IRU�WKLV�DSSURDFK�LV�WKDW�DOO�YDULDEOHV�WR�EH�LQLWLDOL]HG�VKDUH�WKH�VDPH

W\SH��%HORZ��ZH�DGGLWLRQDOO\�SUHVHQW�D�PRUH�HïFLHQW�DSSURDFK�EDVHG�RQ�ZKDW
V�NQRZQ�DV�JHQHUDWRUV�

x           = collect(1:100)
repetitions = 100_000                       # repetitions in a for-loop

function foo(x, repetitions)
    for _ in 1:repetitions
        fill(2, length(x))                  # vector filled with integer 2
    end
end

  4.877 ms (100000 allocations: 85.45 MiB)

function foo(x)
   output = similar(x) 
   # <some calculations using 'output'>
end

function foo(x; output = similar(x))

   # <some calculations using 'output'>
end



7KLV�VXEMHFW�LV�FRYHUHG�LQ�D�VXEVHTXHQW�VHFWLRQ��$W�WKLV�SRLQW��\RX�VKRXOG�RQO\�NQRZ�WKDW�WKH�PHWKRG

EDVHG�RQ�JHQHUDWRUV�GRHVQ
W�DOORFDWH��)XUWKHUPRUH��LWV�V\QWD[�LV�VLPLODU�WR�DUUD\�FRPSUHKHQVLRQ��ZLWK

WKH�RQO\�GLìHUHQFH�WKDW�EUDFNHWV� [] �DUH�UHSODFHG�ZLWK�SDUHQWKHVHV� () �

julia> @btime foo($x)

julia> @btime foo($x)

7KH� GHPRQVWUDWLRQ� XVHV� similar(x) � DV� DQ� H[DPSOH�� EXW� WKH� VDPH� SULQFLSOH� DSSOLHV� WR� RWKHU

LQLWLDOL]DWLRQ�PHWKRGV�VXFK�DV� Vector{Float64}(undef, length(x)) �

PRE-ALLOCATING VECTORS IN NESTED FOR-LOOPS

:KHQ�ZRUNLQJ�ZLWK�YHFWRUV��FHUWDLQ�RSHUDWLRQV�LQKHUHQWO\�UHTXLUH�WKH�FUHDWLRQ�RI�QHZ�YHFWRUV��ZKHWKHU

DV� LQWHUPHGLDWH� VWHSV� RU� íQDO� UHVXOWV�� 7KHVH� RSHUDWLRQV� FRPPRQO\� DULVH� ZLWK� IRU�ORRSV� DQG

EURDGFDVWLQJ�� 7KH� IROORZLQJ�H[DPSOHV�GHPRQVWUDWH� WKLV��1RWH� WKDW�ERWK�DSSURDFKHV� LQ� WKH�H[DPSOH

FUHDWH�D�QHZ�YHFWRU��HYHQ�ZKHQ�WKH�RSHUDWLRQ�XOWLPDWHO\�\LHOGV�D�VFDODU�YDOXH�

julia> @btime foo($x)

x = [1,2,3]

function foo(x)
    a,b,c = [similar(x) for _ in 1:3]
    # <some calculations using a,b,c>
end

  49.848 ns (4 allocations: 320 bytes)

x = [1,2,3]

function foo(x)
    a,b,c = (similar(x) for _ in 1:3)
    # <some calculations using a,b,c>
end

  35.348 ns (3 allocations: 240 bytes)

x = rand(100)

function foo(x)
    output = similar(x)               # you need to create this vector to store the results

    for i in eachindex(x)
        output[i] = 2 * x[i]
    end

    return output
end

  45.416 ns (1 allocation: 896 bytes)



julia> @btime foo($x)

:KHQ� WKH� UHVXOW�QHHGV� WR�EH�VWRUHG��DOORFDWLQJ�D�QHZ�YHFWRU� LV�XQDYRLGDEOH��7KLV� LV�SDUWLFXODUO\� WUXH

ZKHQ�WKH�FRPSXWHG�UHVXOW�LV�WKH�íQDO�RXWSXW��+RZHYHU��WKH�RSHUDWLRQ�FRXOG�VHUYH�DV�DQ�LQWHUPHGLDWH

VWHS� LQ� D� ODUJHU� FRPSXWDWLRQ�� ZKLFK�PD\� LQYROYH� DQRWKHU� IRU�ORRS�� :H� UHIHU� WR� WKHVH� VFHQDULRV� DV

nested for-loops�

7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�KRZ�HDFK�LWHUDWLRQ�LQ�WKH�VHFRQG�IRU�ORRS�JHQHUDWHV�D�QHZ�YHFWRU�IRU

WKH�LQWHUPHGLDWH�UHVXOW�

julia> @btime calling_foo_in_a_loop($x)

julia> @btime calling_foo_in_a_loop($x)

6FHQDULRV�OLNH�WKLV�OHDG�WR�XQQHFHVVDU\�PHPRU\�DOORFDWLRQV��PDNLQJ�WKHP�ZHOO�VXLWHG�IRU�SUH�DOORFDWLRQ

RI�WKH�LQWHUPHGLDWH�UHVXOW��%\�DGRSWLQJ�WKLV�VWUDWHJ\��ZH�FDQ�UHXVH�WKH�VDPH�YHFWRU�DFURVV�LWHUDWLRQV�

HìHFWLYHO\�E\SDVVLQJ�WKH�PHPRU\�DOORFDWLRQV�VWHPPLQJ�IURP�FUHDWLQJ�D�QHZ�YHFWRU�PXOWLSOH�WLPHV�

7R� LPSOHPHQW� LW�� ZH� QHHG� DQ� LQ�SODFH� IXQFWLRQ� WKDW� WDNHV� WKH� RXWSXW� RI� WKH� IRU�ORRS� DV� RQH� RI� WKH

DUJXPHQWV�� 7KLV� IXQFWLRQ� ZLOO� HYHQWXDOO\� EH� FDOOHG� LWHUDWLYHO\�� XSGDWLQJ� LWV� RXWSXW� LQ� HDFK� LWHUDWLRQ�

7KHUH�DUH�WZR�ZD\V�WR�LPSOHPHQW�WKLV�VWUDWHJ\��DQG�ZH�DQDO\]H�HDFK�VHSDUDWHO\�LQ�WKH�IROORZLQJ�

VIA A FOR-LOOP

7KH�íUVW�DSSURDFK�GHíQHV�DQ�LQ�SODFH�IXQFWLRQ�WKDW�XSGDWHV�WKH�YDOXHV�RI� output �WKURXJK�D�IRU�ORRS�

x = rand(100)

foo(x) = sum(2 .* x)                  # 2 .* x implicitly creates a temporary vector

  36.779 ns (1 allocation: 896 bytes)

x = rand(100)

function foo(x; output = similar(x))
    for i in eachindex(x)
        output[i] = 2 * x[i]
    end

    return output
end

calling_foo_in_a_loop(output,x) = [sum(foo(x)) for _ in 1:100]

  6.160 μs (101 allocations: 88.38 KiB)

x = rand(100)

foo(x) = 2 .* x

calling_foo_in_a_loop(x) = [sum(foo(x)) for _ in 1:100]

  6.433 μs (101 allocations: 88.38 KiB)



julia> @btime foo!($output, $x)

julia> @btime calling_foo_in_a_loop($output, $x)

VIA BROADCASTING

7KH� VHFRQG� RSWLRQ� UHOLHV� RQ� WKH� RSHUDWRU� .= � WR� XSGDWH� D� YHFWRU
V� YDOXHV�� 5HODWLYH� WR� WKH� H[DPSOH

DERYH��WKLV�DOORZV�IRU�DQ�XSGDWH�WKURXJK�D�VLPSOHU�V\QWD[��ZKHUH� foo! �LV�GHíQHG�LQ�RQH�OLQH�

julia> @btime foo!($output, $x)

julia> @btime foo!($output, $x)

x      = rand(100)
output = similar(x)

function foo!(output,x)
    for i in eachindex(x)
        output[i] = 2 * x[i]
    end

    return output
end

  5.100 ns (0 allocations: 0 bytes)

x      = rand(100)
output = similar(x)

function foo!(output,x)
    for i in eachindex(x)
        output[i] = 2 * x[i]
    end

    return output
end

calling_foo_in_a_loop(output,x) = [sum(foo!(output,x)) for _ in 1:100]

  1.340 μs (1 allocation: 896 bytes)

x      = rand(100)
output = similar(x)

foo!(output,x) = (output .= 2 .* x)

  5.800 ns (0 allocations: 0 bytes)

x      = rand(100)
output = similar(x)

foo!(output,x) = (@. output = 2 * x)

  5.400 ns (0 allocations: 0 bytes)



julia> @btime calling_foo_in_a_loop($output,$x)

Warning! - Use of @. to update values

:KHQ�\RXU�JRDO�LV�WR�XSGDWH�YDOXHV�RI�D�YHFWRU��UHFDOO�WKDW� @. �KDV�WR�EH

placed at the beginning�RI�WKH�VWDWHPHQW�

PRE-ALLOCATIONS FOR INTERMEDIATE STEPS

6R�IDU��RXU�GLVFXVVLRQ�KDV�FHQWHUHG�DURXQG�WKH�EHQHíWV�RI�SUH�DOORFDWLQJ�YHFWRUV�LQ�QHVWHG�IRU�ORRSV�

+RZHYHU��LWV�DSSOLFDELOLW\�H[WHQGV�EH\RQG�WKLV�VSHFLíF�VFHQDULR�

%URDGO\�VSHDNLQJ��SUH�DOORFDWLQJ�SURYHV�XVHIXO�ZKHQ�� i�� WKH�YHFWRU�VHUYHV�DQ� LQWHUPHGLDWH�UHVXOW� WKDW

IHHGV�LQWR�DQRWKHU�RSHUDWLRQ��DQG�ii��WKH�LQWHUPHGLDWH�UHVXOW�LV�FRPSXWHG�LQVLGH�D�IRU�ORRS��,I�WKHVH�WZR

FRQGLWLRQV� DUH�PHW�� UHXVLQJ� WKH� VDPH� SUH�DOORFDWHG� YHFWRU� RXWSHUIRUPV� D� VWUDWHJ\� EDVHG� RQ� D� QHZ

YHFWRU�IRU�HDFK�LWHUDWLRQ�

1H[W��ZH�DQDO\]H�D�FDVH�ZKHUH�WKHVH�FRQGLWLRQV�KROG��HYHQ�WKRXJK� foo �LVQ
W�FDOOHG�LQ�D�IRU�ORRS�DV�LW
G

EH� WKH� FDVH� LQ� D� QHVWHG� IRU�ORRS�� 7KH� XVHIXOQHVV� RI� D� SUH�DOORFDWLRQ� HPHUJHV� EHFDXVH� output

GHPDQGV�D�FRPSOH[�FRPSXWDWLRQ��PDNLQJ�LW�FRQYHQLHQW�WR�VSOLW�WKH�FDOFXODWLRQ�LQ�VHYHUDO�VWHSV�

7R�LOOXVWUDWH�WKH�SURFHGXUH��FRQVLGHU�DQ�RSHUDWLRQ�ZKHUH� temp �UHSUHVHQWV�DQ�LQWHUPHGLDWH�YDULDEOH�WR

FRPSXWH� output �� $OO� WKH� LPSOHPHQWDWLRQV�EHORZ�GRQ
W�SUH�DOORFDWH� temp �� DQG�KHQFH� FUHDWH�D�QHZ

YHFWRU�LQ�HDFK�LWHUDWLRQ�

x      = rand(100)
output = similar(x)

foo!(output,x) = (@. output = 2 * x)

calling_foo_in_a_loop(output,x) = [sum(foo!(output,x)) for _ in 1:100]

  1.320 μs (1 allocation: 896 bytes)

# the following are equivalent and define a new variable
   output  = @. 2  * x
   output  =    2 .* x

# the following are equivalent and update 'output'
@. output  = 2  * x
   output .= 2 .* x



julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

,Q� WKH� IROORZLQJ��ZH�SUH�DOORFDWH� temp �� DOWKRXJK� WKH� VFHQDULR� FRQVLGHUHG�H[KLELWV� VRPH�GLìHUHQFHV

UHODWLYH� WR� D� QHVWHG� IRU�ORRS�� 7KHVH� GLìHUHQFHV� UHVXOW� LQ� VRPH� VXEWOH� DVSHFWV� UHJDUGLQJ� WKHLU

LPSOHPHQWDWLRQ�

)LUVW�� DV� ZH
UH� DVVXPLQJ� WKDW� WKLV� IXQFWLRQ� ZRQ
W� EH� FDOOHG� LQ� D� IRU�ORRS�� WKH� SUH�DOORFDWLRQ� FDQ� EH

SHUIRUPHG�ZLWKLQ� WKH� IXQFWLRQ�� UDWKHU� WKDQ�GHíQLQJ� temp � DV� DQ� DUJXPHQW� RI� foo �� 6HFRQG�� DOO� WKH

LWHUDWLRQV� RFFXU� ZLWKLQ� WKH� VDPH� IRU�ORRS�� PDNLQJ� WKH� EURDGFDVWLQJ� RSWLRQ� PRUH� FRQYHQLHQW�� 7KH

FRQVHTXHQFHV�RI�WKHVH�GLìHUHQFHV�IRU�WKH�LPSOHPHQWDWLRQ�DUH�GLVFXVVHG�EHORZ�

VIA A FOR-LOOP OR BROADCASTING

3UH�DOORFDWLQJ� temp � DQG� XSGDWH� LWV� YDOXHV� YLD� EURDGFDVWLQJ� LV� WKH� VLPSOHVW� ZD\� IRU� WKH� VFHQDULR

FRQVLGHUHG�� ,Q�IDFW��WKLV�PHWKRG�GRHVQ
W�UHTXLUH�GHSDUWLQJ�IURP�WKH�RULJLQDO�V\QWD[��2Q�WKH�FRQWUDU\�

WKH�XVH�D�IRU�ORRS�LV�PRUH�LQYROYHG�

x = rand(100)

function foo(x; output = similar(x))
    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

  14.700 μs (201 allocations: 11.81 KiB)

x = rand(100)

foo(x) = [sum(x .> x[i]) for i in eachindex(x)]

  14.600 μs (201 allocations: 11.81 KiB)

x = rand(100)

function foo(x) 
    temp   = [x .> x[i] for i in eachindex(x)]
    output = sum.(temp)
end

  15.100 μs (202 allocations: 12.69 KiB)



julia> @btime foo!($x)

julia> @btime foo!($x)

julia> @btime foo!($x)

1RWH� WKDW� WKH� WZR� DOORFDWLRQV� REVHUYHG� DUH� GXH� WR� WKH� FUHDWLRQ� RI� temp � DQG� output �� ZKLFK� DUH

LQFXUUHG�RQO\�RQFH�UDWKHU�WKDQ�LQ�HDFK�LWHUDWLRQ�

VIA IN-PLACE FUNCTION

*LYHQ� WKH� IHDWXUHV� RI� WKH� VFHQDULR� FRQVLGHUHG��ZH� FDQ� DOVR� LPSOHPHQW� WKH� SUH�DOORFDWLRQ� YLD� DQ� LQ�

SODFH�IXQFWLRQ��:H�UHIHU�WR�LW�DV� update_temp! ��ZKLFK�LV�GHíQHG�RXWVLGH�WKH�IRU�ORRS�DQG�XSGDWHG�LQ

HDFK� LWHUDWLRQ��$Q�DGYDQWDJH�RI� WKLV�DSSURDFK� LV� WKDW�ZH�VHSDUDWH� update_temp! � IURP�WKH� IRU�ORRS�

x = rand(100)

function foo!(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)        
        for j in eachindex(x)
            temp[j] = x[j] > x[i]
        end
        output[i] = sum(temp)
    end

    return output
end

  1.850 μs (2 allocations: 1.75 KiB)

x = rand(100)

function foo!(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)
        temp     .= x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

  1.660 μs (2 allocations: 1.75 KiB)

x = rand(100)

function foo!(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)
        @. temp      = x > x[i]
           output[i] = sum(temp)
    end

    return output
end

  1.660 μs (2 allocations: 1.75 KiB)



DQG�KHQFH�ZH�FDQ�IRFXV�RQ� update_temp! �LI�WKH�RSHUDWLRQ�LV�SHUIRUPDQFH�FULWLFDO�

julia> @btime foo!($x)

julia> @btime foo!($x)

ADDING A NESTED FOR-LOOP

:H�NQRZ�FRPELQH�ERWK�FDVHV��ZKHUH� foo �UHTXLUHV�DQ�LQWHUPHGLDWH�YDULDEOH� temp �DQG�WKHQ�LV�FDOOHG

LQ� DQRWKHU� IRU�ORRS�� ,Q� VXFK�D� VFHQDULR�� ERWK� output � DQG� temp � QHHGV� WR�EH� LQLWLDOL]HG�RXWVLGH� WKH

IXQFWLRQV�DQG�XVHG�DV�IXQFWLRQ�DUJXPHQWV��7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKLV�E\�FRQVLGHULQJ�RQO\

update_temp! �XVLQJ�EURDGFDVWLQJ�

x = rand(100)

function update_temp!(x, temp, i)
    for j in eachindex(x)        
       temp[j] = x[j] > x[i]
    end    
end

function foo!(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)
        update_temp!(x, temp, i)
        output[i] = sum(temp)
    end

    return output
end

  1.790 μs (2 allocations: 1.75 KiB)

x = rand(100)

update_temp!(x, temp, i) = (@. temp = x > x[i])

function foo!(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)
           update_temp!(x, temp, i)
           output[i] = sum(temp)
    end

    return output
end

  1.680 μs (2 allocations: 1.75 KiB)



julia> @btime calling_foo_in_a_loop($x)

julia> @btime calling_foo_in_a_loop($x, $output, $temp)

x      = rand(100)

update_temp!(x, temp, i) = (@. temp = x > x[i])

function foo!(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)
           update_temp!(x, temp, i)
           output[i] = sum(temp)
    end
    return output
end

calling_foo_in_a_loop(x) = [foo!(x) for _ in 1:1_000]

  1.734 ms (2001 allocations: 1.72 MiB)

x      = rand(100)
output = similar(x)
temp   = similar(x)

update_temp!(x, temp, i) = (@. temp = x > x[i])

function foo!(x, output, temp)    
    for i in eachindex(x)
           update_temp!(x, temp, i)
           output[i] = sum(temp)
    end
    return output
end

calling_foo_in_a_loop(x, output, temp) = [foo!(x, output, temp) for _ in 1:1_000]

  1.666 ms (1 allocation: 7.94 KiB)



9f. Reductions

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

Reductions�DUH�D�SRZHUIXO�WHFKQLTXH�IRU�operations that take collections as inputs and return a

single element�� 7KH\� DULVH� QDWXUDOO\� ZKHQ� ZH� QHHG� WR� FRPSXWH� VXPPDU\� VWDWLVWLFV� VXFK� DV� DQ

DYHUDJH��YDULDQFH��RU�PD[LPXP�RI�D�FROOHFWLRQ�

7KH�UHGXFWLRQ�SURFHVV�ZRUNV�E\� LWHUDWLYHO\�DSSO\LQJ�DQ�RSHUDWLRQ�WR�SDLUV�RI�HOHPHQWV��DFFXPXODWLQJ

WKH� UHVXOWV� DW� HDFK� VWHS� XQWLO� WKH� íQDO� RXWSXW� LV� REWDLQHG�� )RU� H[DPSOH�� WR� FRPSXWH� sum(x) � IRU� D

YHFWRU� x ��D�UHGXFWLRQ�ZRXOG�VWDUW�E\�DGGLQJ�WKH�íUVW�WZR�HOHPHQWV��WKHQ�DGG�WKH�WKLUG�HOHPHQW�WR�WKH

WRWDO��DQG�FRQWLQXH�WKLV�FXPXODWLYH�SURFHVV�XQWLO�DOO�HOHPHQWV�KDYH�EHHQ�VXPPHG�

7KH� PHWKRG� LV� SDUWLFXODUO\� FRQYHQLHQW� ZKHQ� ZH� QHHG� WR� WUDQVIRUP� D� YHFWRU
V� HOHPHQWV� SULRU� WR

FRPSXWLQJ� D� VXPPDU\� VWDWLVWLF�� %\� RSHUDWLQJ� RQ� VFDODUV�� reductions sidestep the need to

materialize intermediate outputs�� WKHUHE\� UHGXFLQJ� PHPRU\� DOORFDWLRQV�� 7KLV� PHDQV� WKDW�� LI� IRU

H[DPSOH� \RX� KDYH� WR� FRPSXWH� sum(log.(x)) �� D� UHGXFWLRQ� ZRXOG� DYRLG� WKH� FUHDWLRQ� RI� WKH

LQWHUPHGLDWH�YHFWRU� log.(x) �

INTUITION

5HGXFWLRQV�DUH�W\SLFDOO\�LPSOHPHQWHG�XVLQJ�D�IRU�ORRS��ZLWK�DQ�RSHUDWRU�DSSOLHG�WR�SDLUV�RI�HOHPHQWV

DQG�WKH�UHVXOWLQJ�RXWSXW�XSGDWHG�LQ�HDFK�LWHUDWLRQ��$�FODVVLF�H[DPSOH�LV�WKH�VXPPDWLRQ�RI�DOO�QXPHULF

HOHPHQWV�LQ�D�YHFWRU��7KLV�LQYROYHV�DSSO\LQJ�WKH�DGGLWLRQ�RSHUDWRU� + �WR�SDLUV�RI�HOHPHQWV�� LWHUDWLYHO\

XSGDWLQJ�WKH�DFFXPXODWHG�VXP��7KLV�LV�GHPRQVWUDWHG�EHORZ�

julia> foo(x)

x = rand(100)

foo(x) = sum(x)

48.447

https://alfaromartino.github.io/


julia> foo(x)

julia> foo(x)

,Q� UHGXFWLRQV�� LW
V� FRPPRQ� WR� VHH� LPSOHPHQWDWLRQV� OLNH� WKH� ODVW� WDE�� ZKLFK� DUH� EDVHG� RQ� update

operators��7KLV�HQWDLOV�WKDW�DQ�H[SUHVVLRQ�OLNH� x += a �LV�HTXLYDOHQW�WR� x = x + a �

IMPLEMENTING REDUCTIONS

5HGXFWLRQV�DUH�LPSOHPHQWHG�E\�DSSO\LQJ�HLWKHU�D�binary operator�RU�D�WZR�DUJXPHQW�IXQFWLRQ�GXULQJ

HDFK�LWHUDWLRQ��$Q�H[DPSOH�RI�D�ELQDU\�RSHUDWRU�LV� + ��DV�ZH�XVHG�DERYH��+RZHYHU��ZH�FRXOG�KDYH�DOVR

XVHG� + �DV�D�WZR�DUJXPHQW�IXQFWLRQ��UHSODFLQJ� output = output + x[i] �ZLWK� output = +(output,

x[i]) ��7KH�SRVVLELOLW\�RI�XVLQJ�IXQFWLRQV�EURDGHQV�WKH�VFRSH�RI�UHGXFWLRQV��)RU�LQVWDQFH��LW�DOORZV�XV�WR

FRPSXWH� WKH� PD[LPXP� YDOXH� RI� D� YHFWRU� x � E\� WKH� IXQFWLRQ� max �� ZKHUH� max(a,b) � UHWXUQV� WKH

PD[LPXP�RI�WKH�VFDODUV� a �DQG� b �

)RUPDOO\��D�UHGXFWLRQ�UHTXLUHV�WKH�ELQDU\�RSHUDWLRQ�WR�VDWLVI\�two mathematical requirements�

Associativity��WKH�ZD\�LQ�ZKLFK�RSHUDWLRQV�DUH�JURXSHG�GRHV�QRW�FKDQJH�WKH�UHVXOW��)RU�H[DPSOH�

DGGLWLRQ�LV�DVVRFLDWLYH�EHFDXVH� (a + b) + c = a + (b + c) �

Existence of an identity element�� WKHUH� H[LVWV� DQ� HOHPHQW� WKDW� OHDYHV� DQ\� RWKHU� HOHPHQW

XQFKDQJHG�ZKHQ�WKH�ELQDU\�RSHUDWLRQ�LV�DSSOLHG��)RU�H[DPSOH��WKH�LGHQWLW\�HOHPHQW�RI�DGGLWLRQ�LV

��EHFDXVH� a + 0 = a �

x = rand(100)

function foo(x)
    output = 0.

    for i in eachindex(x)
        output = output + x[i]
    end

    return output
end

48.447

x = rand(100)

function foo(x)
    output = 0.
    
    for i in eachindex(x)
        output += x[i]
    end

    return output
end

48.447

http://localhost:8000/PAGES/02b_variables/#sub_updating_variables
http://localhost:8000/PAGES/02b_variables/#sub_updating_variables
http://localhost:8000/PAGES/02b_variables/#operators


7KH�IROORZLQJ�OLVW�LQGLFDWHV�WKH�LGHQWLW\�HOHPHQWV�RI�HDFK�RSHUDWLRQ�

Operation Identity Element

6XP �

3URGXFW �

0D[LPXP �,QI

0LQLPXP ,QI

7KH�UHOHYDQFH�RI�LGHQWLW\�HOHPHQWV�OLHV�LQ�WKDW�WKH\�FRQVWLWXWH�WKH�LQLWLDO�YDOXHV�RI�WKH�LWHUDWLYH�SURFHVV�

%DVHG�RQ�WKHVH�LGHQWLW\�HOHPHQWV��ZH�QH[W�LPSOHPHQW�UHGXFWLRQV�IRU�VHYHUDO�RSHUDWLRQV��7KH�H[DPSOHV

PDNH�XVH�RI�WKH�IXQFWLRQ� foo1 �WR�VKRZ�WKH�GHVLUHG�RXWFRPH��ZKLOH� foo2 �SURYLGHV�WKH�VDPH�RXWSXW

YLD�D�UHGXFWLRQ�

x = rand(100)

foo1(x) = sum(x)

function foo2(x)
    output = 0.

    for i in eachindex(x)
        output += x[i]
    end

    return output
end

x = rand(100)

foo1(x) = prod(x)

function foo2(x)
    output = 1.

    for i in eachindex(x)
        output *= x[i]
    end

    return output
end



:H�FDQ�DOVR�YLVXDOO\�LOOXVWUDWH�KRZ�UHGXFWLRQV�RSHUDWH�LQ�WKHVH�H[DPSOHV��DV�ZH�GR�EHORZ�

REDUCTION 1: sum of [1,2,3,4]

x = rand(100)

foo1(x) = maximum(x)

function foo2(x)
    output = -Inf

    for i in eachindex(x)
        output = max(output, x[i])
    end

    return output
end

x = rand(100)

foo1(x) = minimum(x)

function foo2(x)
    output = Inf
    
    for i in eachindex(x)
        output = min(output, x[i])
    end

    return output
end



REDUCTION 2: maximum of [1,4,2,8]

AVOIDING MEMORY ALLOCATIONS VIA REDUCTIONS

2QH�RI�WKH�SULPDU\�DGYDQWDJHV�RI�UHGXFWLRQV�LV�WKDW�WKH\�DYRLG�WKH�PHPRU\�DOORFDWLRQ�RI�LQWHUPHGLDWH

UHVXOWV��7R�LOOXVWUDWH�WKLV��FRQVLGHU�WKH�RSHUDWLRQ� sum(log.(x)) �IRU�D�YHFWRU� x ��7KLV�RSHUDWLRQ�LQYROYHV

WUDQVIRUPLQJ� x �LQWR� log.(x) �DQG�WKHQ�VXPPLQJ�WKH�WUDQVIRUPHG�HOHPHQWV��%\�GHIDXOW��EURDGFDVWLQJ

FUHDWHV�D�QHZ�YHFWRU�WR�VWRUH�WKH�UHVXOW�RI� log.(x) ��WKHUHE\�DOORFDWLQJ�PHPRU\�IRU�LW��+RZHYHU��ZH
UH

RQO\� LQWHUHVWHG� LQ� WKH� íQDO� VXP�DQG�QRW� WKH� LQWHUPHGLDWH� UHVXOW� LWVHOI�� 7KHUHIRUH�� DQ� DSSURDFK� WKDW

E\SDVVHV� WKH� DOORFDWLRQ� RI� log.(x) � LV� EHQHíFLDO�� 5HGXFWLRQV� DFFRPSOLVK� WKLV� E\� GHíQLQJ� D� VFDODU

output ��ZKLFK�LV�LWHUDWLYHO\�XSGDWHG�E\�VXPPLQJ�WKH�WUDQVIRUPHG�YDOXHV�RI� x ��

julia> @btime foo1($x)

julia> @btime foo2($x)

1

x = rand(100)

foo1(x) = sum(log.(x))

function foo2(x)
    output = 0.

    for i in eachindex(x)
        output += log(x[i])
    end

    return output
end

  315.584 ns (1 allocation: 896 bytes)

  296.119 ns (0 allocations: 0 bytes)



julia> @btime foo1($x)

julia> @btime foo2($x)

julia> @btime foo1($x)

julia> @btime foo2($x)

x = rand(100)

foo1(x) = prod(log.(x))

function foo2(x)
    output = 1.

    for i in eachindex(x)
        output *= log(x[i])
    end

    return output
end

  311.840 ns (1 allocation: 896 bytes)

  296.061 ns (0 allocations: 0 bytes)

x = rand(100)

foo1(x) = maximum(log.(x))

function foo2(x)
    output = -Inf

    for i in eachindex(x)
        output = max(output, log(x[i]))
    end

    return output
end

  482.602 ns (1 allocation: 896 bytes)

  374.961 ns (0 allocations: 0 bytes)



julia> @btime foo1($x)

julia> @btime foo2($x)

REDUCTIONS VIA BUILT-IN FUNCTIONS

7KH� SUHYLRXV� H[DPSOHV� LPSOHPHQWHG� UHGXFWLRQV� WKURXJK� H[SOLFLW� IRU�ORRSV�� 8QIRUWXQDWHO\�� WKLV

DSSURDFK� FDQ� FRPSURPLVH� UHDGDELOLW\� GXH� WR� WKH� YHUERVLW\� RI� IRU�ORRSV�� 7R� DGGUHVV� WKH� LVVXH�� -XOLD

RìHUV�VHYHUDO�VWUHDPOLQH�DOWHUQDWLYHV�WR�LPSOHPHQW�UHGXFWLRQV�

)RU� FRPPRQ� RSHUDWLRQV�� -XOLD� DOVR� LPSOHPHQWV� mapreduce � DV� DGGLWLRQDO�PHWKRGV� RI� WKH� IXQFWLRQV

sum �� prod �� maximum �� DQG� minimum �� 7KHVH� EXLOW�LQ� LPSOHPHQWDWLRQV� DUH� PRUH� HïFLHQW� WKDQ

mapreduce �� DV� WKH\
YH� EHHQ� RSWLPL]HG� IRU� HDFK� UHVSHFWLYH� FDVH�� 7KHLU� V\QWD[� LV� JLYHQ� E\

foo(<transforming function>, x) �� ZKHUH� foo � LV� RQH� RI� WKH� IXQFWLRQV�PHQWLRQHG� DQG� x � LV� WKH

YHFWRU� WR� EH� WUDQVIRUPHG�� )RU� LQVWDQFH�� WKH� IROORZLQJ� H[DPSOHV� FRQVLGHU� UHGXFWLRQV� IRU� WKH

WUDQVIRUPHG�YHFWRU� 2 .* x �

julia> @btime foo($x)

julia> @btime foo($x)

x = rand(100)

foo1(x) = minimum(log.(x))

function foo2(x)
    output = Inf
    
    for i in eachindex(x)
        output = min(output, log(x[i]))
    end

    return output
end

  487.156 ns (1 allocation: 896 bytes)

  368.502 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = sum(log, x)        #same output as sum(log.(x))

  294.889 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = prod(log, x)       #same output as prod(log.(x))

  294.763 ns (0 allocations: 0 bytes)



julia> @btime foo($x)

julia> @btime foo($x)

:KLOH� ZH
YH� XVHG� WKH� EXLOW�LQ� IXQFWLRQ� log � IRU� WUDQVIRUPLQJ� x �� WKH� DSSURDFK� FDQ� EH� HPSOR\HG

WKURXJK�DQRQ\PRXV�IXQFWLRQV�

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

)LQDOO\�� DOO� WKHVH� IXQFWLRQV� DFFHSW� WUDQVIRUPLQJ� IXQFWLRQV� WKDW� UHTXLUH� PXOWLSOH� DUJXPHQWV�� 7R

LQFRUSRUDWH�WKLV�SRVVLELOLW\��LW
V�QHFHVVDU\�WR�HQFORVH�WKH�PXOWLSOH�YDULDEOHV�XVLQJ� zip ��DQG�UHIHUULQJ�WR

HDFK�YDULDEOH�WKURXJK�LQGH[HV��:H�LOOXVWUDWH�WKLV�EHORZ��ZKHUH�WKH�WUDQVIRUPLQJ�IXQFWLRQ�LV� x .* y �

x      = rand(100)

foo(x) = maximum(log, x)    #same output as maximum(log.(x))

  579.940 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = minimum(log, x)    #same output as minimum(log.(x))

  577.516 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = sum(a -> 2 * a, x)       #same output as sum(2 .* x)

  6.493 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = prod(a -> 2 * a, x)      #same output as prod(2 .* x)

  6.741 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = maximum(a -> 2 * a, x)   #same output as maximum(2 .* x)

  172.547 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = minimum(a -> 2 * a, x)   #same output as minimum(2 .* x)

  171.490 ns (0 allocations: 0 bytes)



julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

THE "REDUCE" AND "MAPREDUCE" FUNCTIONS

%H\RQG� WKH� VSHFLíF� IXQFWLRQV� ZH
YH� FRQVLGHUHG�� ZH� FDQ� DOVR� LPSOHPHQW� UHGXFWLRQV� DV� ORQJ� DV� WKH

RSHUDWLRQ�VDWLVíHV�WKH�UHTXLUHPHQWV�IRU�WKHLU�DSSOLFDWLRQ��7KLV�LV�LPSOHPHQWHG�WKURXJK�WKH�IXQFWLRQV

reduce � DQG� mapreduce �� 7KHLU� GLìHUHQFH� OLHV� LQ� WKDW� reduce � DSSOLHV� WKH� UHGXFWLRQ� GLUHFWO\�� ZKLOH

mapreduce �WUDQVIRUPV�WKH�FROOHFWLRQ
V�HOHPHQWV�SULRU�WR�GRLQJ�LW�

,W
V� ZRUWK� UHPDUNLQJ� WKDW� UHGXFWLRQV�ZLWK� sum �� prod �� max �� DQG� min � VKRXOG� VWLOO� EH� GRQH� YLD� WKH

GHGLFDWHG� IXQFWLRQV�� 7KH� UHDVRQ� LV� WKDW� WKH\
YH� EHHQ� RSWLPL]HG� IRU� WKHLU� UHVSHFWLYH� WDVNV�� ,Q� WKLV

FRQWH[W��RXU�SULPDU\�XVH�FDVH�RI� reduce �DQG� mapreduce �LV�IRU�RWKHU�W\SHV�RI�UHGXFWLRQV�QRW�FRYHUHG

RU�ZKHQ�SDFNDJHV�SURYLGH�WKHLU�RZQ�LPSOHPHQWDWLRQV�RI�WKHVH�IXQFWLRQV��

FUNCTION "REDUCE"

7KH�IXQFWLRQ� reduce �XVHV�WKH�V\QWD[� reduce(<function>,x) ��ZKHUH� <function> �LV�D�WZR�DUJXPHQW

IXQFWLRQ��7KH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV�LWV�XVH�

x = rand(100); y = rand(100)

foo(x,y) = sum(a -> a[1] * a[2], zip(x,y))         #same output as sum(x .* y)

  29.127 ns (0 allocations: 0 bytes)

x = rand(100); y = rand(100)

foo(x,y) = prod(a -> a[1] * a[2], zip(x,y))        #same output as prod(x .* y)

  48.031 ns (0 allocations: 0 bytes)

x = rand(100); y = rand(100)

foo(x,y) = maximum(a -> a[1] * a[2], zip(x,y))     #same output as maximum(x .* y)

  172.580 ns (0 allocations: 0 bytes)

x = rand(100); y = rand(100)

foo(x,y) = minimum(a -> a[1] * a[2], zip(x,y))     #same output as minimum(x .* y)

  166.969 ns (0 allocations: 0 bytes)

2



julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

1RWH� WKDW� DOO� WKH� H[DPSOHV� SURYLGHG� FRXOG
YH� EHHQ� LPSOHPHQWHG� DV� we did previously�� ZKHUH� ZH

GLUHFWO\�DSSOLHG� sum �� prod �� maximum �DQG� minimum �

FUNCTION "MAPREDUCE"

7KH� IXQFWLRQ� mapreduce � FRPELQHV� WKH� IXQFWLRQV� map � DQG� reduce �� EHIRUH� DSSO\LQJ� WKH� UHGXFWLRQ�

mapreduce � WUDQVIRUPV� YHFWRUV� via the function map �� 5HFDOO� WKDW� map(foo,x) � WUDQVIRUPV� HDFK

HOHPHQW� RI� WKH� FROOHFWLRQ� x � E\� DSSO\LQJ� foo � HOHPHQW�ZLVH�� 7KXV�� mapreduce(<transformation>,

<reduction>,x) � íUVW� WUDQVIRUPV� x 
V� HOHPHQWV� WKURXJK� map �� DQG� WKHQ� DSSOLHV� D� UHGXFWLRQ� WR� WKH

UHVXOWLQJ�RXWSXW�

7R�LOOXVWUDWH�LWV�XVH��ZH�PDNH�XVH�RI�D� log �WUDQVIRUPDWLRQ�

julia> @btime foo($x)

x      = rand(100)

foo(x) = reduce(+, x)           #same output as sum(x)

  6.168 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = reduce(*, x)           #same output as prod(x)

  6.176 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = reduce(max, x)         #same output as maximum(x)

  167.905 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = reduce(min, x)         #same output as minimum(x)

  167.440 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = mapreduce(log, +, x)       #same output as sum(log.(x))

  294.805 ns (0 allocations: 0 bytes)
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julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

-XVW� OLNH� ZLWK� reduce �� QRWH� WKDW� WKH� H[DPSOHV� FRXOG
YH� EHHQ� LPSOHPHQWHG� GLUHFWO\� DV� we did

previously��WKURXJK�WKH�IXQFWLRQV� sum �� prod �� maximum ��DQG� minimum �

mapreduce � FDQ� DOVR� EH� XVHG� ZLWK� DQRQ\PRXV� IXQFWLRQV� DQG� WUDQVIRUPDWLRQV� UHTXLULQJ� PXOWLSOH

DUJXPHQWV�� %HORZ�� ZH� LOOXVWUDWH� ERWK�� ZKRVH� LPSOHPHQWDWLRQ� LV� WKH� VDPH� DV� ZLWK� sum �� prod �

maximum ��DQG� minimum �

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

x      = rand(100)

foo(x) = mapreduce(log, *, x)       #same output as prod(log.(x))

  294.618 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = mapreduce(log, max, x)     #same output as maximum(log.(x))

  579.808 ns (0 allocations: 0 bytes)

x      = rand(100)

foo(x) = mapreduce(log, min, x)     #same output as minimum(log.(x))

  577.505 ns (0 allocations: 0 bytes)

x = rand(100); y = rand(100)

foo(x,y) = mapreduce(a -> a[1] * a[2], +, zip(x,y))       #same output as sum(x .* y)

  29.165 ns (0 allocations: 0 bytes)

x = rand(100); y = rand(100)

foo(x,y) = mapreduce(a -> a[1] * a[2], *, zip(x,y))       #same output as prod(x .* y)

  48.221 ns (0 allocations: 0 bytes)

x = rand(100); y = rand(100)

foo(x,y) = mapreduce(a -> a[1] * a[2], max, zip(x,y))     #same output as maximum(x .* y)

  175.634 ns (0 allocations: 0 bytes)



julia> @btime foo($x)

REDUCE OR MAPREDUCE?

reduce �FDQ�EH�FRQVLGHUHG�DV�D�VSHFLDO�FDVH�RI� mapreduce ��ZKHUH�WKH� ODWWHU� WUDQVIRUPV� x � WKURXJK

WKH�LGHQWLW\�IXQFWLRQ�� identity(x) ��/LNHZLVH�� mapreduce(<transformation>,<operator>,x) �SURGXFHV

WKH� VDPH� UHVXOW� DV� reduce(<operator>, map(<transformation>,x)) �� +RZHYHU�� mapreduce � LV�PRUH

HïFLHQW��VLQFH�LW�DYRLGV�WKH�DOORFDWLRQ�RI�WKH�WUDQVIRUPHG�YHFWRU��7KLV� LV�GHPRQVWUDWHG�EHORZ��ZKHUH

ZH�FRPSXWH� sum(2 .* x) �WKURXJK�D�UHGXFWLRQ�

julia> @btime foo($x)

julia> @btime foo($x)

FOOTNOTES

 In the section Lazy Operations, we'll explore an alternative with broadcasting that doesn't materialize

intermediate results either.

 For instance, the package Folds  provides a parallelized version of both map  and mapreduce , enabling the

utilization of all available CPU cores. Its syntax is identical to Julia's built-in functions.

x = rand(100); y = rand(100)

foo(x,y) = mapreduce(a -> a[1] * a[2], min, zip(x,y))     #same output as minimum(x .* y)

  166.995 ns (0 allocations: 0 bytes)

x = rand(100)

foo(x) = mapreduce(a -> 2 * a, +, x)

  6.372 ns (0 allocations: 0 bytes)

x = rand(100)

foo(x) = reduce(+, map(a -> 2 * a, x))

  43.476 ns (1 allocation: 896 bytes)

1.

2.

http://localhost:8000/PAGES/09i_lazyBroadcasting/


9g. Static Vectors for Small Collections

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

'XH� WR� WKH� PHPRU\�DOORFDWLRQ� RYHUKHDG� LQYROYHG�� WKH� FUHDWLRQ� RI� YHFWRUV� FDQ� UDSLGO\� EHFRPH� D

SHUIRUPDQFH�ERWWOHQHFN�� 7KH� LVVXH�KDV� IDU�UHDFKLQJ� LPSOLFDWLRQV�� DV� YHFWRU� FUHDWLRQ�QRW�RQO\�RFFXUV

ZKHQ� ZH� H[SOLFLWO\� GHíQH� D� YDULDEOH� KROGLQJ� D� QHZ� YHFWRU�� ,W� DOVR� KDSSHQV� LQWHUQDOO\� LQ� YDULRXV

VFHQDULRV��VXFK�DV�ZKHQ�UHIHUHQFLQJ�D�VOLFH�OLNH� x[1:2] �RU�FRPSXWLQJ�LQWHUPHGLDWH�UHVXOWV�RQ�WKH�î\

OLNH� x .* y �LQ�WKH�RSHUDWLRQ� sum(x .* y) �

7KLV� VHFWLRQ� LQWURGXFHV�D�ZD\� WR�DGGUHVV� WKLV� OLPLWDWLRQ��ZKLOH� VWLOO�SUHVHUYLQJ� WKH�XVH�RI� YHFWRUV� IRU

FROOHFWLRQV�� 7KH� VROXWLRQ� OHYHUDJHV� WKH� VR�FDOOHG� static vectors�� SURYLGHG� E\� WKH� StaticArrays

SDFNDJH��8QOLNH�EXLOW�LQ�YHFWRUV��ZKLFK�DUH�DOORFDWHG�RQ�WKH�KHDS��VWDWLF�YHFWRUV�DUH�VWDFN�DOORFDWHG�

,QWHUQDOO\�� VWDWLF� YHFWRUV�DUH�EXLOG�RQ� WRS�RI� WXSOHV�� 7KLV� IHDWXUH�GHWHUPLQHV� WKDW�static vectors are

only suitable for collections comprising a few elements��$V�D�UXOH�RI�WKXPE��FRQVLGHU�using static

vectors for collections with up to 75 elements�� ([FHHGLQJ� WKLV� WKUHVKROG� FDQ� OHDG� WR� LQFUHDVHG

RYHUKHDG�GXULQJ�FUHDWLRQ�DQG�DFFHVV��SRWHQWLDOO\�RìVHWWLQJ�DQ\�SHUIRUPDQFH�EHQHíWV�RU�HYHQ�UHVXOWLQJ

LQ�D�IDWDO�HUURU��

6WDWLF� YHFWRUV� RìHU� DGGLWLRQDO� EHQHíWV� UHODWLYH� WR� WXSOHV�� )LUVWO\�� WKH\� PDLQWDLQ� WKHLU� SHUIRUPDQFH

EHQHíWV� HYHQ� DW� VL]HV� ZKHUH� WXSOHV� ZRXOG� W\SLFDOO\� ORVH� WKHLU� DGYDQWDJHV�� 6HFRQGO\�� WKH\
UH� PRUH

FRQYHQLHQW�WR�ZRUN�ZLWK��DV�WKH\�DUH�PDQLSXODWHG�VLPLODUO\�WR�UHJXODU�YHFWRUV��,Q�IDFW��WKH\�VXSSRUW�DQ\

DUUD\� W\SH�� LQFOXGLQJ� PDWULFHV�� )LQDOO\�� WKH� StaticArrays � SDFNDJH� SURYLGHV� PXWDEOH� YDULDQWV�� 7KLV

PDNHV� VWDWLF� YHFWRUV�PRUH� îH[LEOH� WKDQ� WXSOHV�� ZKLFK� DUH� RQO\� DYDLODEOH� LQ� DQ� LPPXWDEOH� IRUP�� ,W
V

ZRUWK� LQGLFDWLQJ� WRXJK� WKDW�� ZKLOH� WKH� PXWDEOH� YHUVLRQ� SURYLGHV� SHUIRUPDQFH� EHQHíWV� UHODWLYH� WR

UHJXODU�YHFWRUV��WKH�LPPXWDEOH�RSWLRQ�VWLOO�RìHUV�WKH�EHVW�SHUIRUPDQFH�

Warning!

7R� DYRLG� UHSHWLWLRQ�� the entire section assumes all collections are

small�� 7DNLQJ� WKLV� LQWR� DFFRXQW�� DOO� WKH� EHQHíWV� KLJKOLJKWHG� DUH

FRQWLQJHQW� XSRQ� WKLV� DVVXPSWLRQ�� :H� DOVR� VXSSRVH� WKDW� WKH

StaticArrays � SDFNDJH� LV� DOUHDG\� DYDLODEOH� LQ� WKH� ZRUNVSDFH�� VR� WKH

FRPPDQG� using StaticArrays �LV�RPLWWHG�IURP�HDFK�FRGH�VQLSSHW�

CREATING STATIC VECTORS

1
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7KH�SDFNDJH� StaticArrays � LQFOXGH�VHYHUDO�YDULDQWV�RI�VWDWLF�YHFWRUV��2XU�IRFXV�LQ�SDUWLFXODU�ZH
OO�EH

RQ�WKH�W\SH� SVector ��ZKRVH�REMHFWV�ZLOO�EH�VLPSO\�UHIHUUHG�WR�DV�69HFWRUV�

7KHUH�DUH�WZR�DSSURDFKHV�WR�FUHDWLQJ�DQ�69HFWRU��HDFK�VHUYLQJ�D�GLVWLQFW�SXUSRVH��7KH�íUVW�RQH�FUHDWHV

DQ�69HFWRU�WKURXJK�OLWHUDO�YDOXHV��ZKLOH�WKH�RWKHU�RSWLRQ�LQFOXGHG�FRQYHUWV�D�VWDQGDUG�YHFWRU�LQWR�DQ

69HFWRU��7KH�VHYHUDO�LPSOHPHQWDWLRQV�RI�HDFK�DSSURDFK�DUH�LOOXVWUDWHG�EHORZ�

julia> sx

julia> sx

2I� WKHVH� DSSURDFKHV�� ZH
OO� SULPDULO\� UHO\� RQ� WKH� IXQFWLRQ� SVector �� RFFDVLRQDOO\� HPSOR\LQJ� SA � IRU

LQGH[LQJ� SXUSRVHV�� � 1RWH� WKH� XVH� RI� WKH� splatting operator ... � WR� WXUQ� D� UHJXODU� YHFWRU� LQWR� DQ

69HFWRU��7KLV�RSHUDWRU�LV�QHFHVVDU\�IRU�WKH�IXQFWLRQ� SVector �WR�WUDQVIRUP�D�FROOHFWLRQ�LQWR�D�VHTXHQFH

RI�DUJXPHQWV��

5HJDUGLQJ� VOLFHV� RI� 69HFWRUV�� WKH� DSSURDFK� XVHG� IRU� WKHLU� FUHDWLRQ� FRXOG� UHVXOW� LQ� HLWKHU� D� UHJXODU

YHFWRU�RU�DQ�69HFWRU��7KLV�GHSHQGV�RQ�WKH�LQGH[LQJ�HPSOR\HG��D�VOLFH�UHPDLQV�DQ�69HFWRU�ZKHQ�LQGLFHV

DUH�JLYHQ�DV�69HFWRUV��ZKHUHDV�WKH�VOLFH�EHFRPHV�D�UHJXODU�YHFWRU�IRU� LQGLFHV�SURYLGHG�E\�UDQJHV�RU

UHJXODU� YHFWRUV�� 7KH� VROH� H[FHSWLRQ� WR� WKLV� UXOH� LV� ZKHQ� WKH� VOLFH� UHIHUHQFHV� WKH� ZKROH� REMHFW� �L�H��

sx[:] ���LQ�ZKLFK�FDVH�DQ�69HFWRU�LV�UHWXUQHG�

# all 'sx' define the same static vector '[3,4,5]'

sx = SVector(3,4,5)
sx = SVector{3, Int64}(3,4,5)
sx = SA[3,4,5]
sx = @SVector [i for i in 3:5]

3-element SVector{3, Int64} with indices SOneTo(3):
 3
 4
 5

# all 'sx' define a static vector with same elements as 'x'
x = collect(1:10)

sx = SVector(x...)
sx = SVector{length(x), eltype(x)}(x)
sx = SA[x...]
sx = @SVector [a for a in x]

10-element SVector{10, Int64} with indices SOneTo(10):
  1
  2
  3
  ⋮
  9
 10

2

3
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julia> slice1

julia> slice2

julia> slice

SVECTORS DON'T ALLOCATE MEMORY AND ARE FASTER

2QH�RI�WKH�NH\�DGYDQWDJHV�RI�69HFWRUV�LV�WKDW�WKH\
UH�LQWHUQDOO\�EXLOW�RQ�WRS�RI�WXSOHV��&RQVHTXHQWO\�

69HFWRUV�GRQ
W�DOORFDWH�PHPRU\�

julia> @btime foo($x)

x = collect(3:10) ; sx = SVector(x...)

# both define static vectors
slice1 = sx[:]
slice2 = sx[SA[1,2]]        # or slice2 = sx[SVector(1,2)]

8-element SVector{8, Int64} with indices SOneTo(8):
  3
  4
  ⋮
  9
 10

2-element SVector{2, Int64} with indices SOneTo(2):
 3
 4

x = collect(3:10) ; sx = SVector(x...)

# both define and ordinary vector
slice2 = sx[1:2]
slice2 = sx[[1,2]]

2-element Vector{Int64}:
 3
 4

x = rand(10)

function foo(x)
    a = x[1:2]              # 1 allocation (copy of slice)
    b = [3,4]               # 1 allocation (vector creation)

    sum(a) * sum(b)         # 0 allocation (scalars don't allocate)
end

  29.819 ns (2 allocations: 160 bytes)



julia> @btime foo($x)

julia> @btime foo($tup)

julia> @btime foo($sx)

7KH�GHFUHDVH�LQ�PHPRU\�DOORFDWLRQV�IURP�69HFWRUV�LV�HVSHFLDOO\�UHOHYDQW�IRU�RSHUDWLRQV�WKDW�UHVXOW�LQ

WHPSRUDU\�YHFWRUV��VXFK�DV�EURDGFDVWLQJ�

julia> @btime foo($x)

x = rand(10)

@views function foo(x)
    a = x[1:2]              # 0 allocation (view of slice)
    b = [3,4]               # 1 allocation (vector creation) 

    sum(a) * sum(b)         # 0 allocation (scalars don't allocate)
end

  15.015 ns (1 allocation: 80 bytes)

x = rand(10);   tup = Tuple(x)

function foo(x)
    a = x[1:2]              # 0 allocation (slice of tuple)
    b = (3,4)               # 0 allocation (tuple creation)

    sum(a) * sum(b)         # 0 allocation (scalars don't allocate)
end

  1.400 ns (0 allocations: 0 bytes)

x = rand(10);   sx = SA[x...]

function foo(x)
    a = x[SA[1,2]]          # 0 allocation (slice of static array)
    b = SA[3,4]             # 0 allocation (static array creation)

    sum(a) * sum(b)         # 0 allocation (scalars don't allocate)
end

  1.600 ns (0 allocations: 0 bytes)

x = rand(10)

foo(x) = sum(2 .* x)

  17.936 ns (1 allocation: 144 bytes)



julia> @btime foo($sx)

,QWHUHVWLQJO\�� WKH� SHUIRUPDQFH� EHQHíWV� RI� 69HFWRUV� H[WHQG� EH\RQG�PHPRU\� DOORFDWLRQ�� 7KLV� HQWDLOV

WKDW�� HYHQ� ZKHQ� RSHUDWLRQV� RQ� UHJXODU� YHFWRUV� GRQ
W� DOORFDWH�PHPRU\�� 69HFWRUV� FDQ� VWLOO� SURYLGH� D

VSHHG�ERRVW��%HORZ��ZH�GHPRQVWUDWH� WKLV� WKURXJK�WKH� IXQFWLRQ� sum(f, <vector>) ��ZKLFK�VXPV�WKH

HOHPHQWV�RI� <vector> �DIWHU�WKH\
UH�WUDQVIRUPHG�YLD� f ��7KH�H[DPSOH�VKRZV�WKDW�WKH�LPSOHPHQWDWLRQ

ZLWK�69HFWRUV\LHOGV� IDVWHU�H[HFXWLRQ� WLPHV��HYHQ�WKRXJK�UHJXODU�YHFWRUV�DOUHDG\�GRQ
W� LQFXU�PHPRU\

DOORFDWLRQV�

julia> @btime foo($x)

julia> @btime foo($sx)

SVECTOR TYPE AND ITS MUTABLE VARIANT

6LPLODU� WR� WXSOHV��SVectors are immutable��PHDQLQJ� WKDW� LWV�HOHPHQWV�FDQ
W�EH�DGGHG�� UHPRYHG��RU

PRGLíHG��1HYHUWKHOHVV��ZKHQ�PXWDEOH�FROOHFWLRQV�DUH�QHHGHG��WKH�SDFNDJH� StaticArrays �SURYLGHV�D

YDULDQW�JLYHQ�E\�WKH�W\SH� MVector ��7KH�FUHDWLRQ�RI�09HFWRU�LQVWDQFHV�DQG�WKHLU�VOLFHV�IROORZ�WKH�VDPH

V\QWD[� DV� 69HFWRUV�� ZLWK� WKH� RQO\� GLìHUHQFH� EHLQJ� WKH� VXEVWLWXWLRQ� RI� WKH� IXQFWLRQ� Svector � ZLWK

MVector ��7KLV�LV�LOOXVWUDWHG�EHORZ�

ERROR: setindex!(::SVector{3, Int64}, value, ::Int) is not defined

x = rand(10);   sx = SVector(x...)

foo(x) = sum(2 .* x)

  1.800 ns (0 allocations: 0 bytes)

x  = rand(10)

foo(x) = sum(a -> 10 + 2a +  3a^2, x)

  4.400 ns (0 allocations: 0 bytes)

x  = rand(10);  sx = SVector(x...);

foo(x) = sum(a -> 10 + 2a +  3a^2, x)

  2.900 ns (0 allocations: 0 bytes)

x  = [1,2,3]
sx = SVector(x...)

sx[1] = 0



julia> mx

7KH�PXWDELOLW\�RI�09HFWRUV�PDNHV�WKHP�LGHDO�IRU�LQLWLDOL]LQJ�D�YHFWRU�WKDW�ZLOO�HYHQWXDOO\�EH�íOOHG�YLD�D

IRU�ORRS��,Q�IDFW��H[HFXWLQJ� similar(sx) �ZKHQ� sx �LV�DQ�69HFWRU�DXWRPDWLFDOO\�UHWXUQV�DQ�09HFWRU�

'similar' for SVectors

TYPE STABILITY: SIZE IS PART OF THE STATIC VECTORS' TYPE

69HFWRUV�DUH�IRUPDOO\�GHíQHG�DV�REMHFWV�ZLWK�W\SH� SVector{N,T} ��ZKHUH� N �VSHFLíHV�WKH�QXPEHU�RI

HOHPHQWV� DQG� T � GHQRWHV� WKH� HOHPHQW
V� W\SH�� )RU� LQVWDQFH�� SVector(4,5,6) � KDV� W\SH

SVector{3,Int64} ��LQGLFDWLQJ�WKDW�LW�FRPSULVHV���HOHPHQWV�ZLWK�W\SH� Int64 ��,PSRUWDQWO\��WKLV�LPSOLHV

WKDW� the number of elements is part of the SVector type�� 7KLV� IHDWXUH�� ZKLFK� LV� VKDUHG� ZLWK

09HFWRUV�DQG�LQKHULWHG�IURP�WXSOHV��FDQ�UHDGLO\�LQWURGXFH�W\SH�LQVWDELOLWLHV�LI�QRW�KDQGOHG�FDUHIXOO\�

7KH�DSSURDFKHV�WR�HQVXULQJ�W\SH�VWDELOLW\�DUH�similar to those employed for tuples��7KLV�PHDQV�WKDW

ZH�VKRXOG�HLWKHU�SDVV�69HFWRUV�DQG�09HFWRUV�DV� IXQFWLRQ�DUJXPHQWV��RU�GLVSDWFK�E\� WKH�QXPEHU�RI

HOHPHQWV�WKURXJK�WKH� Val WHFKQLTXH�

x  = [1,2,3]
mx = MVector(x...)

mx[1] = 0

3-element MVector{3, Int64} with indices SOneTo(3):
 0
 2
 3

sx = SVector(1,2,3)

mx = similar(sx)        # it defines an MVector with undef elements

3-element MVector{3, Int64} with indices SOneTo(3):
        2073873450800
 -1152921504606846976
                    0

http://localhost:8000/PAGES/09g_staticVectors/PAGES/08f_TS-tuples/


PERFORMANCE COMPARISON

x = rand(50)

function foo(x)
    output = SVector{length(x), eltype(x)}(undef)
    output = MVector{length(x), eltype(x)}(undef)

    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

@code_warntype foo(x)                     # type unstable

x = rand(50);   sx = SVector(x...)

function foo(x)
    
    output = MVector{length(x), eltype(x)}(undef)
    
    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

@code_warntype foo(sx)                    # type stable

x = rand(50)

function foo(x, ::Val{N}) where N
    sx     = SVector{N, eltype(x)}(x)
    output = MVector{N, eltype(x)}(undef)

    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

@code_warntype foo(x, Val(length(x)))     # type stable



09HFWRUV� RìHU� SHUIRUPDQFH� EHQHíWV� RYHU� UHJXODU� YHFWRUV�� +RZHYHU�� \RX� VKRXOG� EHDU� LQ�PLQG� WKDW

WKH\
UH� QHYHU� PRUH� SHUIRUPDQW� WKDQ� 69HFWRUV� DQG� PD\� DGGLWLRQDOO\� UHVXOW� LQ� PHPRU\� DOORFDWLRQV�

&RQVLGHULQJ� WKLV�� LW
V� UHFRPPHQGHG� WR� XVH� 69HFWRUV� LI� \RX
UH� FHUWDLQ� WKDW� WKH� FROOHFWLRQ� ZRQ
W� EH

PXWDWHG�

%HORZ��ZH�LOOXVWUDWH�WKH�SHUIRUPDQFH�RI�69HFWRUV�DQG�09HFWRUV��7KH�H[DPSOHV�GHPRQVWUDWH�WKDW�WKH\

PD\� H[KLELW� VLPLODU� SHUIRUPDQFH�� ZLWK� WKH� SRVVLELOLW\� RI� 69HFWRUV� EHLQJ� PRUH� SHUIRUPDQW�

)XUWKHUPRUH�� 69HFWRUV� DQG� 09HFWRUV� FRQVLVWHQWO\� RXWSHUIRUP� UHJXODU� YHFWRUV� IRU� VPDOO� FROOHFWLRQV�

UHJDUGOHVV�RI�WKHLU�UHODWLYH�SHUIRUPDQFH��7R�HPSKDVL]H�WKLV�SRLQW��ZH�LQFOXGH�WKH�EHQFKPDUN�WLPH�IRU

WKH�VDPH�RSHUDWLRQ�XVLQJ�D�UHJXODU�YHFWRU�

julia> @btime foo($x)

julia> @btime foo($sx)

julia> @btime foo($mx)

julia> @btime foo.($x)

julia> @btime foo.($sx)

julia> @btime foo.($mx)

STATIC VECTORS VS PRE-ALLOCATIONS

&RQVLGHULQJ� WKH� DGYDQWDJHV� RI� VWDWLF� YHFWRUV� RYHU� UHJXODU� YHFWRUV�� ZH� FDQ� QRZ� FRPSDUH� WKHLU

SHUIRUPDQFH�WR�RWKHU�VWUDWHJLHV�WKDW�UHGXFH�PHPRU\�DOORFDWLRQV��,Q�SDUWLFXODU��ZH
OO�H[DPLQH�KRZ�WKH\

VWDFN� XS� DJDLQVW� SUH�DOORFDWLQJ�PHPRU\� IRU� LQWHUPHGLDWH� RXWSXWV�� 2XU� H[DPSOHV� GHPRQVWUDWH� WKDW

VWDWLF�YHFWRUV�FDQ�HïFLHQWO\�VWRUH�LQWHUPHGLDWH�UHVXOWV��PDNLQJ�SUH�DOORFDWLRQ�WHFKQLTXHV�XQQHFHVVDU\�

0RUHRYHU��WKH\�UHYHDO�WKDW�VWRULQJ�WKH�íQDO�RXWSXW�LQ�DQ�09HFWRU�FDQ�OHDG�WR�SHUIRUPDQFH�JDLQV�RYHU

XVLQJ�D�UHJXODU�YHFWRU�

x  = rand(10)
sx = SVector(x...);  mx = MVector(x...)

foo(x) = sum(a -> 10 + 2a +  3a^2, x)

  4.400 ns (0 allocations: 0 bytes)

  2.800 ns (0 allocations: 0 bytes)

  2.900 ns (0 allocations: 0 bytes)

x  = rand(10)
sx = SVector(x...);  mx = MVector(x...)

foo(x) = 10 + 2x +  3x^2

  19.739 ns (1 allocation: 144 bytes)

  1.600 ns (0 allocations: 0 bytes)

  6.600 ns (1 allocation: 96 bytes)



)RU�WKH�LOOXVWUDWLRQ��ZH�FRQVLGHU�D�IRU�ORRS�WKDW�UHTXLUHV�DQ�LQWHUPHGLDWH�UHVXOW�GXULQJ�HDFK�LWHUDWLRQ

i �� 7KLV� LQYROYHV�FRXQWLQJ� WKH�QXPEHU�RI�HOHPHQWV� LQ� x � WKDW�DUH�JUHDWHU� WKDQ� x[i] ��ZKLFK�FDQ�EH

IRUPDOO\� LPSOHPHQWHG� DV� sum(x .> x[i]) �� 7R� PDNH� WKH� FRPSDULVRQ� VWDUNHU�� ZH� LVRODWH� WKH

FRPSXWDWLRQ�RI� WKH� LQWHUPHGLDWH� VWHS� x .> x[i] ��1RWH� WKDW� HYHU\� LPSOHPHQWDWLRQ�EHORZ� UHTXLUHV

SUH�DOORFDWLQJ�WKH�YHFWRU� output �� OHDYLQJ�XV�ZLWK�RQO\�RQH�GHFLVLRQ�WR�PDNH��ZKHWKHU�WR�SUH�DOORFDWH

WKH�WHPSRUDU\�YHFWRU� temp ��7KLV�DOVR�H[SODLQV�ZK\�DOO�LPSOHPHQWDWLRQV�LQYROYH�DW�OHDVW�RQH�PHPRU\

DOORFDWLRQ�

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($sx)

x = rand(50)

function foo(x; output = similar(x))
    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

  3.188 μs (101 allocations: 5.17 KiB)

x = rand(50)

function foo(x; output = similar(x), temp = similar(x))
    for i in eachindex(x)
        @. temp      = x > x[i]
           output[i] = sum(temp)
    end

    return output
end

  695.745 ns (2 allocations: 992 bytes)

x = rand(50);   sx = SVector(x...)

function foo(x; output = Vector{Float64}(undef, length(x)))
    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

  183.661 ns (1 allocation: 496 bytes)



julia> @btime foo($sx)

julia> @btime foo($sx)

7KH��1R�3UHDOORFDWLRQ��WDE�VHUYHV�DV�RXU�EDVHOLQH��SURYLGLQJ�D�UHIHUHQFH�SRLQW�IRU�WKH�RWKHU�PHWKRGV�

$V�IRU�WKH��3UH�DOORFDWLQJ��WDE��LW�UHXVHV�D�UHJXODU�YHFWRU�WR�FRPSXWH� temp ��,Q�FRQWUDVW��WKH��69HFWRU�

WDE� FRQYHUWV� x � WR� DQ� 69HFWRU� sx � ZLWKRXW� SUH�DOORFDWLQJ� temp �� 7KH� EHQFKPDUNV� UHYHDO� WKDW� ODWWHU

DSSURDFK� LV� PRUH� SHUIRUPDQW�� WKDQNV� WR� WKH� PHPRU\� DOORFDWLRQ� DYRLGDQFH� DQG� DGGLWLRQDO

RSWLPL]DWLRQV�SURYLGHG�E\�69HFWRUV�

$V�IRU�WKH�ODVW�WZR�WDEV��WKH\�FRQWLQXH�GHíQLQJ� x �DV�DQ�69HFWRU��EXW�DGGLWLRQDOO\�WUHDW� output �DV�DQ

09HFWRU��7KH�ODVW�WDE�LQ�SDUWLFXODU�GRHV�WKLV�E\�XVLQJ� similar(sx) �WR�LQLWLDOL]H� output ��ZKHUHDV�WKH

RWKHU� WDE�H[SOLFLWO\�VSHFLíHV�DQ�09HFWRU��&RPSDULQJ� WKHVH�FDVHV�� WKH�EHQFKPDUNV�GHPRQVWUDWH� WKDW

LQWHJUDWLQJ�09HFWRUV�LQWR�WKH�RSHUDWLRQ�\LHOGV�IXUWKHU�SHUIRUPDQFH�JDLQV�

FOOTNOTES

�7KH�UHFRPPHQGHG�QXPEHU�RI�HOHPHQWV�,�SURYLGH�LV�DFWXDOO\�ORZHU�WKDQ�WKH�GRFXPHQWDWLRQ
V�VXJJHVWHG�����

HOHPHQWV���7KH�UHDVRQ�IRU�WKLV�GLVFUHSDQF\�LV�WKDW�DV�\RX�DSSURDFK�WKH�XSSHU�OLPLW��WKH�SHUIRUPDQFH�EHQHíWV�RI

VWDWLF�YHFWRUV�FRPSDUHG�WR�UHJXODU�YHFWRUV�GHFUHDVH�VLJQLíFDQWO\��$V�D�UHVXOW��WKH�WLPH�VSHQW�EHQFKPDUNLQJ�ZLWK

FROOHFWLRQV�RI�����HOHPHQWV�ZLOO�OLNHO\�RìVHW�DQ\�SRWHQWLDO�DGYDQWDJH�

�7KH�DSSURDFK�EDVHG�RQ�WKH�PDFUR� @SVector �UHTXLUHV�VRPH�FDYHDWV��)RU�LQVWDQFH��LW�GRHVQ
W�VXSSRUW�GHíQLWLRQV

EDVHG�RQ�ORFDO�YDULDEOHV��WKXV�SUHFOXGLQJ�WKH�XVH�RI� eachindex(x) �LQ�WKH�DUUD\�FRPSUHKHQVLRQ��XQOHVV� x �LV�D�JOREDO

YDULDEOH�

�)RU�LQVWDQFH�� foo(x...) �LV�HTXLYDOHQW�WR� foo(x[1], x[2], x[3]) �JLYHQ�D�YHFWRU�RU�WXSOH� x �ZLWK���HOHPHQWV�

x = rand(50);   sx = SVector(x...)

function foo(x; output = similar(x))
    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

  148.817 ns (1 allocation: 448 bytes)

x = rand(50);   sx = SVector(x...)

function foo(x; output = MVector{length(x),eltype(x)}(undef))
    for i in eachindex(x)
        temp      = x .> x[i]
        output[i] = sum(temp)
    end

    return output
end

  148.975 ns (1 allocation: 448 bytes)

1.

2.

3.



9h. Lazy Operations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

&RPSXWDWLRQDO� DSSURDFKHV� FDQ� EH� EURDGO\� FODVVLíHG� LQWR� �OD]\�� DQG� �HDJHU�� FDWHJRULHV�� Eager

operations�DUH�FKDUDFWHUL]HG�E\�WKHLU�LPPHGLDWH�H[HFXWLRQ�XSRQ�GHíQLWLRQ��SURYLGLQJ�LQVWDQW�DFFHVV

WR�WKH�UHVXOWV��6R�IDU��PRVW�RSHUDWLRQV�RQ�WKLV�ZHEVLWH�KDYH�IDOOHQ�XQGHU�WKLV�FDWHJRU\�

,Q�FRQWUDVW��lazy operations�GHíQH�WKH�FRGH�WR�EH�H[HFXWHG��GHIHUULQJ�FRPSXWDWLRQ�XQWLO�WKH�UHVXOWV

DUH�DFWXDOO\�QHHGHG��7KH�DSSURDFK�LV�SDUWLFXODUO\�YDOXDEOH�IRU�RSHUDWLRQV�LQYROYLQJ�KHDY\�LQWHUPHGLDWH

FRPSXWDWLRQV�� DV� OD]\� HYDOXDWLRQ� FDQ� sidestep unnecessary memory allocations�� E\� IXVLQJ

RSHUDWLRQV��LW�EHFRPHV�SRVVLEOH�WR�SHUIRUP�LQWHUPHGLDWH�FDOFXODWLRQV�RQ�WKH�î\�DQG�IHG�WKHP�GLUHFWO\

LQWR�WKH�íQDO�FDOFXODWLRQ�

7KLV�VHFWLRQ�SURYLGHV�YDULRXV�LPSOHPHQWDWLRQV�IRU�OD]\�FRPSXWDWLRQV��7KH�íUVW�DSSURDFK�SUHVHQWHG�LV

EDVHG�RQ�WKH�VR�FDOOHG�generators��ZKLFK�DUH�WKH�OD]\�DQDORJRXV�RI�DUUD\�FRPSUHKHQVLRQV��$IWHU�WKLV�

ZH
OO�LQWURGXFH�VHYHUDO�IXQFWLRQV�IURP�WKH�SDFNDJH�Iterators��ZKLFK�SURYLGHV�OD]\�LPSOHPHQWDWLRQV�RI

IXQFWLRQV�OLNH� map �DQG� filter �

GENERATORS

Array comprehensions�RìHU�D�FRQYHQLHQW�WHFKQLTXH�IRU�FUHDWLQJ�YHFWRUV��XVLQJ�D�VLPLODU�V\QWD[�WR�IRU�

ORRSV� WR�GHíQH� WKHLU� HOHPHQWV�� 7KHVH� HOHPHQWV� DUH� FRPSXWHG�DQG� VWRUHG� ULJKW� DZD\��PDNLQJ� DUUD\

FRPSUHKHQVLRQV�DQ�HDJHU�RSHUDWLRQ��)RU� WKHLU�SDUW��generators� UHSUHVHQW�the lazy counterpart of

array comprehensions��GHIHUULQJ�WKH�FUHDWLRQ�RI�HOHPHQWV�XQWLO�WKH\
UH�DFWXDOO\�QHHGHG�

,Q�WHUPV�RI�V\QWD[��JHQHUDWRUV�DUH�LGHQWLFDO�WR�DUUD\�FRPSUHKHQVLRQV��ZLWK�WKH�VROH�GLìHUHQFH�WKH\
UH

HQFORVHG� LQ� SDUHQWKHVHV� ( ) � LQVWHDG� RI� VTXDUH� EUDFNHWV� [ ] �� -XVW� OLNH� DUUD\� FRPSUHKHQVLRQV�

JHQHUDWRUV�DOVR�UHWDLQ�WKH�DELOLW\�WR�DGG�FRQGLWLRQV�DQG�VLPXOWDQHRXV�LWHUDWH�RYHU�PXOWLSOH�FROOHFWLRQV�

https://alfaromartino.github.io/
http://localhost:8000/PAGES/04d_forloops/#array_comprehensions


julia> x

julia> y

julia> x

7KH�H[DPSOHV�VKRZ�WKDW�DUUD\�FRPSUHKHQVLRQV�FRPSXWH�DOO�WKHLU�HOHPHQWV�DW�WKH�PRPHQW�RI�GHíQLQJ

WKH� YHFWRU�� JLYLQJ� LPPHGLDWH� DFFHVV� WR� WKHP�� ,Q� FRQWUDVW�� JHQHUDWRUV� IRUPDOO\� GHíQH� DQ�REMHFW�ZLWK

W\SH� Base.Generator ��ZKHUH�RSHUDWLRQV�DUH�GHVFULEHG��EXW�QR�RXWSXW�LV�PDWHULDOL]HG�

7KLV� FKDUDFWHULVWLF� RI� JHQHUDWRUV� PDNHV� WKHP� SDUWLFXODUO\� XVHIXO� IRU� FRPSXWLQJ� reductions� ZLWK

WUDQVIRUPHG� YDOXHV�� %\� SURGXFLQJ� YDOXHV� RQ�GHPDQG� DQG� IXVLQJ� WKHP�ZLWK� WKH� UHGXFWLRQ� IXQFWLRQ�

JHQHUDWRUV�DYRLG�WKH�PDWHULDOL]DWLRQ�RI�WHPSRUDU\�YHFWRUV��WKXV�UHGXFLQJ�PHPRU\�DOORFDWLRQV�

7R�LOOXVWUDWH�WKH�SHUIRUPDQFH�EHQHíWV�WKLV�HQWDLOV��OHW
V�FRPSXWH�WKH�VXP�RI�DOO�HOHPHQWV�LQ�D�YHFWRU� y �

,Q� SDUWLFXODU�� y � LV� REWDLQHG� E\� GRXEOLQJ� HDFK� HOHPHQW� RI� D� YHFWRU� x �� 2QH� ZD\� WR� FRPSXWH� WKLV

RSHUDWLRQ�LV�E\�íUVW�FUHDWLQJ�WKH�YHFWRU� y �DQG�WKHQ�VXP�DOO�LWV�HOHPHQWV��$OWHUQDWLYHO\��ZH�FDQ�GHVFULEH

WKH� WUDQVIRUPDWLRQ� WKURXJK�D�JHQHUDWRU��ZKLFK�E\SDVVHV� WKH� VWRUDJH�RI� WKH� LQWHUPHGLDWH�RXWSXW� y

DQG� LQVWHDG� IHHGV� WKH� WUDQVIRUPDWLRQ� GLUHFWO\� LQWR� WKH� sum � IXQFWLRQ�� 7KLV� DOORZV� WKH� FRPSLOHU� WR

SHUIRUP�WKH�DGGLWLRQ�DV�D�FXPXODWLYH�RSHUDWLRQ�RQ�VFDODUV��WKHUHE\�UHGXFLQJ�PHPRU\�XVDJH�

julia> @btime foo($x)

x = [a for a in 1:10]

y = [a for a in 1:10 if a > 5]

10-element Vector{Int64}:
  1
  2
  ⋮
  9
 10

5-element Vector{Int64}:
  6
  7
  8
  9
 10

x = (a for a in 1:10)

y = (a for a in 1:10 if a > 5)

Base.Generator{UnitRange{Int64}, typeof(identity)}(identity, 1:10)

x = rand(100)

function foo(x)
    y = [a * 2 for a in x]                  # 1 allocation (same as y = x .* 2)
    
    sum(y)
end

  46.945 ns (1 allocation: 896 bytes)

http://localhost:8000/PAGES/09h_lazyOperations/PAGES/09f_reductions/


julia> @btime foo($x)

julia> @btime foo($x)

7KH�ODVW�WDE�VKRZV�WKDW�JHQHUDWRUV�FDQ�EH�LQFRUSRUDWHG�GLUHFWO\�DV�D�IXQFWLRQ�DUJXPHQW��UHVXOWLQJ�LQ�D

FRPSDFW�V\QWD[��5HPDUNDEO\�� WKLV�V\QWD[� LV�DSSOLFDEOH�WR�any� IXQFWLRQ�WKDW�DFFHSWV�D�FROOHFWLRQ�DV� LWV

LQSXW�

ITERATORS

,WHUDWRUV� DUH� IRUPDOO\�GHíQHG�DV� OD]\�REMHFWV� WKDW� FUHDWH� VHTXHQWLDO� YDOXHV�RQ�GHPDQG�� UDWKHU� WKDQ

VWRULQJ� WKHP�DOO� LQ�PHPRU\�XSIURQW��7KURXJKRXW� WKH�ZHEVLWH��ZH
YH�DOUHDG\�HQFRXQWHUHG�QXPHURXV

VFHQDULRV�LQYROYLQJ�LWHUDWRUV��$�W\SLFDO�H[DPSOH�RI�DQ�LWHUDWRU�LV�D�UDQJH��VXFK�DV� 1:length(x) ��ZKLFK

GHíQHV� D� VHTXHQFH� RI� QXPEHUV� WR� EH� JHQHUDWHG� RQ� WKH� î\�� 7KHLU� OD]\� HYDOXDWLRQ� H[SODLQV�ZK\� WKH

IXQFWLRQ� collect �LV�QHHGHG�ZKHQ�ZH�ZDQW�WR�PDWHULDOL]H�WKH�HQWLUH�VHTXHQFH�LQWR�D�YHFWRU��:LWKRXW

collect �� LWHUDWRUV�PHUHO\�GHVFULEH�WKH�QXPEHUV�WR�EH�FUHDWHG��ZLWKRXW�DFWXDOO\�FUHDWLQJ�DQG�VWRULQJ

WKHP�LQ�PHPRU\�

%H\RQG� VLPSOH� UDQJHV�� ZH
YH� DOVR� FRYHUHG� RWKHU� W\SHV� RI� LWHUDWRUV� KDW� RìHU� PRUH� VSHFLDOL]HG

IXQFWLRQDOLW\��7KH\� LQFOXGHG� eachindex � IRU�DFFHVVLQJ�DUUD\� LQGLFHV�� enumerate � IRU�SDLULQJ�HOHPHQWV

ZLWK�WKHLU�SRVLWLRQV��DQG� zip �IRU�FRPELQLQJ�PXOWLSOH�VHTXHQFHV�

7KH�OD]\�QDWXUH�RI�LWHUDWRUV�PDNHV�WKHP�SDUWLFXODUO\�HïFLHQW�LQ�IRU�ORRSV��E\�JHQHUDWLQJ�HDFK�YDOXH�DV

WKH� IRU�ORRS� SURJUHVVHV�� ZH� HOLPLQDWH� XQQHFHVVDU\� PHPRU\� DOORFDWLRQV� WKDW� ZRXOG� DULVH� IURP

PDWHULDOL]LQJ�WKH�OLVW�EHLQJ�LWHUDWHG�RYHU�

julia> x

x = rand(100)

function foo(x)
    y = (a * 2 for a in x)                  # 0 allocations
    
    sum(y)
end

  23.996 ns (0 allocations: 0 bytes)

x = rand(100)

foo(x) = sum(a * 2 for a in x)              # 0 allocations

  23.996 ns (0 allocations: 0 bytes)

x = 1:10

1:10



julia> x

7KH� EXLOW�LQ� SDFNDJH� Iterators �� ZKLFK� LV� DXWRPDWLFDOO\� �LPSRUWHG�� LQ� HYHU\� -XOLD� VHVVLRQ�� SURYLGHV

PXOWLSOH� IXQFWLRQV� IRU� JHQHUDWLQJ� OD]\� VHTXHQFHV�� $GGLWLRQDOO\�� LW� RìHUV� OD]\� FRXQWHUSDUWV� RI� YDULRXV

IXQFWLRQV� VXFK� DV� filter � DQG� map �� ZKLFK� FDQ� EH� DFFHVHG� DV� Iterators.filter � DQG

Iterators.map ��

7KH� IROORZLQJ� H[DPSOH� GHPRQVWUDWHV� WKH� XVH� RI� WKHVH� IXQFWLRQV� WR� DYRLG� PHPRU\� DOORFDWLRQV� RI

LQWHUPHGLDWH�FRPSXWDWLRQV�

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

x = collect(1:10)

10-element Vector{Int64}:
  1
  2
  ⋮
  9
 10

1

x = collect(1:100)

function foo(x)
    y = filter(a -> a > 50, x)              # 1 allocation 

    sum(y)
end

  53.163 ns (1 allocation: 896 bytes)

x = collect(1:100)

function foo(x)
    y = Iterators.filter(a -> a > 50, x)    # 0 allocations 

    sum(y)
end

  55.239 ns (0 allocations: 0 bytes)

x = rand(100)

function foo(x) 
    y = map(a -> a * 2, x)                  # 1 allocation

    sum(y)
end

  47.963 ns (1 allocation: 896 bytes)



julia> @btime foo($x)

FOOTNOTES

�7KH� IterTools �SDFNDJH�IXUWKHU�H[WHQGV�WKH�IXQFWLRQDOLW\�RI� Iterators ��RìHULQJ�HYHQ�PRUH�WRROV�IRU�ZRUNLQJ

ZLWK�OD]\�VHTXHQFHV�

x = rand(100)

function foo(x)
    y = Iterators.map(a -> a * 2, x)        # 0 allocations

    sum(y)
end

  23.972 ns (0 allocations: 0 bytes)

1.



9i. Lazy Broadcasting and Loop Fusion

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KLV� VHFWLRQ� FRQWLQXHV� WKH� DQDO\VLV� RI� OD]\� DQG� HDJHU� RSHUDWLRQV� DV� D� PHDQV� RI� UHGXFLQJ�PHPRU\

DOORFDWLRQV�� 7KH� IRFXV� QRZ� VKLIWV� WR� EURDGFDVWLQJ� RSHUDWLRQV�� ZKLFK� VWULNH� D� EDODQFH� EHWZHHQ� FRGH

UHDGDELOLW\�DQG�SHUIRUPDQFH�

&HQWUDO�WR�WKH�XSFRPLQJ�GLVFXVVLRQ�LV�WKH�HDJHU�GHIDXOW�EHKDYLRU�RI�EURDGFDVWLQJ�LQ�-XOLD��7KLV�PHDQV

WKDW�EURDGFDVWHG�RSHUDWLRQV�FRPSXWH� WKHLU�RXWSXWV� LPPHGLDWHO\�XSRQ�H[HFXWLRQ�� WKHUHE\� LQHYLWDEO\

OHDGLQJ� WR� PHPRU\� DOORFDWLRQ� ZKHQ� DSSOLHG� WR� DOORFDWLQJ�REMHFWV� OLNH� YHFWRUV�� 7KLV� FKDUDFWHULVWLF� LV

SDUWLFXODUO\�UHOHYDQW�LQ�VFHQDULRV�LQYROYLQJ�PXOWLSOH�LQWHUPHGLDWH�EURDGFDVWHG�RSHUDWLRQV��UHVXOWLQJ�LQ

PXOWLSOH�WHPSRUDU\��DQG�WKHUHIRUH�DYRLGDEOH��PHPRU\�DOORFDWLRQV�

1H[W��ZH�SUHVHQW�YDULRXV�DSSURDFKHV�WR�UHGXFH�DOORFDWLRQV� LQ�VXFK�VFHQDULRV��:H
OO�VWDUW�KLJKOLJKWLQJ

WKH�QRWLRQ�RI�loop fusion��ZKLFK�DOORZV�PXOWLSOH�EURDGFDVWLQJ�RSHUDWLRQV�WR�EH�FRPELQHG�LQWR�D�PRUH

HïFLHQW� VLQJOH� RSHUDWLRQ�� $IWHU� WKLV�� ZH
OO� H[SORUH� WKH� LazyArrays � SDFNDJH�� ZKLFK� HYDOXDWHV

EURDGFDVWLQJ�RSHUDWLRQV�LQ�D�OD]\�PDQQHU��7KH�WHFKQLTXH�LV�SDUWLFXODUO\�XVHIXO�IRU�UHGXFWLRQV�UHTXLULQJ

LQWHUPHGLDWH�WUDQVIRUPDWLRQV��HQWLUHO\�FLUFXPYHQWLQJ�PHPRU\�DOORFDWLRQV�IRU�WKHVH�LQWHUPHGLDWHV�

HOW DOES BROADCASTING WORK?

7R�JDLQ�D�GHHSHU�XQGHUVWDQGLQJ�RI�WKH�RSWLPL]DWLRQV�ZH
OO�EH�GLVFXVVLQJ��OHW
V�íUVW�H[DPLQH�WKH�LQWHUQDO

PHFKDQLFV� RI� EURDGFDVWLQJ��8QGHU� WKH� KRRG�� EURDGFDVWLQJ� RSHUDWLRQV� DUH� FRQYHUWHG� LQWR� RSWLPL]HG

IRU�ORRSV� GXULQJ� FRPSLODWLRQ�� UHQGHULQJ� WKH� WZR� DSSURDFKHV� FRPSXWDWLRQDOO\� HTXLYDOHQW�� ,Q� WKLV

FRQWH[W��EURDGFDVWLQJ�VHUYHV�DV�V\QWDFWLF�VXJDU��HOLPLQDWLQJ�WKH�QHHG�IRU�H[SOLFLW�IRU�ORRSV��7KLV�DOORZV

GHYHORSHUV�WR�ZULWH�PRUH�FRQFLVH�DQG�H[SUHVVLYH�FRGH��ZLWKRXW�FRPSURPLVLQJ�SHUIRUPDQFH�

'HVSLWH� WKH� HTXLYDOHQFH� EHWZHHQ� EURDGFDVWLQJ� DQG� IRU�ORRSV�� \RX
OO� RIWHQ� QRWLFH� SHUIRUPDQFH

GLìHUHQFHV�LQ�SUDFWLFH��7KHVH�GLVFUHSDQFLHV�DUH�ODUJHO\�GULYHQ�E\�FRPSLOHU�RSWLPL]DWLRQV��UDWKHU�WKDQ

LQKHUHQW�GLìHUHQFHV�EHWZHHQ�WKH�WZR�DSSURDFKHV��(VVHQWLDOO\�� WKH�IDFW� WKDW�DQ�RSHUDWLRQ�VXSSRUWV�D

EURDGFDVWHG�IRUP�UHYHDOV�IXUWKHU�LQIRUPDWLRQ�DERXW�LWV�XQGHUO\LQJ�VWUXFWXUH��DOORZLQJ�WKH�FRPSLOHU�WR

DXWRPDWLFDOO\� DSSO\� FHUWDLQ� RSWLPL]DWLRQV�� ,Q� FRQWUDVW�� WKH� JHQHUDOLW\� RI� IRU�ORRSV� SUHFOXGHV� WKLV

SRVVLELOLW\�� DV� WKH� VDPH� DVVXPSWLRQV� FDQ
W� EH� WDNHQ� IRU� JUDQWHG��1HYHUWKHOHVV��ZLWK� FDUHIXO�PDQXDO

RSWLPL]DWLRQ��IRU�ORRSV�FDQ�DOZD\V�PDWFK�RU�VXUSDVV�WKH�SHUIRUPDQFH�RI�EURDGFDVWLQJ��WKDQNV�WR�WKHLU

JUHDWHU�îH[LELOLW\�DQG�SRWHQWLDO�IRU�íQH�WXQLQJ�

https://alfaromartino.github.io/


7KH�IROORZLQJ�FRGH�VQLSSHWV�GHPRQVWUDWH�WKH�HTXLYDOHQFH�EHWZHHQ�WKH�WZR�DSSURDFKHV��7KH�íUVW�WDE

GHVFULEHV� WKH� RSHUDWLRQ� EHLQJ� SHUIRUPHG�� ZKLOH� WKH� VHFRQG� WDE� SURYLGHV� D� URXJK� WUDQVODWLRQ� RI

EURDGFDVWLQJ
V�LQWHUQDO�LPSOHPHQWDWLRQ��7KH�WKLUG�WDE�IXUWKHU�KLJKOLJKWV�WKLV�HTXLYDOHQFH��E\�SURYLGLQJ

WKH� H[DFW� FRGH� XVHG�� 7KLV� UHTXLUHV� LQFOXGLQJ� WKH� @inbounds � PDFUR� LQ� WKH� IRU�ORRS�� ZKLFK� LV

DXWRPDWLFDOO\� DSSOLHG� ZLWK� EURDGFDVWLQJ�� 7KH� VSHFLíF� HìHFW� RI� WKLV�PDFUR� RQ� FRPSXWDWLRQV� FDQ� EH

GLVUHJDUGHG��DV�LW
OO�EH�GLVFXVVHG�LQ�D�ODWHU�VHFWLRQ��,WV�VROH�SXUSRVH�KHUH�LV�WR�LOOXVWUDWH�WKH�HTXLYDOHQFH

EHWZHHQ�WKH�WZR�DSSURDFKHV�

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

Warning! - About @inbounds

,Q� WKH� H[DPSOH� SURYLGHG�� @inbounds was added to illustrate the

internal implementation of broadcasting, rather than a

recommended practice for general use�� ,Q� IDFW�� @inbounds � XVHG

LQFRUUHFWO\�can lead to severe issues�

x      = rand(100)

foo(x) = 2 .* x

  34.506 ns (1 allocation: 896 bytes)

x      = rand(100)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = 2 * x[i]
    end

    return output
end

  48.188 ns (1 allocation: 896 bytes)

x      = rand(100)

function foo(x)
    output = similar(x)

    @inbounds for i in eachindex(x)
        output[i] = 2 * x[i]
    end

    return output
end

  32.832 ns (1 allocation: 896 bytes)



7R�XQGHUVWDQG�ZKDW�WKLV�PDFUR�GRHV�� -XOLD�E\�GHIDXOW�HQIRUFHV�ERXQGV

FKHFNLQJ�RQ�DUUD\�LQGLFHV�WR�SUHYHQW�RXW�RI�UDQJH�DFFHVV��H�J���LW�FKHFNV

WKDW�D�YHFWRU� x �ZLWK���HOHPHQWV�LVQ
W�DFFHVVHG�DW�LQGH[� x[4] ���$GGLQJ

@inbounds � WR� D� IRU�ORRS� LQVWUXFWV� -XOLD� WR� E\SDVV� WKLV� FKHFN�� WKXV

VSHHGLQJ�XS�FRPSXWDWLRQV��+RZHYHU��LW�VLPXOWDQHRXVO\�PDNHV�RXU�FRGH

XQVDIH��LQFOXGLQJ�WKH�SRVVLELOLW\�RI�UHWXUQLQJ�LQFRUUHFW�UHVXOWV�DQG�RWKHU

PRUH�SURQRXQFHG�LVVXHV�

$� NH\� LPSOLFDWLRQ� RI� WKH� H[DPSOH� LV� WKDW� -XOLD
V� EURDGFDVWLQJ� LV� HDJHU� E\� GHIDXOW��PHDQLQJ� WKDW� WKH

UHVXOW� LV� LPPHGLDWHO\� FRPSXWHG� DQG� VWRUHG�� ,Q� WKH� H[DPSOH�� WKLV� LV� UHîHFWHG� LQ� 2 .* x � EHLQJ

FRPSXWHG�DQG�VWRUHG�LQ� output ��ZKLFK�DOVR�H[SODLQV�WKH�REVHUYHG�PHPRU\�DOORFDWLRQ�

,PSRUWDQWO\�� memory allocations under broadcasting arise even if the result isn't explicitly

stored��)RU�H[DPSOH��FRPSXWLQJ� sum(2 .* x) �LQYROYHV�WKH�FRPSXWDWLRQ�DQG�WHPSRUDU\�VWRUDJH�RI� 2

.* x ��EHIRUH�WKH�VXP�LV�SHUIRUPHG�

REMARK (OPTIONAL)�'LìHULQJ�2SWLPL]DWLRQV�:LWK�%URDGFDVWLQJ�DQG�)RU�/RRSV

BROADCASTING: LOOP FUSION

:KLOH� HDJHU� EURDGFDVWLQJ� PDNHV� UHVXOWV� UHDGLO\� DYDLODEOH�� WKHLU� RXWSXWV� PD\� QRW� EH� LPSRUWDQW� LQ

WKHPVHOYHV�� ,QVWHDG�� WKH\� FRXOG� UHSUHVHQW� LQWHUPHGLDWH� VWHSV� LQ� D� ODUJHU� FRPSXWDWLRQ�� ZLWK� WKHVH

RXWSXWV�HYHQWXDOO\�EHLQJ�SDVVHG�DV�LQSXWV�WR�VXEVHTXHQW�RSHUDWLRQV�

,Q� WKH� IROORZLQJ�� ZH� DGGUHVV� VFHQDULRV� OLNH� WKLV�� ZKHUH� EURDGFDVWLQJ� LV� HPSOR\HG� IRU� LQWHUPHGLDWH

UHVXOWV�� 7KH� íUVW� DSSURDFK� ZH� H[SORUH� OHYHUDJHV� D� WHFKQLTXH� FDOOHG� loop fusion�� ZKLFK� FRPELQHV

PXOWLSOH� EURDGFDVWLQJ� RSHUDWLRQV� LQWR� D� VLQJOH� ORRS�� %\� GRLQJ� VR�� WKH� FRPSLOHU� FDQ� SHUIRUP� DOO

RSHUDWLRQV� LQ� D� VLQJOH� SDVV� RYHU� WKH� GDWD�� 7KLV� QRW� RQO\� HOLPLQDWHV� WKH� FUHDWLRQ� RI� PXOWLSOH

LQWHUPHGLDWH� YHFWRUV�� EXW� DOVR� SURYLGHV� WKH� FRPSLOHU� ZLWK� D� KROLVWLF� YLHZ� RI� WKH� RSHUDWLRQV�� WKXV

DOORZLQJ�IRU�IXUWKHU�RSWLPL]DWLRQV�

5HPDUNDEO\�� ZKHQ� DOO� EURDGFDVWLQJ� RSHUDWLRQV� DUH� QHVWHG� ZLWKLQ� D� VLQJOH� RSHUDWLRQ�� WKH� FRPSLOHU

DXWRPDWLFDOO\� LPSOHPHQWV� ORRS� IXVLRQ�� +RZHYHU�� IRU� FRPSOH[� H[SUHVVLRQV�� ZULWLQJ� D� VLQJOH� OHQJWK\

H[SUHVVLRQ� FDQ�EH� LPSUDFWLFDO�� 7R�RYHUFRPH� WKLV� OLPLWDWLRQ��ZH
OO� VKRZ�D�PHWKRG� WKDW�HQDEOHV�XV� WR

EUHDN� GRZQ� RSHUDWLRQV� LQWR� SDUWLDO� FDOFXODWLRQV�� ZKLOH� VWLOO� SUHVHUYLQJ� ORRS� IXVLRQ�� 7KLV� DSSURDFK� LV

EDVHG� RQ� WKH� OD]\� GHVLJQ� RI� IXQFWLRQV� GHíQLWLRQV��PDNLQJ� LW� SRVVLEOH� WR� GHOD\� RSHUDWLRQV� XQWLO� WKHLU

HYHQWXDO�FRPELQDWLRQ�

julia> @btime foo($x)

x        = rand(100)

foo(x)   = x .* 2 .+ x .* 3     # or @. x * 2 + x * 3

  35.361 ns (1 allocation: 896 bytes)



julia> @btime foo($x)

julia> @btime foo.($x)

VECTOR OPERATIONS ALLOCATE AND BREAK LOOP FUSION

$� FRPPRQ� VFHQDULR� ZKHUH� ORRS� IXVLRQ� LV� SUHYHQWHG� LV� ZKHQ� D� VLQJOH� H[SUHVVLRQ� FRPELQHV

EURDGFDVWLQJ� DQG� YHFWRU� RSHUDWLRQV�� 7KLV� SRVVLELOLW\� DULVHV� EHFDXVH� some vector operations yield

similar results to their broadcasting equivalents��PDNLQJ�LW�SRVVLEOH�WR�FRPELQH�WKHVH�RSHUDWLRQV

ZLWKRXW� GLPHQVLRQDO� PLVPDWFKHV�� )RU� LQVWDQFH�� ZH� VKRZ� EHORZ� WKDW� DGGLQJ� WZR� YHFWRUV� XVLQJ� +

SURGXFHV�WKH�VDPH�UHVXOW�DV�VXPPLQJ�WKHP�HOHPHQW�ZLVH�E\�HPSOR\LQJ� .+ �

julia> foo(x,β)

x        = rand(100)

function foo(x)
    a      = x .* 2
    b      = x .* 3
    
    output = a .+ b
end

  124.420 ns (3 allocations: 2.62 KiB)

x        = rand(100)

term1(a) = a * 2
term2(a) = a * 3

foo(a)   = term1(a) + term2(a)

  34.330 ns (1 allocation: 896 bytes)

x        = [1, 2, 3]
y        = [4, 5, 6]

foo(x,y) = x .+ y

3-element Vector{Int64}:
 5
 7
 9



julia> foo(x,β)

7KH�VDPH�RFFXUV�ZLWK�D�YHFWRU�SURGXFW�ZKHQ�RQH�RI�WKH�RSHUDQGV�LV�D�VFDODU�

julia> foo(x,β)

julia> foo(x,β)

OMITTING DOTS AVOIDS LOOP FUSION

0L[LQJ�YHFWRU�RSHUDWLRQV�DQG�EURDGFDVWLQJ� LV�SUREOHPDWLF� IRU�SHUIRUPDQFH��7KH� UHDVRQ� LV� WKDW�HDFK

YHFWRU�RSHUDWLRQ�ZLOO�DOORFDWH�PHPRU\��LQ�D�FRQWH[W�WKDW�RSHUDWLRQV�DUHQ
W�IXVHG��,Q�SDUWLFXODU��WKH�LVVXH

DULVHV�ZKHQ�WKH�IROORZLQJ�FRQGLWLRQV�DUH�PHW�

7KH�íQDO�RXWSXW�UHTXLUHV�FRPELQLQJ�PXOWLSOH�RSHUDWLRQV

7KH� RSHUDWLRQV� \LHOG� WKH� VDPH� UHVXOW� ZKHWKHU� LPSOHPHQWHG� WKURXJK� EURDGFDVWLQJ� RU� D� YHFWRU

RSHUDWLRQ

:H�PL[�EURDGFDVWLQJ�DQG�YHFWRU�LPSOHPHQWDWLRQV��E\�RPLWWLQJ�WKH�LQFOXVLRQ�RI�VRPH�GRWV

,I�DOO�WKHVH�FRQGLWLRQV�DUH�VDWLVíHG��-XOLD�ZLOO�SDUWLWLRQ�WKH�RSHUDWLRQV�DQG�FRPSXWH�HDFK�VHSDUDWHO\��7KH

FRQVHTXHQFH�RI�WKLV� LV�WKH�HPHUJHQFH�RI�PXOWLSOH�WHPSRUDU\�YHFWRUV��ZLWK�HDFK�VHSDUDWHO\�DOORFDWLQJ

PHPRU\�

x        = [1, 2, 3]
y        = [4, 5, 6]

foo(x,y) = x + y

3-element Vector{Int64}:
 5
 7
 9

x        = [1, 2, 3]
β        = 2

foo(x,β) = x .* β

3-element Vector{Int64}:
 2
 4
 6

x        = [1, 2, 3]
β        = 2

foo(x,β) = x * β

3-element Vector{Int64}:
 2
 4
 6



7KH� IROORZLQJ�H[DPSOH� LOOXVWUDWHV� WKLV�SRVVLELOLW\� LQ� WKH�H[WUHPH�FDVH�ZKHUH�all�EURDGFDVWLQJ�GRWV� .

DUH� RPLWWHG�� ,W� GHPRQVWUDWHV� WKDW� YHFWRU� RSHUDWLRQV� DUHQ
W� IXVHG�� HYHQ�ZKHQ� H[SUHVVHG� LQ� D� VLQJOH

RSHUDWLRQ��0RUHRYHU�� LW�HVWDEOLVKHV�WKDW�YHFWRU�RSHUDWLRQV�DUH�VLPLODU�WR�REWDLQLQJ�WKH�íQDO�UHVXOW�E\

VHSDUDWHO\�FDOFXODWLQJ�HDFK�RSHUDWLRQ�

julia> @btime foo($x)

julia> @btime foo($x)

:KLOH�WKH�SUHYLRXV�H[DPSOH�H[FOXVLYHO\�FRQVLVWV�RI�YHFWRU�RSHUDWLRQV��WKH�VDPH�SULQFLSOH�DSSOLHV�ZKHQ

PL[LQJ�EURDGFDVWLQJ�DQG�QRQ�EURDGFDVWLQJ�RSHUDWLRQV��,Q�VXFK�FDVHV��ORRS�IXVLRQ�LV�SDUWLDOO\�DFKLHYHG�

ZLWK�RQO\�D�VXEVHW�RI�RSHUDWLRQV�EHLQJ�LQWHUQDOO\�FRPSXWHG�WKURXJK�D�VLQJOH�IRU�ORRS�

julia> @btime foo($x)

julia> @btime foo($x)

2YHUDOO�� WKH� NH\� WDNHDZD\� IURP� WKHVH� H[DPSOHV� LV� WKDW� guaranteeing loop fusion requires

appending a dot to every operator and function to be broadcasted��1RWH�WKDW�WKLV�FDQ�EH�HUURU�

SURQH�� HVSHFLDOO\� LQ� ODUJH� H[SUHVVLRQV� ZKHUH� D� VLQJOH� PLVVLQJ� GRW� FDQ� EH� HDVLO\� RYHUORRNHG�

x = rand(100)

foo(x)  = x * 2 + x * 3

  129.269 ns (3 allocations: 2.62 KiB)

x = rand(100)

function foo(x) 
    term1  = x * 2        
    term2  = x * 3
    
    output = term1 + term2
end

  130.798 ns (3 allocations: 2.62 KiB)

x      = rand(100)

foo(x) = x * 2 .+ x .* 3

  85.034 ns (2 allocations: 1.75 KiB)

x      = rand(100)

function foo(x)
    term1  = x * 2
    
    output = term1 .+ x .*3
end

  85.763 ns (2 allocations: 1.75 KiB)



)RUWXQDWHO\��WKHUH�DUH�WZR�DOWHUQDWLYHV�WKDW�PLWLJDWH�WKLV�ULVN�

2QH� RSWLRQ� LV� WR� SUHí[� WKH� H[SUHVVLRQ� ZLWK� @. �� DV� VKRZQ� LQ� WKH� WDE� Equivalent 1 � EHORZ�� 7KLV

HQVXUHV� WKDW� all� RSHUDWRUV� DQG� IXQFWLRQV� DUH� EURDGFDVWHG�� $OWHUQDWLYHO\�� DOO� RSHUDWLRQV� FRXOG� EH

FRPELQHG� LQWR� D� scalar� IXQFWLRQ�� ZKLFK� \RX� HYHQWXDOO\� EURDGFDVW�� 7KLV� LV� SUHVHQWHG� LQ� WKH� WDE

Equivalent 2 �EHORZ�

julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo.($x)

:KHQ�PXOWLSOH� ORQJ�RSHUDWLRQV�DUH�FRPELQHG��WKH�QHHG�WR�VSOLW�RSHUDWLRQV� LV� LQHYLWDEOH�� ,Q�WKLV�FDVH�

ZH� FDQ� DSSO\� D� VLPLODU� WULFN� DV� ZH� GLG� EHIRUH�� ZKHUH� ZH� OHYHUDJH� WKDW� IXQFWLRQ� GHíQLWLRQV� DUH

LQKHUHQWO\� OD]\�� 6SHFLíFDOO\�� WKLV� DOORZV� XV� WR� DFKLHYH� ORRS� IXVLRQ� E\� GHíQLQJ� HDFK� RSHUDWLRQ� DV� D

VHSDUDWH�VFDODU�IXQFWLRQ�

/RRS�)XVLRQ�6SOLWWLQJ�2SHUDWLRQV

julia> @btime foo.($x)

LAZY BROADCASTING

x      = rand(100)

foo(x) = x .* 2 .+ x .* 3

  36.456 ns (1 allocation: 896 bytes)

x      = rand(100)

foo(x) = @. x * 2 + x * 3

  36.573 ns (1 allocation: 896 bytes)

x      = rand(100)

foo(a) = a * 2 + a * 3

  34.536 ns (1 allocation: 896 bytes)

x        = rand(100)

term1(a) = a * 2
term2(a) = a * 3

foo(a)   = term1(a) + term2(a)

  35.346 ns (1 allocation: 896 bytes)



7R�KDQGOH�LQWHUPHGLDWH�FRPSXWDWLRQV��ZH�FDQ�DOVR�WUDQVIRUP�EURDGFDVWLQJ�LQWR�D�OD]\�RSHUDWLRQ��6XFK

IXQFWLRQDOLW\�LV�SURYLGHG�E\�WKH� LazyArrays �SDFNDJH��ZKRVH�XVH�UHTXLUHV�SUHSHQGLQJ�WKH� @~ �PDFUR

WR� WKH� EURDGFDVWLQJ� RSHUDWLRQ�� 6LPLODU� WR� D� IXQFWLRQ� GHíQLWLRQ�� OD]\� EURDGFDVWLQJ� GHIHUV� WKH� DFWXDO

FRPSXWDWLRQ�RI�WKH�RSHUDWLRQ�XQWLO�LW
V�QHHGHG�

julia> @btime foo($x,$y)

julia> @btime foo($x,$y)

1RWH�WKDW��XS�WR�WKLV�SRLQW��DOO�WKH�FDVHV�FRQVLGHUHG�KDG�D�YHFWRU�DV�LWV�HQG�UHVXOW��,Q�WKLV�FRQWH[W��RXU

JRDO� EHFRPHV� WR� UHGXFH�PHPRU\� DOORFDWLRQV� WR� WKH� VLQJOH�XQDYRLGDEOH� DOORFDWLRQ��ZKLFK� LV� JLYHQ�E\

VWRUDJH�RI�WKH�íQDO�UHVXOW�

,QVWHDG��ZKHQ� VFDODU� YDOXHV� DUH� WKH�íQDO� RXWSXW�� OD]\�EURDGFDVWLQJ�RìHUV� D� VLJQLíFDQW� DGYDQWDJH�� LW

HQDEOHV� XV� WR� FRPSOHWHO\� UHPRYH� PHPRU\� DOORFDWLRQV�� 7KLV� LV� EHFDXVH� OD]\� EURDGFDVWLQJ� IXVHV

EURDGFDVWLQJ� DQG� UHGXFWLRQ� RSHUDWLRQV�� DOORZLQJ� WKH� IRUPHU� WR� EH� FRPSXWHG� RQ�WKH�î\�� 7KLV� LV

LOOXVWUDWHG�LQ�WKH�H[DPSOH�SURYLGHG�EHORZ�

julia> @btime foo($x,$y)

x         = rand(100)

function foo(x) 
    term1  = x .* 2
    term2  = x .* 3
    
    output = term1 .+ term2
end

  109.803 ns (3 allocations: 2.62 KiB)

x         = rand(100)

function foo(x) 
    term1  = @~ x .* 2
    term2  = @~ x .* 3
    
    output = term1 .+ term2
end

  37.304 ns (1 allocation: 896 bytes)

# eager broadcasting (default)
x      = rand(100)

foo(x) = sum(2 .* x)

  48.012 ns (1 allocation: 896 bytes)



julia> @btime foo($x,$y)

1RWH�WKDW�FRPSOHWHO\�HOLPLQDWLQJ�DOORFDWLRQV�FDQ
W�EH�DFFRPSOLVKHG�VLPSO\�E\�XVLQJ�IXQFWLRQV��7KLV� LV

EHFDXVH� IXQFWLRQV� HQDEOH� WKH� VSOLWWLQJ� RI� EURDGFDVWLQJ� RSHUDWLRQV�� EXW� GR� QRW� IXVH� WKHP� ZLWK

UHGXFWLRQ�RSHUDWLRQV�

julia> @btime foo($x,$y)

julia> @btime foo($x,$y)

julia> @btime foo($x,$y)

Remark

$Q� DGGLWLRQDO� DGYDQWDJH� RI� @~ � LV� WKDW� LW� SHUIRUPV� DGGLWLRQDO

RSWLPL]DWLRQV� ZKHQ� SRVVLEOH�� $V� D� UHVXOW�� \RX
OO� W\SLFDOO\� REVHUYH� WKDW

using LazyArrays
x      = rand(100)

foo(x) = sum(@~ 2 .* x)

  7.906 ns (0 allocations: 0 bytes)

x = rand(100)

term1(a) = a * 2
term2(a) = a * 3
temp(a)  = term1(a) + term2(a)

foo(x)   = sum(temp.(x))

  48.307 ns (1 allocation: 896 bytes)

x = rand(100)

term1(a) = a * 2
term2(a) = a * 3
temp(a)  = term1(a) + term2(a)

foo(x)   = sum(@~ temp.(x))

  10.474 ns (0 allocations: 0 bytes)

x = rand(100)

function foo(x) 
    term1  = @~ x .* 2
    term2  = @~ x .* 3
    temp   = @~ term1 .+ term2
    
    output = sum(temp)
end

  13.766 ns (0 allocations: 0 bytes)



@~ � LV� IDVWHU� WKDQ� DOWHUQDWLYHV� OLNH� D� OD]\� PDS�� GHVSLWH� WKDW� QHLWKHU

DOORFDWHV�PHPRU\��7KLV�SHUIRUPDQFH�EHQHíW�FDQ�EH�DSSUHFLDWHG� LQ�WKH

IROORZLQJ�FRPSDULVRQ�

julia> @btime foo($x,$y)

julia> @btime foo($x,$y)

x = rand(100)

term1(a) = a * 2
term2(a) = a * 3
temp(a)  = term1(a) + term2(a)

foo(x)   = sum(@~ temp.(x))

  10.474 ns (0 allocations: 0 bytes)

x = rand(100)

term1(a) = a * 2
term2(a) = a * 3
temp(a)  = term1(a) + term2(a)

foo(x)   = sum(Iterators.map(temp, x))

  28.909 ns (0 allocations: 0 bytes)
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INTRODUCTION

7KH�SUHYLRXV�FKDSWHUV�VWDUWHG�RXU�VWXG\�RI�WHFKQLTXHV�IRU� LPSURYLQJ�SHUIRUPDQFH��7KH�IRFXV�ZDV� LQ

SDUWLFXODU�RQ� W\SH�VWDELOLW\�DQG�PHPRU\�DOORFDWLRQV��ZKLFK�DUH�QRW�RQO\�FULWLFDO� IRU�DFKLHYLQJ�RSWLPDO

SHUIRUPDQFH�� EXW� DOVR� XQLYHUVDOO\� DSSOLFDEOH�� +RZHYHU�� VSHFLíF� DSSOLFDWLRQV� FDQ� RIWHQ� EHQHíW� IURP

PRUH�VSHFLDOL]HG�VWUDWHJLHV��7KLV�FKDSWHU� WDNHV�D�VWHS� LQ� WKLV�GLUHFWLRQ�E\� LQWURGXFLQJ�VRPH�RI� WKHVH

WHFKQLTXHV��,Q�SDUWLFXODU��ZH�RìHU�WZR�NH\�LQVLJKWV�WKDW�H[WHQG�EH\RQG�DQ\�SDUWLFXODU�DSSOLFDWLRQ��DQG

WKHUHIRUH�FDQ�EH�DSSOLHG�EURDGO\�

)LUVW��DQ\�RI�WKH�QHZ�WHFKQLTXHV�ZH
OO� LQWURGXFH�LQKHUHQWO\�LQYROYH�WUDGH�RìV��7KLV�RFFXUV�EHFDXVH�

DIWHU� DSSO\LQJ� IXQGDPHQWDO� RSWLPL]DWLRQV� WR� RSHUDWH� DW� WKH�SHUIRUPDQFH� IURQWLHU�� DQ\� IXUWKHU� JDLQV

FDQ� RQO\� EH� DFKLHYHG� DW� WKH� H[SHQVH� RI� SUHFLVLRQ�� VDIHW\�� RU� JHQHUDOLW\�� 7KLV� VWDQGV� LQ� FRQWUDVW� WR

IXQGDPHQWDO� RSWLPL]DWLRQV� OLNH� W\SH� VWDELOLW\� DQG� UHGXFHG� PHPRU\� DOORFDWLRQV�� ZKLFK� PD\� KLQGHU

UHDGDELOLW\� EXW� GRQ
W� HQWDLO� FRPSURPLVHV� LQ� RWKHU� UHVSHFWV�� 7KH� SUHVHQFH� RI� WKHVH� WUDGH�RìV� DOVR

H[SODLQV�ZK\�WKH�WHFKQLTXHV�DUHQ
W�SDUW�RI�-XOLD
V�GHIDXOW�LPSOHPHQWDWLRQ��ZKLFK�FRQVLVWHQWO\�SULRULWL]HV

FRUUHFWQHVV�DQG�VDIHW\�RYHU�VSHHG�

7KH�VHFRQG�LPSRUWDQW�WDNHDZD\� LV�UHODWHG�WR�WKH�FRQFHSW�RI�FRGH�WUDQVIRUPDWLRQ�YLD�PDFURV��7KLV

UHSUHVHQWV� D� JHQHUDO� VWUDWHJ\� WKDW� DOORZV� GHYHORSHUV� WR� LPSOHPHQW� VRSKLVWLFDWHG� FRPSXWDWLRQDO

DOJRULWKPV��ZLWKRXW�UHTXLULQJ�XVHUV�WR�JUDVS�WKH�XQGHUO\LQJ�FRPSOH[LWLHV�IRU�WKHLU�DSSOLFDWLRQV��0DFURV

DUH�SDUWLFXODUO\�ZHOO�VXLWHG�VXLWHG�IRU�WKLV�SXUSRVH��DV�WKH\�HVVHQWLDOO\�WDNH�H[SUHVVLRQV�LQ�D�FRGH�DQG

PRGLíHV�LW�EHIRUH�FRPSLODWLRQ��7KLV�PDNHV�LW�SRVVLEOH��IRU�H[DPSOH��WR�LGHQWLI\�DOO�RSHUDWLRQV�ZLWKLQ�D

IRU�ORRS��VXEVHTXHQWO\�DGDSWLQJ�WKH�DOJRULWKP�IRU�D�PRUH�HïFLHQW�FRPSXWDWLRQ�
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INTRODUCTION

&XVWRPL]HG�FRPSXWDWLRQDO�DSSURDFKHV�RIWHQ�KDYH�DQ�HGJH�RYHU�JHQHUDO�SXUSRVH�EXLOW�LQ�VROXWLRQV��DV

WKH\� FDQ� WDFNOH� WKH� XQLTXH� FKDOOHQJHV� RI� D� JLYHQ� VFHQDULR�� +RZHYHU�� WKH� FRPSOH[LW\� RI� WKHVH

VSHFLDOL]HG�WHFKQLTXHV�RIWHQ�GHWHUV�WKHLU�DGRSWLRQ�DPRQJ�SUDFWLWLRQHUV��ZKR�PD\�ODFN�WKH�QHFHVVDU\

H[SHUWLVH�WR�LPSOHPHQW�WKHP��0DFURV�RìHU�D�SUDFWLFDO�VROXWLRQ�WR�EULGJH�WKLV�JDS��PDNLQJ�VSHFLDOL]HG

FRPSXWDWLRQDO�DSSURDFKHV�PRUH�DFFHVVLEOH�WR�XVHUV��7KH\
UH�SDUWLFXODUO\�ZHOO�VXLWHG�IRU�WKLV�SXUSRVH

GXH� WR� WKHLU� DELOLW\� WR� WDNH� HQWLUH� FRGH� EORFNV� DV� LQSXWV� DQG� WUDQVIRUP� WKHP� LQWR� DQ� RSWLPL]HG

H[HFXWLRQ� DSSURDFK�� 7KLV� FDSDELOLW\� DOORZV� SUDFWLWLRQHUV� WR� EHQHíW� IURP� VSHFLDOL]HG� DOJRULWKPV�

ZLWKRXW�WKH�QHHG�WR�LPSOHPHQW�WKHP�WKHPVHOYHV�

,Q� WKH�XSFRPLQJ�VHFWLRQV�� WKH� UROH�RI�PDFURV� LQ�ERRVWLQJ�SHUIRUPDQFH�ZLOO�EH�FHQWUDO��%\� OHYHUDJLQJ

WKHP�� ZH
OO� EH� DEOH� WR� HìHFWLYHO\� VHSDUDWH� WKH� EHQHíWV� SURYLGHG� E\� DQ� DOJRULWKP� IURP� LWV� DFWXDO

LPSOHPHQWDWLRQ�GHWDLOV��7KLV�GHFRXSOLQJ�ZLOO�OHW�XV�VKLIW�RXU�IRFXV�IURP�WKH�QLWW\�JULWW\�GHWDLOV�RI�KRZ�WR

LPSOHPHQW�DOJRULWKPV��WR�WKH�PRUH�SUDFWLFDO�TXHVWLRQ�RI�ZKHQ�WR�DSSO\�WKHP��7KH�FXUUHQW�VHFWLRQ�LQ

SDUWLFXODU�ZLOO� FRQFHQWUDWH� RQ� WKH� SURFHGXUH� IRU� DSSO\LQJ�PDFURV�� SD\LQJ� VSHFLDO� DWWHQWLRQ� WR� VRPH

VXEWOH�FRQVLGHUDWLRQV�DULVLQJ�LQ�SUDFWLFH�

ABOUT MACROS FOR OPTIMIZATIONS

0DFURV�EHDU�D�UHVHPEODQFH�WR�IXQFWLRQV�LQ�WKDW�WKH\�WDNH�DQ�LQSXW�DQG�UHWXUQ�DQ�RXWSXW��7KHLU�SULPDU\

GLìHUHQFH�OLHV�LQ�WKDW�PDFURV�WDNH�DQ�HQWLUH�FRGH�EORFN�DV�WKHLU�LQSXW��SRVVLEO\�\LHOGLQJ�DQRWKHU�FRGH

EORFN�DV�LWV�RXWSXW�

7KLV�XQLTXH�IHDWXUH�HQDEOHV�PDFURV�WR�EH�DSSOLHG�IRU�WDVNV�WKDW�IXQFWLRQV�FDQ
W�KDQGOH��2QH�FRPPRQ

DSSOLFDWLRQ� LV� FRGH� VLPSOLíFDWLRQ�� %\� DXWRPDWLQJ� UHSHWLWLYH� WDVNV� DQG� HOLPLQDWLQJ� UHGXQGDQW� FRGH�

PDFURV� DUH� FDSDEOH� RI� VLJQLíFDQWO\� LPSURYLQJ� FRGH� UHDGDELOLW\�� )RU� LQVWDQFH�� VXSSRVH� D� IXQFWLRQ

UHTXLUHV� PXOWLSOH� VOLFHV� RI� x � WR� EH� FRQYHUWHG� LQWR� YLHZV�� :LWKRXW� PDFURV�� WKLV� ZRXOG� LQYROYH

UHSHDWHGO\� LQYRNLQJ� view(x, <indices>) �� UHVXOWLQJ� LQ� YHUERVH� DQG� HUURU�SURQH� FRGH�� ,QVWHDG�

SUHSHQGLQJ�WKH�IXQFWLRQ�GHíQLWLRQ�ZLWK� @views �ZLOO�DXWRPDWLFDOO\�KDQGOH�DOO�WKH�VOLFH�FRQYHUVLRQV�IRU

XV�

$QRWKHU�DSSOLFDWLRQ�RI�PDFURV�LV�WR�PRGLI\�KRZ�RSHUDWLRQV�DUH�FRPSXWHG��ZKLFK�LV�WKH�IRFXV�RI�WKLV

VHFWLRQ��7KLV�IXQFWLRQDOLW\�DOORZV�GHYHORSHUV�WR�SDFNDJH�VRSKLVWLFDWHG�RSWLPL]DWLRQ�WHFKQLTXHV��PDNLQJ

DGYDQFHG� VROXWLRQV� DFFHVVLEOH� WR� XVHUV�� ,Q� WKLV� FRQWH[W�� XVHUV� ZKR� PLJKW� QRW� EH� IDPLOLDU� ZLWK� WKH

XQGHUO\LQJ� FRPSOH[LWLHV� RI� WKH� PHWKRG�� RQO\� QHHG� WR� IRFXV� RQ� VHOHFWLQJ� WKH� PRVW� VXLWDEOH

FRPSXWDWLRQDO�DSSURDFK��UDWKHU�WKDQ�JUDSSOLQJ�ZLWK�LPSOHPHQWDWLRQ�GHWDLOV�

https://alfaromartino.github.io/


:KLOH�PDFURV�DUH�SRZHUIXO�WRROV��WKH\
UH�QRW�ZLWKRXW�WKHLU� OLPLWDWLRQV��7KHLU�EODFN�ER[�QDWXUH�PHDQV

WKDW�LQFRUUHFW�XVDJH�FDQ�OHDG�WR�XQH[SHFWHG�UHVXOWV�RU�FRPSURPLVH�FRPSXWDWLRQDO�VDIHW\��7KDW
V�ZK\

LW
V� LPSRUWDQW� WR� LGHQWLI\� WKH� VXLWDEOH� VFHQDULRV� RI� HDFK�PDFUR�� $OWKRXJK� WKLV� UHTXLUHV� VRPH� LQLWLDO

LQYHVWPHQW��LW
V�FRQVLGHUDEO\�OHVV�GHPDQGLQJ�WKDQ�LPSOHPHQWLQJ�WKH�IXQFWLRQDOLW\�IURP�VFUDWFK�

APPLYING MACROS IN FOR-LOOPS: @INBOUNDS AS AN EXAMPLE

2QH� GLVWLQFWLYH� IHDWXUH� RI� -XOLD� LV� LWV� DELOLW\� WR� H[HFXWH� IRU�ORRSV� ZLWK� H[FHSWLRQDO� VSHHG�� ,Q� IDFW�

FDUHIXOO\�RSWLPL]HG�IRU�ORRSV�WHQG�WR�UHDFK�WKH�KLJKHVW�SRVVLEOH�SHUIRUPDQFH�ZLWKLQ�WKH�ODQJXDJH��7KLV

HïFLHQF\� VWHPV� IURP� WKH� YHUVDWLOLW\� RI� IRU�ORRSV�� ZKLFK� OHWV� XVHUV� íQH�WXQH� WKHP� IRU� WKHLU� VSHFLíF

QHHGV��$V�D�UHVXOW��LW
V�QR�VXUSULVH�WKDW�RQH�SURPLQHQW�DSSOLFDWLRQ�RI�PDFURV�LV�WR�LPSOHPHQW�VSHFLíF

FRPSXWDWLRQDO�DSSURDFKHV�IRU�IRU�ORRSV�

7R� LOOXVWUDWH� WKLV� XVH�� OHW
V� FRQVLGHU� WKH� @inbounds � PDFURV�� $OWKRXJK� VWULFWO\� VSHDNLQJ� WKLV� GRHVQ
W

LPSOHPHQW�D�QHZ�FRPSXWDWLRQDO�DSSURDFK�� LW�GRHV�PRGLI\�KRZ� IRU�ORRSV�DUH�H[HFXWHG��$GGLWLRQDOO\�

LW
V�VLPSOH�HQRXJK�WR�HDVLO\�LOOXVWUDWH�WKLV�UROH�RI�PDFURV�

7R�DSSUHFLDWH�WKH�LPSDFW�RI� @inbounds ��ZH�íUVW�QHHG�WR�XQGHUVWDQG�KRZ�IRU�ORRSV�W\SLFDOO\�EHKDYH�LQ

-XOLD�� %\� GHIDXOW�� WKH� ODQJXDJH� LPSOHPHQWV� bounds checking�� ZKHQ� DQ� HOHPHQW� x[i] � LV� DFFHVVHG

GXULQJ� WKH� i�WK� LWHUDWLRQ�� -XOLD�YHULíHV� WKDW� i� IDOOV�ZLWKLQ� WKH�YDOLG�UDQJH�RI� LQGLFHV� IRU� x ��7KLV�EXLOW�LQ

PHFKDQLVP�VDIHJXDUGV�DJDLQVW�HUURUV�DQG�VHFXULW\�LVVXHV�FDXVHG�E\�RXW�RI�ERXQGV�DFFHVV�

:KLOH�ERXQGV� FKHFNLQJ�SUHYHQWV�EXJV�� LW� FRPHV�DW� D�SHUIRUPDQFH� FRVW�� WKHVH�DGGLWLRQDO� FKHFNV�QRW

RQO\� LQWURGXFH� FRPSXWDWLRQDO� RYHUKHDG�� EXW� DOVR� OLPLW� WKH� FRPSLOHU
V� DELOLW\� WR� LPSOHPHQW� FHUWDLQ

RSWLPL]DWLRQV�� +RZHYHU�� WKHUH� DUH� VLWXDWLRQV� ZKHUH� LWHUDWLRQV� DUH� JXDUDQWHHG� WR� VWD\� ZLWKLQ� DUUD\

ERXQGV�� ,Q�WKRVH�FDVHV��ZH�FDQ�VDIHO\�ERRVW�SHUIRUPDQFH�E\�GLVDEOLQJ�ERXQGV�FKHFNLQJ�WKURXJK�WKH

@inbounds �PDFUR�

7UDGH�2ìV�(QWDLOHG�E\�#LQERXQGV

7KH� @inbounds � PDFUR� SHUIHFWO\� LOOXVWUDWHV� ERWK� WKH� SRZHU� DQG� ULVNV

DVVRFLDWHG� ZLWK� PDFUR� XVDJH�� :KHQ� DSSOLHG� MXGLFLRXVO\�� LW� FDQ� \LHOG

VXEVWDQWLDO� SHUIRUPDQFH� JDLQV�� HVSHFLDOO\� ZKHQ� PXOWLSOH� VOLFHV� DUH

LQYROYHG�

+RZHYHU�� GLVDEOLQJ� ERXQGV� FKHFNLQJ� VLPXOWDQHRXVO\� UHQGHUV� FRGH

XQVDIH�� LW� LQFUHDVHV� WKH� ULVN� RI� FUDVKHV� DQG� VLOHQW� HUURUV�� DGGLWLRQDOO\

FUHDWLQJ� VHFXULW\� YXOQHUDELOLWLHV�� ,Q� WKLV� FRQWH[W�� @inbounds � VKLIWV� WKH

UHVSRQVLELOLW\� RI� DSSO\LQJ� WKH� PDFUR� RQWR� WKH� XVHU�� ZKR� PXVW� EH

DEVROXWHO\�FHUWDLQ�WKDW�WKH�LWHUDWLRQ�UDQJH�LV�ZLWKLQ�WKH�DUUD\V
�ERXQGV�

ILLUSTRATING @INBOUNDS



%URDGO\�VSHDNLQJ��XVLQJ�D�PDFUR�ZLWKLQ�D�IRU�ORRS�WR�PRGLI\� LWV�FRPSXWDWLRQDO�DSSURDFK�UHTXLUHV� LWV

DGGLWLRQ�DW�WKH�EHJLQQLQJ�RI�WKH�IRU�ORRS��)RU�LQVWDQFH��WR�GLVDEOH�ERXQGV�FKHFNLQJ�IRU�HYHU\�LQGH[HG

HOHPHQW� ZLWKLQ� D� IRU�ORRS�� ZH� VLPSO\� QHHG� WR� SUHSHQG� WKH� IRU�ORRS� ZLWK� @inbounds �� :H� FDQ

DOWHUQDWLYHO\� DSSO\� @inbounds � LQGLYLGXDOO\� WR� DQ\� VSHFLíF� OLQH� ZLWKLQ� WKH� ORRS�� 1RQHWKHOHVV�� WKLV

SRVVLELOLW\� LV� VSHFLíF� WR� @inbounds �� RQO\� DULVLQJ�EHFDXVH� WKH�PDFUR� FDQ�DFWXDOO\� EH�HPSOR\HG�HYHQ

RXWVLGH�IRU�ORRSV�

julia> @btime foo($v,$w,$x,$y)

julia> @btime foo($v,$w,$x,$y)

7KH�SHUIRUPDQFH�DGYDQWDJHV�RI� @inbounds �GRQ
W�RQO\�FRPH�IURP�WKH�HOLPLQDWLRQ�RI�ERXQGV�FKHFNLQJ

LWVHOI�� %RXQGV� FKHFNLQJ� LV� D� IRUP� RI� FRQGLWLRQDO�� ZKHUH� WKH� LWHUDWLRQ� LV� H[HFXWHG� FRQWLQJHQW� RQ� DOO

LQGLFHV�EHLQJ�ZLWKLQ�UDQJH��,Q�WKH�QH[W�VHFWLRQV��ZH
OO�VHH�WKDW�FRQGLWLRQDO�VWDWHPHQWV�FRPPRQO\�OLPLW

WKH� FRPSLOHU
V� DELOLW\� WR� DSSO\� IXUWKHU� RSWLPL]DWLRQV�� 2QFH� ZH� UHPRYH� WKHVH� FKHFNV�� \RX� JLYH� WKH

FRPSLOHU�PRUH�OHHZD\�WR�LPSOHPHQW�DGGLWLRQDO�HQKDQFHPHQWV�

7R�LOOXVWUDWH�VXFK�SRVVLELOLW\��WKH�QH[W�H[DPSOH�VKRZV�WKDW�WKH�DSSOLFDWLRQ�RI� @inbounds � WULJJHUV�WKH

VR�FDOOHG� 6,0'� LQVWUXFWLRQV�� 7KH\
UH� D� IRUP�RI� SDUDOOHOLVP�ZLWKLQ� D� FRUH� DQG�ZLOO� EH� H[SORUHG� LQ� WKH

XSFRPLQJ�VHFWLRQV�

x = rand(1_000)

function foo(x)
    output = 0.    

    @inbounds for i in eachindex(x)
                  a       = log(x[i])
                  b       = exp(x[i])
                  output += a / b
    end

    return output
end

  5.002 μs (0 allocations: 0 bytes)

x = rand(1_000)

function foo(x)
    output = 0.    

    for i in eachindex(x)
        @inbounds a       = log(x[i])
        @inbounds b       = exp(x[i])
                  output += a / b
    end

    return output
end

  5.093 μs (0 allocations: 0 bytes)



julia> @btime foo($v,$w,$x,$y)

julia> @btime foo($v,$w,$x,$y)

:DUQLQJ����)XQFWLRQ�&DOOV�LQ�)RU�/RRS�%RGLHV�&DQ�'LVDEOH�0DFUR�(ìHFWV

7KH�XVH�RI�IXQFWLRQV�ZLWKRXW�GLUHFW�UHIHUHQFH�WR�VOLFHV�FRXOG�SUHYHQW�WKH

DSSOLFDWLRQ� RI� @inbounds �� 7KLV� FDQ� EH� REVHUYHG� EHORZ�� ZKHUH� ZH

FRPSDUH�DSSURDFKHV�ZLWK�DQG�ZLWKRXW� @inbounds �ZKHQ�D� IXQFWLRQ� LV

LQYROYHG�

v,w,x,y = (rand(100_000) for _ in 1:4)       # it assigns random vectors to v,w,x,y

function foo(v, w, x, y)
    output = 0.0

    for i in 2:length(v)-1
        output += v[i-1] / v[i+1] / w[i-1] * w[i+1] + x[i-1] * x[i+1] / y[i-1] * y[i+1]
    end

    return output
end

  231.242 μs (0 allocations: 0 bytes)

v,w,x,y = (rand(100_000) for _ in 1:4)       # it assigns random vectors to v,w,x,y

function foo(v, w, x, y)
    output = 0.0

    @inbounds for i in 2:length(v)-1
        output += v[i-1] / v[i+1] / w[i-1] * w[i+1] + x[i-1] * x[i+1] / y[i-1] * y[i+1]
    end

    return output
end

  154.179 μs (0 allocations: 0 bytes)



julia> @btime foo($v,$w,$x,$y)

julia> @btime foo($v,$w,$x,$y)

MACROS COULD BE DISREGARDED OR APPLIED AUTOMATICALLY BY

THE COMPILER

7KH�LQîXHQFH�RI�PDFURV�RQ�FRGH�H[HFXWLRQ�LV�FRPSOH[��,Q�PDQ\�FDVHV��PDFURV�PLJKW�KDYH�QR�LPSDFW

DW�DOO�EHFDXVH�FRPSLOHUV�XOWLPDWHO\�GHFLGH�WKH�EHVW�VWUDWHJ\�IRU�WKH�SUREOHP�DW�KDQG��7KXV��WKH\�FRXOG

DOUHDG\� EH� LPSOHPHQWLQJ� WKH� IXQFWLRQDOLW\� ZH� VXJJHVW� WKURXJK� WKH� PDFUR�� RU� VLPSO\� GLVUHJDUG� LW

HQWLUHO\��7KH� ODFN�RI�DQ\�GLVFHUQLEOH� LPSDFW� LV�HDVLO\� LQIHUUHG� WKURXJK�H[HFXWLRQ� WLPHV��ZKLFK�UHPDLQ

XQFKDQJHG�ZLWK�DQG�ZLWKRXW�WKH�PDFUR�

v,w,x,y = (rand(100_000) for _ in 1:4) # it assigns random 
vectors to v, w, x, y
compute(i, v,w,x,y) = v[i-1] / v[i+1] / w[i-1] * w[i+1] + 
                      x[i-1] * x[i+1] / y[i-1] * y[i+1]

function foo(v,w,x,y)
    output = 0.0

    @inbounds for i in 2:length(v)-1
        output += compute(i, v,w,x,y)

    end

    return output
end

  271.897 μs (0 allocations: 0 bytes)

v,w,x,y = (rand(100_000) for _ in 1:4) # it assigns random 
vectors to v, w, x, y

function foo(v,w,x,y)
    output = 0.0

    @inbounds for i in 2:length(v)-1
        output += v[i-1] / v[i+1] / w[i-1] * w[i+1] + 
                  x[i-1] * x[i+1] / y[i-1] * y[i+1]
    end

    return output
end

  154.194 μs (0 allocations: 0 bytes)



7KLV� RFFXUV�ZLWK� WKH� @inbounds �PDFUR�� LQ� FDVHV�ZKHUH� FRPSLOHU� LV� DOUHDG\� VNLSSLQJ�ERXQG� FKHFNV�

7KLV�LV�RQO\�LPSOHPHQWHG�DXWRPDWLFDOO\�E\�WKH�FRPSLOHU�LQ�YHU\�VLPSOH�FDVHV��VXFK�DV�ZKHQ�ZH�GHíQH

LWHUDWLRQV�E\� eachindex �� ,Q� VXFK� VFHQDULRV�� WKH� FRPSLOHU� FDQ� UHFRJQL]H� WKDW�PHPRU\�DFFHVV� LV� VDIH

DQG�DXWRPDWLFDOO\�GLVDEOH�ERXQGV�FKHFNLQJ��UHQGHULQJ�WKH� @inbounds �PDFUR�UHGXQGDQW�

julia> @btime foo($v,$w,$x,$y)

julia> @btime foo($v,$w,$x,$y)

0DFURV�FRXOG�DOVR�VHUYH�DV�D�PHUH�KLQW�WR�WKH�FRPSLOHU��ZLWKRXW�GLFWDWLQJ�LWV�XVH��,Q�VXFK�VFHQDULRV��WKH

KLQW�SURYLGHG� LQGLFDWHV� WKDW�FHUWDLQ�DVVXPSWLRQV�DUH�PHW��DOORZLQJ� WKH�FRPSLOHU� WR� LPSOHPHQW�PRUH

DJJUHVVLYH�RSWLPL]DWLRQV��7KH�FRPSLOHU�ZLOO�WKHQ�FDUHIXOO\�DQDO\]H�WKH�RSHUDWLRQV�LQYROYHG�DQG�GHFLGH

ZKHWKHU� WKH�VXJJHVWHG�DSSURDFK� LV�DFWXDOO\�EHQHíFLDO�� ,I� LW� LV�� LW
OO�DSSO\� WKH�RSWLPL]DWLRQV�� ,I�QRW�� LW
OO

GLVUHJDUG�WKH�KLQW�DQG�RSW�IRU�D�GLìHUHQW�DSSURDFK��7KLV�GHWHUPLQHV�WKDW�PDFURV�JXLGH�WKH�FRPSLOHU

WRZDUGV�EHWWHU�SHUIRUPDQFH��EXW�ZLWKRXW�LPSRVLQJ�VWULFW�GLUHFWLYHV�

$Q� H[DPSOH� DORQJ� WKHVH� OLQHV� LV� @simd �� ZKLFK� VXJJHVWV� WKH� DSSOLFDWLRQ� RI� 6,0'� LQVWUXFWLRQV� D

WHFKQLTXH� WKDW� ZH
OO� EH� H[SORUHG� LQ� WKH� QH[W� VHFWLRQV�� :KHQ� @simd � LV� LQWURGXFHG�� WKH� FRPSLOHU

PDLQWDLQV�FRPSOHWH�DXWRQRP\�LQ�GHFLGLQJ�ZKHWKHU�WR�LPSOHPHQW�WKH�VXJJHVWHG�RSWLPL]DWLRQ��,Q�IDFW�

LW
OO� RQO\� DGRSW� 6,0'� LQVWUXFWLRQV� LI� LW� FRQFOXGHV� WKDW� WKH\
OO� SRWHQWLDOO\� LPSURYH� SHUIRUPDQFH� LQ� WKH

VSHFLíF�DSSOLFDWLRQ�� ,Q� WKH� IROORZLQJ�H[DPSOH�� @simd � LV� LJQRUHG�E\�WKH�FRPSLOHU��H[SODLQLQJ�ZK\�WKH

H[HFXWLRQ�WLPH�UHPDLQV�WKH�VDPH�ZLWK�DQG�ZLWKRXW�WKH�PDFUR��

x = rand(1_000)

function foo(x)
    output = 0.

    for i in eachindex(x)
        output += log(x[i])
    end

    return output
end

  3.151 μs (0 allocations: 0 bytes)

x = rand(1_000)

function foo(x)
    output = 0.

    @inbounds for i in eachindex(x)
        output += log(x[i])
    end

    return output
end

  3.098 μs (0 allocations: 0 bytes)

1



julia> @btime foo($x)

julia> @btime foo($x)

FOOTNOTES

�7KH�IDFW�WKDW�WKH�FRGH�LPSOHPHQWHG�LV�WKH�VDPH�LV�FRQíUPHG�E\�LQVSHFWLQJ�WKH�LQWHUQDO�FRGH�H[HFXWHG�

x = rand(2_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = if (200_000 > i > 100_000)
                        x[i] * 1.1
                    else
                        x[i] * 1.2
                    end
    end

    return output
end

  1.056 ms (2 allocations: 15.26 MiB)

x = rand(2_000_000)

function foo(x)
    output = similar(x)

    @simd for i in eachindex(x)
        output[i] = if (200_000 > i > 100_000)
                        x[i] * 1.1
                    else
                        x[i] * 1.2
                    end
    end

    return output
end

  1.066 ms (2 allocations: 15.26 MiB)

1.



10c. Introduction to SIMD

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

6LQJOH�,QVWUXFWLRQ��0XOWLSOH�'DWD��6,0'��LV�DQ�RSWLPL]DWLRQ�WHFKQLTXH�ZLGHO\�HPEUDFHG�LQ�PRGHUQ�&38

DUFKLWHFWXUHV�� $W� LWV� FRUH�� 6,0'� DOORZV� D� VLQJOH� &38� LQVWUXFWLRQ� WR� SURFHVV� PXOWLSOH� GDWD� SRLQWV

FRQFXUUHQWO\� LQVWHDG� RI� VHTXHQWLDOO\� SURFHVVLQJ� HDFK� RQH� LQGLYLGXDOO\�� 7KLV� DSSURDFK� FDQ� \LHOG

VXEVWDQWLDO� SHUIRUPDQFH� JDLQV�� SDUWLFXODUO\� IRU� ZRUNORDGV� LQYROYLQJ� VLPSOH� LGHQWLFDO� FDOFXODWLRQV

UHSHDWHG�DFURVV�PXOWLSOH�GDWD�HOHPHQWV��

7R� LOOXVWUDWH� WKH� SRZHU� RI� 6,0'�� FRQVLGHU� D� FRPSXWDWLRQ� FRQVLVWLQJ� RI� IRXU� VHSDUDWH� DGGLWLRQ

RSHUDWLRQV�� :LWKRXW� 6,0'�� \RX
G� KDYH� WR� H[HFXWH� IRXU� GLVWLQFW� LQVWUXFWLRQV�� RQH� IRU� HDFK� DGGLWLRQ�

,QVWHDG��6,0'�PDNHV� LW�SRVVLEOH� WR�EXQGOH� WKH� IRXU�DGGLWLRQV� LQWR�D�VLQJOH� LQVWUXFWLRQ��ZLWK� WKH�&38

SURFHVVLQJ�WKHP�DOO�DW�RQFH��,Q�DQ�LGHDO�VFHQDULR��WKH�WLPH�UHTXLUHG�WR�FRPSOHWH�IRXU�DGGLWLRQV�XVLQJ

6,0'�RU�RQH�DGGLWLRQ�ZLWKRXW�LW�FRXOG�EH�WKH�VDPH�

7KH� HïFLHQF\� RI� 6,0'� FRPHV� IURP� LWV� DELOLW\� WR� OHYHUDJH� SDUDOOHOLVP� ZLWKLQ� D� VLQJOH� &38� FRUH�� %\

RSHUDWLQJ� RQ� YHFWRUV� UDWKHU� WKDQ� LQGLYLGXDO� HOHPHQWV�� 6,0'� LQVWUXFWLRQV� FDQ� H[HFXWH� WKH� VDPH

RSHUDWLRQ�RQ�PXOWLSOH�GDWD�VLPXOWDQHRXVO\��7KLV�LV�ZK\�6,0'�LV�XVXDOO\�UHIHUUHG�WR�DV�YHFWRUL]DWLRQ�

7KURXJKRXW�WKH�VHFWLRQV��ZH
OO�FRYHU�WZR�DSSURDFKHV�IRU�LPSOHPHQWLQJ�6,0'�LQVWUXFWLRQV�

-XOLD
V�QDWLYH�FDSDELOLWLHV�

7KH�SDFNDJH� LoopVectorization �

,Q� WKLV� VHFWLRQ��ZH
OO� FRQFHQWUDWH� RQ� WKH� EXLOW�LQ� WRROV� IRU� DSSO\LQJ� 6,0'�� ,Q� SDUWLFXODU��ZH
OO� SUHVHQW

FRQGLWLRQV�WKDW�WULJJHU�LWV�DXWRPDWLF�DSSOLFDWLRQ��)XUWKHUPRUH��ZH
OO�LQWURGXFH�WKH� @simd �PDFUR��ZKLFK

DOORZV�IRU�PDQXDO�LPSOHPHQWDWLRQ�LQ�IRU�ORRSV��,QVWHDG��WKH�VWXG\�RI� LoopVectorization �LV�UHOHJDWHG

WR�VXEVHTXHQW�VHFWLRQV��$V�ZH
OO�VHH��WKLV�SDFNDJH�LPSOHPHQWV�PRUH�DJJUHVVLYH�RSWLPL]DWLRQV��UHODWLYH

WR�-XOLD
V�EDVH�

WHAT IS SIMD?

6,0'� LV� D� W\SH� RI� LQVWUXFWLRQ�OHYHO� SDUDOOHOLVP� WKDW� RFFXUV� ZLWKLQ� D� VLQJOH� SURFHVVRU� FRUH�� ,W
V

SDUWLFXODUO\� HìHFWLYH� IRU� EDVLF� DULWKPHWLF� RSHUDWLRQV�� VXFK� DV� DGGLWLRQ� DQG�PXOWLSOLFDWLRQ�� ZKHQ� WKH

VDPH� RSHUDWLRQ� PXVW� EH� DSSOLHG� WR� PXOWLSOH� GDWD�� *LYHQ� WKH� QDWXUH� RI� WKHVH� RSHUDWLRQV�� LW
V� QR

VXUSULVH�WKDW�RQH�RI�WKH�SULPDU\�DSSOLFDWLRQV�RI�6,0'�LV�LQ�OLQHDU�DOJHEUD�

$W�WKH�KHDUW�RI�6,0'�OLHV�WKH�SURFHVV�RI�YHFWRUL]DWLRQ��ZKHUH�GDWD�LV�VSOLW�LQWR�VXE�YHFWRUV�WKDW�FDQ�EH

SURFHVVHG� DV� VLQJOH� XQLWV�� 7R� IDFLOLWDWH� WKLV�� PRGHUQ� SURFHVVRUV� LQFOXGH� VSHFLDOL]HG� 6,0'� UHJLVWHUV

GHVLJQHG� IRU� WKLV�SXUSRVH��'HVNWRS�DQG� ODSWRS�SURFHVVRUV� WKHVH�GD\V� W\SLFDOO\� IHDWXUH�����ELW�ZLGH

1
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UHJLVWHUV�IRU�YHFWRUL]HG�RSHUDWLRQV��ZKLFK�FDQ�KROG�IRXU����ELW�îRDWLQJ�SRLQW�QXPEHUV�

7R� LOOXVWUDWH� WKH� ZRUNLQJV� RI� 6,0'�� FRQVLGHU� WKH� WDVN� RI� DGGLQJ� WZR� YHFWRUV�� HDFK� FRPSULVLQJ� IRXU

HOHPHQWV�� 6SHFLíFDOO\�� OHW� x = [1, 2, 3, 4] � DQG� y = [10, 20, 30, 40] �� ,Q� WUDGLWLRQDO� VFDODU

SURFHVVLQJ��SHUIRUPLQJ�WKH�RSHUDWLRQ� x + y �ZRXOG�UHTXLUH�IRXU�VHSDUDWH�DGGLWLRQ�RSHUDWLRQV��RQH�IRU

HDFK�SDLU�RI�QXPEHUV��,Q�FRQWUDVW��DOO�IRXU�DGGLWLRQV�FDQ�EH�SHUIRUPHG�ZLWK�D�VLQJOH�LQVWUXFWLRQ�XQGHU

6,0'��SURGXFLQJ�WKH�UHVXOW� [11, 22, 33, 44] �LQ�RQH�VWHS�

)RU� ODUJHU� YHFWRUV�� WKH� SURFHVV� UHPDLQV� IXQGDPHQWDOO\� WKH� VDPH�� 7KH� RQO\� GLìHUHQFH� LV� WKDW� WKH

SURFHVVRU� íUVW� SDUWLWLRQV� WKH� YHFWRUV� LQWR� VXE�YHFWRUV� WKDW� íW� WKH� UHJLVWHU
V� FDSDFLW\�� $IWHU� WKLV�� WKH

SURFHVVRU�FRPSXWHV�DOO�WKH�RSHUDWLRQV�ZLWKLQ�HDFK�VHJPHQW�VLPXOWDQHRXVO\��UHSHDWLQJ�WKH�SURFHGXUH

IRU�HDFK�VXE�YHFWRU�

BROADCASTING VS FOR-LOOPS

7KH�SUHYLRXV�DQDO\VLV�VKRZV� WKDW�6,0'�DSSOLHV� WR�FRPSXWDWLRQV� LQYROYLQJ�FROOHFWLRQV��%DVHG�RQ� WKLV�

ZH�FDQ�LGHQWLI\�WZR�W\SHV�RI�RSHUDWLRQV�WKDW�FDQ�SRWHQWLDOO\�EHQHíW�IURP�6,0'�LQVWUXFWLRQV��IRU�

ORRSV�DQG�EURDGFDVWLQJ��7KH�ODWWHU�LV�DXWRPDWLFDOO\�LPSOHPHQWHG�E\�WKH�FRPSLOHU��ZLWKRXW�UHTXLULQJ

DQ\�VSHFLDO�FRQVLGHUDWLRQ�IURP�WKH�XVHU�

,QVWHDG�� WKH� XSFRPLQJ� VHFWLRQV�ZLOO� IRFXV� RQ� WKH� DSSOLFDWLRQ� RI� 6,0'� LQ� IRU�ORRSV�� 7KLV� ZLOO� UHTXLUH

H[SORULQJ�WKH�FRQGLWLRQV�XQGHU�ZKLFK�6,0'�LQVWUXFWLRQV�FDQ�EH�DSSOLHG��,I�WKHVH�FRQGLWLRQV�DUHQ
W�PHW�

6,0'�ZLOO� EHFRPH� LQIHDVLEOH� RU� UHGXFH� LWV� HìHFWLYHQHVV� VXEVWDQWLDOO\�� ,Q� DGGLWLRQ� WR� HODERUDWLQJ� RQ

WKHVH�FRQGLWLRQV��ZH
OO�SURYLGH�JXLGDQFH�RQ�KRZ�WR�DGGUHVV�VFHQDULRV�WKDW�GRQ
W�FRQIRUP�WR�WKHP�

7R� SDYH� WKH� ZD\� DQG� VKLIW� RXU� DWWHQWLRQ� WR� IRU�ORRSV�� ZH� FRQFOXGH� WKLV� VHFWLRQ� E\� LOOXVWUDWLQJ� WKH

DXWRPDWLF�DSSOLFDWLRQ�RI�6,0'�LQ�EURDGFDVWLQJ�

SIMD IN BROADCASTING

7KH�GHFLVLRQ�ZKHWKHU� WR�DSSO\�6,0'� LQVWUXFWLRQV� LV�DOZD\V�KDQGOHG�E\� WKH�FRPSLOHU��ZKLFK�UHOLHV�RQ

KHXULVWLFV� WR� GHWHUPLQH�ZKHQ� LW
V� EHQHíFLDO� WR� GR� VR�� 2QH� VLWXDWLRQ�ZKHUH� -XOLD� VWURQJO\� IDYRUV� WKH

DSSOLFDWLRQ�RI�6,0'�LV�ZLWK�EURDGFDVWLQJ��DV�FDQ�EH�QRWLFHG�LQ�WKH�IROORZLQJ�H[DPSOH�



julia> @btime foo($x)

julia> @btime foo($x)

7KH� H[DPSOH� FRPSDUHV� WKH� VDPH� RSHUDWLRQ� LPSOHPHQWHG� XVLQJ� D� IRU�ORRS� DQG� EURDGFDVWLQJ��:KLOH

EURDGFDVWLQJ� DXWRPDWLFDOO\� OHYHUDJHV� 6,0'�� WKLV� LVQ
W� QHFHVVDULO\� WKH� FDVH�ZLWK� IRU�ORRSV�� ,QGHHG�� LQ

WKLV�SDUWLFXODU�H[DPSOH��ZH
G�QHHG�WR�H[SOLFLWO\�LQVWUXFW�WKH�FRPSLOHU�WR�HQDEOH�6,0'��ZKLFK�DFFRXQWV

IRU�WKH�REVHUYHG�WLPH�GLìHUHQFHV�

FOOTNOTES

�6,0'�LVQ
W�H[FOXVLYH�WR�&38V��,Q�IDFW��*38V�DOVR�WDNH�DGYDQWDJH�RI�LW��7KH\
UH�D�QDWXUDO�íW�IRU�6,0'��DV�WKHLU

DUFKLWHFWXUH�ZDV�FRQFHLYHG�IRU�SDUDOOHO�SURFHVVLQJ�RI�VLPSOH�LGHQWLFDO�RSHUDWLRQV�

x      = rand(1_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = 2 / x[i]
    end

    return output
end

  789.564 μs (2 allocations: 7.629 MiB)

x      = rand(1_000_000)

foo(x) = 2 ./ x

  414.250 μs (2 allocations: 7.629 MiB)

1.



10d. SIMD: Independence of Iterations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

%URDGFDVWLQJ�KHDYLO\� IDYRUV�WKH�DSSOLFDWLRQ�RI�6,0'�LQVWUXFWLRQV�� ,Q�FRQWUDVW��ZKHWKHU�DQG�ZKHQ�IRU�

ORRSV�DSSO\�6,0'�LV�PRUH�FRPSOH[��)XUWKHUPRUH��WKH�KHXULVWLFV�RI�WKH�FRPSLOHU��ZKLOH�SRZHUIXO��DUHQ
W

ZLWKRXW� îDZV�� ,QGHHG�� LW
V� HQWLUHO\� SRVVLEOH� WKDW� 6,0'� LV� LPSOHPHQWHG� ZKHQ� LW� DFWXDOO\� UHGXFHV

SHUIRUPDQFH�RU�QRW�DSSOLHG�ZKHQ�LW�ZRXOG
YH�EHHQ�DGYDQWDJHRXV��7R�DGGUHVV�WKLV��-XOLD�SURYLGHV�WKH

@simd � PDFUR� WR� PDQXDOO\� LPSOHPHQW� 6,0'�� JLYLQJ� GHYHORSHUV� D� PRUH� JUDQXODU� FRQWURO� RYHU� WKH

RSWLPL]DWLRQ�SURFHVV�

$Q�HìHFWLYH�DSSOLFDWLRQ�RI�6,0'�UHTXLUHV�LGHQWLI\LQJ�WKH�FRQGLWLRQV�XQGHU�ZKLFK�WKLV�RSWLPL]DWLRQ�FDQ

EH�DSSOLHG��)DLOLQJ�WR�PHHW�WKHVH�FULWHULD�FDQ�UHQGHU�6,0'�LQIHDVLEOH�RU�QHFHVVLWDWH�FRGH�DGDSWDWLRQV

WKDW�HQG�XS�VORZLQJ�GRZQ�FRPSXWDWLRQ��7KH�LGHDO�FRQGLWLRQV�IRU�OHYHUDJLQJ�6,0'�LQVWUXFWLRQV�DUH�

,QGHSHQGHQFH�RI�,WHUDWLRQV��([FHSW�IRU�UHGXFWLRQV��ZKLFK�DUH�VSHFLíFDOO\�KDQGOHG�WR�HQVXUH�WKHLU

IHDVLELOLW\�

8QLW�6WULGHV��(OHPHQWV�LQ�FROOHFWLRQV�PXVW�EH�DFFHVVHG�VHTXHQWLDOO\�

1R�&RQGLWLRQDO�6WDWHPHQWV��7KH�ORRS�ERG\�VKRXOG�FRQVLVW�VROHO\�RI�VWUDLJKW�OLQH�FRGH�

,Q�WKH�XSFRPLQJ�VHFWLRQV��ZH
OO�HODERUDWH�RQ�HDFK�RI�WKHVH� LWHPV��DGGLWLRQDOO\�SURYLGLQJ�JXLGDQFH�RQ

KRZ�WR�DGGUHVV�VFHQDULRV�QRW�FRQIRUPLQJ�WR�WKHP��7KLV�VHFWLRQ�LQ�SDUWLFXODU�H[FOXVLYHO\�IRFXVHV�RQ�WKH

LQGHSHQGHQFH�RI�LWHUDWLRQV�

:DUQLQJ� - Determining Whether SIMD Has Been Implemented

$VVHVVLQJ� ZKHWKHU� 6,0'� LQVWUXFWLRQV� DUH� LPSOHPHQWHG� UHTXLUHV

LQVSHFWLQJ� WKH�FRPSLOHG�FRGH��'XH�WR� WKH�FRPSOH[LW\�RI� WKLV�DSSURDFK�

ZH
OO�LQVWHDG�UHO\�RQ�H[HFXWLRQ�WLPHV�DV�D�SUDFWLFDO�LQGLFDWRU�

REMARKS ABOUT @SIMD IN FOR-LOOPS

5HFDOO�IURP�the previous section�WKDW�WKH�LPSDFW�RI�PDFURV�RQ�FRPSXWDWLRQDO�PHWKRGV�LV�LQWULFDWH��7KH

UHDVRQ�LV�WKDW�PDFURV�RQO\�VHUYH�DV�D�KLQW�WR�WKH�FRPSLOHU��UDWKHU�WKDQ�D�VWULFW�GLUHFWLYH��&RQVHTXHQWO\�

WKH\� VXJJHVW� WHFKQLTXHV� WKDW� WKH� FRPSLOHU� PD\� HYHQWXDOO\� GLVFDUG� RU� ZRXOG� KDYH� LPSOHPHQWHG

UHJDUGOHVVÌWKH�FRPSLOHU�KDV�WKH�íQDO�VD\�RQ�ZKLFK�RSWLPL]DWLRQV�DUH�ZRUWK�DGRSWLQJ��,Q�WKLV�FRQWH[W�

WKH�LQFOXVLRQ�RI� @simd �LQ�D�IRU�ORRS�LV�IDU�IURP�D�JXDUDQWHH�WKDW�6,0'�ZLOO�DFWXDOO\�EH�LPSOHPHQWHG�

https://alfaromartino.github.io/
http://localhost:8000/PAGES/10b_macrosAlgorithms/#macros_could_be_disregarded_or_applied_automatically_by_the_compiler


)XUWKHUPRUH��LW
V�QRWRULRXVO\�GLïFXOW�WR�SUHGLFW�ZKHWKHU�6,0'�LQVWUXFWLRQV�DUH�EHQHíFLDO�LQ�SDUWLFXODU

VFHQDULRV��7KLV� LV�GXH� WR�VHYHUDO� IDFWRUV��)LUVWO\��GLìHUHQW�&38�DUFKLWHFWXUHV�SURYLGH�YDU\LQJ� OHYHOV�RI

VXSSRUW� IRU�6,0'� LQVWUXFWLRQV�� � 7KLV�GLYHUVLW\� LQ�6,0'�FDSDELOLWLHV�PHDQV� WKDW� WKH�EHQHíWV�RI�6,0'

WHQG�WR�YDU\�JUHDWO\�E\�KDUGZDUH�

6HFRQG��DV�ZH�DOUHDG\�PHQWLRQHG�� LW
V�KDUG� WR�DQWLFLSDWH�ZKHQ�DQG�KRZ�6,0'�ZLOO�EH�DSSOLHG� LQ�RXU

FRGH��7KH�FRPSLOHU�UHOLHV�RQ�VRSKLVWLFDWHG�KHXULVWLFV�WR�GHWHUPLQH�ZKHQ�6,0'�PD\�EH�DGYDQWDJHRXV�

EXW� WKH\� DUHQ
W� LQIDOOLEOH�� ,QGHHG�� LW
V� HQWLUHO\� SRVVLEOH� WKDW� 6,0'� LV� LPSOHPHQWHG� ZKHQ� LW� DFWXDOO\

UHGXFHV�SHUIRUPDQFH�RU�QRW�DSSOLHG�ZKHQ�LW�ZRXOG
YH�EHHQ�DGYDQWDJHRXV�

'HVSLWH� WKHVH� FRPSOH[LWLHV�� VWUXFWXULQJ� RSHUDWLRQV� LQ� FHUWDLQ� ZD\V� FDQ� LPSURYH� WKH� OLNHOLKRRG� RI

LPSOHPHQWLQJ�6,0'�EHQHíFLDOO\��%\�LGHQWLI\LQJ�WKHVH�FRQGLWLRQV��ZH
OO�EH�DEOH�WR�ZULWH�FRGH�WKDW
V�PRUH

DPHQDEOH� WR� 6,0'� RSWLPL]DWLRQ�� ,W
V� ZRUWK� UHPDUNLQJ�� WKRXJK�� WKDW� WKH� UHFRPPHQGDWLRQV� ZH
OO

SUHVHQW� VKRXOG� EH� LQWHUSUHWHG� DV� JHQHUDO� SULQFLSOHV�� UDWKHU� WKDQ� DEVROXWH� UXOHV�� *LYHQ� WKH

FRPSOH[LW\�RI�6,0'��EHQFKPDUNLQJ� UHPDLQV�QHFHVVDU\� WR�YDOLGDWH� WKH�H[LVWHQFH�RI�DQ\�SHUIRUPDQFH

LPSURYHPHQW�

6DIHW\�RI�6,0'

6WULFWO\� VSHDNLQJ�� 6,0'� LV� D� IRUP� RI� SDUDOOHOL]DWLRQ�� :H
OO� VHH� LQ

VXEVHTXHQW� VHFWLRQV� WKDW� SDUDOOHOL]DWLRQ�PD\� UHQGHU� FRGH� XQVDIH� DQG

OHDG� WR� FDWDVWURSKLF� HUURUV� ZKHQ� XVHG� LPSURSHUO\�� @simd � GRHVQ
W

LQYROYH�WKHVH�W\SHV�RI�ULVNV��VLQFH�LW
V�EHHQ�GHVLJQHG�WR�DSSO\�RQO\�ZKHQ

LW
V� VDIH� WR� GR� VR�� 6SHFLíFDOO\�� WKH� FRPSLOHU� ZLOO� GLVUHJDUG� 6,0'� LI� WKH

FRQGLWLRQV�IRU�LWV�VDIH�DSSOLFDWLRQ�DUHQ
W�PHW�

INDEPENDENCE OF ITERATIONS

7R� HìHFWLYHO\� DSSO\� 6,0'�� LWHUDWLRQV� VKRXOG� EH� LQGHSHQGHQW�� 7KLV� PHDQV� WKDW� QR� LWHUDWLRQ� VKRXOG

GHSHQG� RQ� WKH� UHVXOWV� RI� SUHYLRXV� LWHUDWLRQV� RU� DìHFW� WKH� UHVXOWV� RI� VXEVHTXHQW� RQHV�� :KHQ� WKLV

FRQGLWLRQ� LV�PHW�� HDFK� LWHUDWLRQ� FDQ� EH� H[HFXWHG� LQ� SDUDOOHO�� $� W\SLFDO� VFHQDULR� LV�ZKHQ�ZH� QHHG� WR

DSSO\�VRPH�IXQFWLRQ� �WR�HDFK�HOHPHQW� �RI�D�YHFWRU� x �

,Q�WKH�IROORZLQJ��ZH�LOOXVWUDWH�WKLV�FDVH�YLD�D�SRO\QRPLDO�WUDQVIRUPDWLRQ�RI� x ��7KH�WUDQVIRUPDWLRQ�ZLOO

EH� GRQH� WKURXJK� IRU�ORRSV� ZLWK� DQG� ZLWKRXW� 6,0'�� :H
OO� DOVR� FRPSDUH� WKHVH� DSSURDFKHV� ZLWK

EURDGFDVWLQJ��ZKLFK�DSSOLHV�6,0'�DXWRPDWLFDOO\�

,PSRUWDQWO\�� DV� ZH
OO� H[SODLQ� LQ� D� VXEVHTXHQW� VHFWLRQ�� DSSO\LQJ� @simd � LQ� IRU�ORRSV� UHTXLUHV� WKH

@inbounds �PDFUR��:H
OO� VHH� WKDW�� HVVHQWLDOO\�� FKHFNLQJ� LQGH[� ERXQGV� LQWURGXFHV� D� FRQGLWLRQ�� JLYLQJ

ULVH�WR�H[HFXWLRQ�EUDQFKHV�WKDW�KLQGHU�RU�GLUHFWO\�SUHYHQW�WKH�DSSOLFDWLRQ�RI�6,0'�

1

f x  ( i) x  i



julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

A SPECIAL CASE OF DEPENDENCE: REDUCTIONS

6,0'�UHTXLUHV�WKDW�LWHUDWLRQV�DUH�LQGHSHQGHQW��2QH�H[FHSWLRQ�WR�WKLV�UXOH�LV�JLYHQ�E\�UHGXFWLRQV��ZKLFK

KDYH�EHHQ�FDUHIXOO\�GHVLJQHG�IRU�WKHLU�SURSHU�KDQGOLQJ�

-XOLD�OHYHUDJHV�6,0'�DXWRPDWLFDOO\�IRU�UHGXFWLRQV�LQYROYLQJ�LQWHJHUV��,QVWHDG��UHGXFWLRQV�ZLWK�îRDWLQJ�

SRLQW�QXPEHUV�UHTXLUH�WKH�H[SOLFLW�DGGLWLRQ�RI�WKH� @simd �PDFUR��7KH�IROORZLQJ�H[DPSOH�GHPRQVWUDWHV

WKLV� IDFW��)RU� WKH�FDVH�RI� LQWHJHUV��ZH�VHH� WKDW� WKHUH�DUH�QR�GLìHUHQFHV� LQ�H[HFXWLRQ� WLPHV�ZLWK�DQG

ZLWKRXW� @simd �

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = x[i] / 2 + x[i]^2 / 3
    end

    return output
end

  806.606 μs (2 allocations: 7.629 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    @inbounds @simd for i in eachindex(x)
        output[i] = x[i] / 2 + x[i]^2 / 3
    end

    return output
end

  464.734 μs (2 allocations: 7.629 MiB)

x = rand(1_000_000)

foo(x) = @. x / 2 + x^2 / 3

  447.074 μs (4 allocations: 7.629 MiB)



julia> @btime foo($x)

julia> @btime foo($x)

7KLV�EHKDYLRU�FRQWUDVWV�ZLWK�D�VXP�UHGXFWLRQ�FRQVLVWLQJ�RI�îRDWLQJ�SRLQW�RSHUDWLRQV��DV�VKRZQ�EHORZ�

julia> @btime foo($x)

x = rand(1:10, 10_000_000)   # random integers between 1 and 10

function foo(x)
    output = 0

    for a in x
        output += a
    end

    return output
end

  2.606 ms (0 allocations: 0 bytes)

x = rand(1:10, 10_000_000)   # random integers between 1 and 10

function foo(x)
    output = 0

    @simd for a in x
        output += a
    end

    return output
end

  2.636 ms (0 allocations: 0 bytes)

x = rand(10_000_000)

function foo(x)
    output = 0.0

    for a in x
        output += a
    end

    return output
end

  5.033 ms (0 allocations: 0 bytes)



julia> @btime foo($x)

:K\�)ORDWLQJ�3RLQWV�$UH�7UHDWHG�'LìHUHQWO\

8QOLNH� LQWHJHUV�� DGGLWLRQ� RI� îRDWLQJ�SRLQW� QXPEHUV� GRHVQ
W� REH\

DVVRFLDWLYLW\�� GXH� WR� WKH� LQKHUHQW� LPSUHFLVLRQ� RI� îRDWLQJ�SRLQW

DULWKPHWLF�� (x+y)+z �PD\�QRW�EH�H[DFWO\�HTXDO�WR� x+(y+z) ��7KLV�LV�RQH

RI� VHYHUDO� UHDVRQV� ZK\� îRDWLQJ�SRLQW� QXPEHUV� DUH� GLVWLQFW� IURP

PDWKHPDWLFDO� UHDO� QXPEHUV�� WKH\� DUH� íQLWH�SUHFLVLRQ� DSSUR[LPDWLRQV

WKDW� GRQ
W� DOZD\V� IROORZ� WKH� VDPH�PDWKHPDWLFDO� SURSHUWLHV�ZH� H[SHFW

IURP�UHDO�QXPEHUV�

7KH�IROORZLQJ�FRGH�VKRZV�WKLV�IHDWXUH�RI�îRDWLQJ�SRLQWV�

julia> x
0.6

julia> x
0.6000000000000001

%\� LQVWUXFWLQJ� WKH� FRPSLOHU� WR� LJQRUH� WKH� QRQ�DVVRFLDWLYLW\� RI� îRDWLQJ�

SRLQW� DULWKPHWLF�� 6,0'� LQVWUXFWLRQV� FDQ� RSWLPL]H� SHUIRUPDQFH� E\

UHRUGHULQJ�WHUPV��+RZHYHU��WKLV�DSSURDFK�DVVXPHV�WKDW�WKH�RSHUDWLRQV

GR� QRW� UHO\� RQ� D� VSHFLíF� RUGHU� RI� RSHUDWLRQV�� )RUWXQDWHO\�� WKLV

DVVXPSWLRQ� UDUHO\� FDXVHV� LVVXHV� LQ� VFLHQWLíF� DSSOLFDWLRQV�� DV� WKH\

W\SLFDOO\� LQYROYH� PDWKHPDWLFDO� PRGHOV� WKDW� LQKHUHQWO\� DVVXPH� UHDO

QXPEHU�SURSHUWLHV�IURP�WKH�RXWVHW�

x = rand(10_000_000)

function foo(x)
    output = 0.0

    @simd for a in x
        output += a
    end

    return output
end

  2.753 ms (0 allocations: 0 bytes)

x = 0.1 + (0.2 + 0.3)

x = (0.1 + 0.2) + 0.3



FOOTNOTES

�)RU�LQVWDQFH��[���DUFKLWHFWXUHV��,QWHO�DQG�$0'�SURFHVVRUV��RìHU�66(��6WUHDPLQJ�6,0'�([WHQVLRQV��DQG�$9;

�$GYDQFHG�9HFWRU�([WHQVLRQV���,Q�WXUQ��HDFK�FRPSULVHV�YDULDQWV�VXSSRUWLQJ�GLìHUHQW�YHFWRU�ZLGWKV�DQG�RSHUDWLRQV

�H�J���WKH�YDULDQW�$9;�����LQ�,QWHO�;HRQ�SURFHVVRUV��

1.



10e. SIMD: Unit Strides

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

6,0'� LPSURYHV� FRPSXWDWLRQDO� SHUIRUPDQFH� E\� VLPXOWDQHRXVO\� H[HFXWLQJ� WKH� VDPH� RSHUDWLRQ� RQ

PXOWLSOH�GDWD�HOHPHQWV�� 7HFKQLFDOO\�� WKLV� LV� DFKLHYHG� WKURXJK� WKH�XVH�RI� VSHFLDOL]HG�YHFWRU� UHJLVWHUV�

ZKLFK�FDQ�KROG�VHYHUDO�YDOXHV��H�J�����îRDWLQJ�SRLQW�QXPEHUV�RU���LQWHJHUV���7KH\�DOORZ�RSHUDWLRQV�VXFK

DV�PXOWLSOH�DGGLWLRQV�RU�PXOWLSOLFDWLRQV�WR�EH�FRPSOHWHG�ZLWK�D�VLQJOH�LQVWUXFWLRQ�

)RU�6,0'� WR� IXOO\� H[SORLW� WKLV� YHFWRU�EDVHG�SURFHVVLQJ��GDWD�VKRXOG�EH�RUJDQL]HG�DQG�DFFHVVHG� LQ

PHPRU\�LQ�VSHFLíF�ZD\V��7ZR�IXQGDPHQWDO�FRQFHSWV�IRU�XQGHUVWDQGLQJ�WKLV�DUH�FRQWLJXRXV�PHPRU\

OD\RXW�DQG�XQLW�VWULGH�DFFHVV�

Contiguous memory layout� PHDQV� WKDW� GDWD� HOHPHQWV� UHVLGH� LQ� DGMDFHQW� PHPRU\� DGGUHVVHV�

WKHUHIRUH�QRW�H[KLELWLQJ�JDSV��1HZO\�DOORFDWHG�DUUD\V�VDWLVI\�WKLV�FRQGLWLRQ��HQDEOLQJ�WKH�ORDG�RI�HQWLUH

VHJPHQWV�GLUHFWO\� LQWR�YHFWRU�UHJLVWHUV�� ,Q�FRQWUDVW��DUUD\�YLHZV�UHIHUHQFH�WKH�RULJLQDO�GDWD�VWUXFWXUH�

DQG� WKXV� GRQ
W� JXDUDQWHH� FRQWLJXLW\�� 7KLV� FDQ� SRWHQWLDOO\� UHVXOW� LQ� KLJKO\� LUUHJXODU� PHPRU\� DFFHVV

SDWWHUQV�

,Q�DGGLWLRQ��strides�UHIHU�WR�WKH�VWHS�VL]H�EHWZHHQ�FRQVHFXWLYH�PHPRU\�DFFHVVHV��ZLWK�unit strides�LQ

SDUWLFXODU�HQWDLOLQJ�WKDW�HOHPHQWV�DUH�DFFHVVHG�VHTXHQWLDOO\��)RU�H[DPSOH��FRQVLGHU�D�IUHVKO\�DOORFDWHG

YHFWRU� x ��7KHQ��DFFHVVLQJ�LWV�HOHPHQWV�WKURXJK� eachindex(x) ��RU�HTXLYDOHQWO\� 1:length(x) ��HQVXUHV

D�XQLW�VWULGH��DV�HDFK�DFFHVV�PRYHV�VHTXHQWLDOO\�WR�WKH�QH[W�HOHPHQW� LQ�PHPRU\��7KLV�FRQWUDVWV�ZLWK

UDQJHV�KDYLQJ�D�QRQ�XQLW�VWULGH�VXFK�DV� 1:2:length(x) �RU� LQGLFHV�ZLWK�QR�SUHGLFWDEOH�SDWWHUQ� �H�J��

[1, 5, 3, 4] �DV�DQ�LQGH[�YHFWRU��

:KHQ� LW� FRPHV� WR� SHUIRUPDQFH�� 6,0'� LV� PRVW� HìHFWLYHO\� DSSOLHG� ZKHQ� GDWD� LV� VWRUHG� LQ� D

FRQWLJXRXV� PHPRU\� EORFN� DQG� DFFHVVHG� LQ� D� XQLW� VWULGH� SDWWHUQ�� 7KLV� KDV� VLJQLíFDQW� SUDFWLFDO

LPSOLFDWLRQV� IRU� FUHDWLQJ� VOLFHV�� ZKLFK� FDQ� WDNH� WKH� IRUP� RI� FRSLHV� RU� YLHZV�� (VVHQWLDOO\�� WKLV� FKRLFH

JLYHV� ULVH� WR� D� WUDGH�Rì�� DV� YLHZV� UHGXFH� PHPRU\� DOORFDWLRQV� EXW� DW� WKH� H[SHQVH� RI� KLQGHULQJ

FRPSXWDWLRQDO�HïFLHQF\��7KLV�VHFWLRQ�H[SORUHV�VXFK�D�GHFLVLRQ�

REVIEW OF INDEXING

)RU� WKH�H[SODQDWLRQV��ZH
OO�XWLOL]H� WKH�YDULRXV�PHWKRGV� IRU�FUHDWLQJ�VOLFHV��ZLWK�HDFK�GLìHULQJ� LQ�KRZ

LQGLFHV�DUH�GHíQHG��YHFWRU�LQGH[LQJ��%RROHDQ�LQGH[LQJ��DQG�UDQJHV��:H�SUHVHQW�WKH�H[DPSOHV�XVHG�IRU

HDFK��DQG�WKHQ�SURFHHG�WR�WKHLU�H[SODQDWLRQ�

https://alfaromartino.github.io/


julia> sorted_indices

julia> sorted_elements

julia> collect(indices_1)

julia> collect(indices_2)

julia> sorted_indices

julia> sorted_elements

$V� IRU� YHFWRU� LQGH[LQJ�� WKH� GHPRQVWUDWLRQV� ZLOO� EH� EDVHG� RQ� WKH� IXQFWLRQ� sortperm �� *LYHQ� VRPH

YHFWRU� x �� WKLV� IXQFWLRQ� LV� VXFK� WKDW�� ZKLOH� sort(x) � UHWXUQV� D� YHFWRU� ZLWK� x 
V� HOHPHQWV� VRUWHG� LQ

DVFHQGLQJ�RUGHU�� sortperm(x) �UHWXUQV�WKH�FRUUHVSRQGLQJ�LQGLFHV�RI�WKHVH�HOHPHQWV�

x         = [10, 20, 30]

indices   = sortperm(x)
elements  = x[indices]    # equivalent to `sort(x)`

3-element Vector{Int64}:
 1
 2
 3

3-element Vector{Int64}:
 10
 20
 30

x         = [2, 3, 4, 5, 6]

indices_1 = 1:length(x)         # unit strides, equivalent to 1:1:length(x)
indices_2 = 1:2:length(x)       # strides two

5-element Vector{Int64}:
 1
 2
 3
 4
 5

3-element Vector{Int64}:
 1
 3
 5

x         = [20, 10, 30]

indices   = x .> 15
elements  = x[indices]

3-element BitVector:
 1
 0
 1

2-element Vector{Int64}:
 20
 30



6LPLODUO\��UDQJHV� FDQ�EH�XQGHUVWRRG�DV�D� VSHFLDO� FDVH�RI� YHFWRU� LQGH[LQJ�� 7KH\�GLìHU� LQ� WKDW� UDQJHV

OD]LO\� UHIHUHQFH� FRQVHFXWLYH� HOHPHQWV� IRU� VRPH� JLYHQ� VWULGHV�� 5HFDOO� WKDW� VWULGHV� UHSUHVHQW� WKH� JDS

EHWZHHQ� VXFFHVVLYH� HOHPHQWV�� DQG� WKH\
UH� LQFOXGHG� LQ� EHWZHHQ� WKH� íUVW� DQG� ODVW� LQGH[�� L�H�� <first

index>:<stride>:<last index> ��7KH�DEVHQFH�RI�D�VWULGH�LPSOLFLWO\�DVVXPHV�D�VWHS�HTXDO�WR���

:KLOH� YHFWRU� LQGH[LQJ�DQG� UDQJHV� UHIHUHQFH� WKH� LQGLFHV�RI� x ��%RROHDQ� LQGH[LQJ� UHWXUQV�D�%RROHDQ

YHFWRU�ZKHUH� 1 � LQGLFDWHV� WKH�HOHPHQW�PXVW�EH�NHSW��7KLV�DSSURDFK�ZLOO�EH�XVHG� IRU� WKH�FUHDWLRQ�RI

VOLFHV�WKURXJK�EURDGFDVWHG�FRQGLWLRQV��DV�LQ�WKH�H[DPSOH�SURYLGHG�

CONTIGUOUS BLOCKS IN MEMORY

,Q�the section discussing decreases in memory allocations��ZH�KLJKOLJKWHG�WKH�EHQHíWV�RI�XVLQJ�YLHZV

RYHU�FRSLHV�ZKHQ�KDQGOLQJ�VOLFHV��6SHFLíFDOO\��YLHZV�PDLQWDLQ�UHIHUHQFHV�WR�WKH�RULJLQDO�GDWD��WKHUHE\

DYRLGLQJ� WKH� FRVW� RI� DGGLWLRQDO� PHPRU\� DOORFDWLRQ�� +RZHYHU�� YLHZV� FDQ� OHDG� WR� LUUHJXODU� PHPRU\

DFFHVV� SDWWHUQV� LI� GDWD� DUH� WRR� VFDWWHUHG�� 7KLV� LV� ZK\� WKLV� VHFWLRQ� DOVR� UHPDUNHG� WKDW� copies could

outperform views in some scenarios�� :H
UH� QRZ� LQ� D� SRVLWLRQ� WR� H[SODLQ� LQ� PRUH� GHSWK� ZK\� WKLV

RFFXUV�

&UHDWLQJ�FRSLHV�RI�VRPH�GDWD�VWUXFWXUH�LQYROYHV�DOORFDWLQJ�WKH�LQIRUPDWLRQ�LQ�D�QHZ�FRQWLJXRXV�EORFN

RI�PHPRU\��7KLV�HQVXUHV�WKDW�DOO�HOHPHQWV�DUH�VWRUHG�VHTXHQWLDOO\��WKXV�RìHULQJ�WZR�NH\�DGYDQWDJHV��D

TXLFNHU�IHWFKLQJ�RI�HOHPHQWV�DQG�D�PRUH�HìHFWLYH�XVH�RI�6,0'�LQVWUXFWLRQV�

7R�LOOXVWUDWH�WKLV��FRQVLGHU�UHWULHYLQJ�ERRNV�IURP�D�OLEUDU\��,I�HYHU\�ERRN�\RX�QHHG�UHVLGHV�RQ�D�VLQJOH

VKHOI�� FROOHFWLQJ� WKHP� LV� VWUDLJKWIRUZDUGÌ\RX�PRYH� RQFH�� JUDE� WKH� HQWLUH� VWDFN�� DQG� SURFHHG�� 7KLV

PLUURUV�FRQWLJXRXV�PHPRU\�DFFHVV��&RQYHUVHO\��LI�WKH�ERRNV�DUH�GLVSHUVHG�DFURVV�GLìHUHQW�îRRUV�DQG

VHFWLRQV��HDFK�UHWULHYDO�GHPDQGV�DGGLWLRQDO�WLPH�DQG�HìRUW��DNLQ�WR�QRQ�FRQWLJXRXV�DFFHVV�

,Q�DGGLWLRQ�WR�WKLV��RXU�UHFROOHFWLRQ�RI�ERRNV�ZRXOG�EH�HYHQ�PRUH�HïFLHQW�LI�ZH�KDG�D�FDUW�FDSDEOH�RI

FDUU\LQJ�PXOWLSOH� ERRNV� DW� RQFHÌ6,0'�RSHUDWLRQV� DFW� OLNH� WKLV� FDUW��1RWH� WKDW� HYHQ�ZLWKRXW� VXFK� D

FDUW�� WKH� DFW� RI� JDWKHULQJ� FRQWLJXRXV� ERRNV� UHPDLQV� LQKHUHQWO\� IDVWHU�� DV� WKH� SK\VLFDO� HìRUW� �RU

FRPSXWDWLRQDO� F\FOHV�� LV� PLQLPL]HG�� ,Q� RWKHU� ZRUGV�� WKH� EHQHíWV� RI� 6,0'� DUH� RQ� WRS� RI� WKH� IDVWHU

PHPRU\�DFFHVV�

VECTOR AND BOOLEAN INDEXING

7KH�IROORZLQJ�H[DPSOHV�KLJKOLJKW�WKH�WZR�DGYDQWDJHV�IURP�FRQWLJXRXV�PHPRU\�DFFHVV��7R�LVRODWH�WKHLU

SHUIRUPDQFH� HìHFW�� ZH� FUHDWH� WKH� VOLFHV� RXWVLGH� WKH� IXQFWLRQ� WR� EH� EHQFKPDUNHG�� ,Q� WKLV� ZD\�� WKH

IXQFWLRQV�ZH
OO�SUHVHQW�GRQ
W�HQWDLO�PHPRU\�DOORFDWLRQV�

)RU�WKH�FDVH�RI�YHFWRU�LQGH[LQJ�

http://localhost:8000/PAGES/09d_views/
http://localhost:8000/PAGES/09d_views/#copying_data_may_be_faster
http://localhost:8000/PAGES/09d_views/#copying_data_may_be_faster


julia> @btime foo($y)

julia> @btime foo($y)

julia> @btime foo($y)

x       = rand(5_000_000)

indices = sortperm(x)
y       = @view x[indices]

function foo(y)
    output = 0.0

    for a in y
        output += a
    end

    return output
end

  21.481 ms (0 allocations: 0 bytes)

x       = rand(5_000_000)

indices = sortperm(x)
y       = @view x[indices]

function foo(y)
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  20.754 ms (0 allocations: 0 bytes)

x       = rand(5_000_000)

indices = sortperm(x)
y       = x[indices]

function foo(y)    
    output = 0.0

    for a in y
        output += a
    end

    return output
end

  2.281 ms (0 allocations: 0 bytes)



julia> @btime foo($y)

ZKLOH�IRU�%RROHDQ�LQGH[LQJ�

julia> @btime foo($y)

x       = rand(5_000_000)

indices = sortperm(x)
y       = x[indices]

function foo(y)    
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  902.847 μs (0 allocations: 0 bytes)

x       = rand(5_000_000)

indices = x .> 0.5
y       = @view x[indices]

function foo(y)
    output = 0.0

    for a in y
        output += a
    end

    return output
end

  2.206 ms (0 allocations: 0 bytes)



julia> @btime foo($y)

julia> @btime foo($y)

julia> @btime foo($y)

x       = rand(5_000_000)

indices = x .> 0.5
y       = @view x[indices]

function foo(y)
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  1.878 ms (0 allocations: 0 bytes)

x       = rand(5_000_000)

indices = x .> 0.5
y       = x[indices]

function foo(y)    
    output = 0.0

    for a in y
        output += a
    end

    return output
end

  1.015 ms (0 allocations: 0 bytes)

x       = rand(5_000_000)

indices = x .> 0.5
y       = x[indices]

function foo(y)    
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  246.526 μs (0 allocations: 0 bytes)



)LQDOO\��FRPSDULQJ�XQLW�VWULGHV�ZLWK�QRQ�XQLW�VWULGHV�

julia> @btime foo($y)

julia> @btime foo($y)

julia> @btime foo($y)

x = rand(1_000_000)
y = @view x[1:2:length(x)]

function foo(y)
    output = 0.0

    for a in y
        output += a
    end

    return output
end

  902.479 μs (0 allocations: 0 bytes)

x = rand(1_000_000)
y = @view x[1:2:length(x)]

function foo(y)
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  889.059 μs (0 allocations: 0 bytes)

x = rand(1_000_000)
y = x[1:2:length(x)]

function foo(y)
    output = 0.0

    for a in y
        output += a
    end

    return output
end

  196.497 μs (0 allocations: 0 bytes)



julia> @btime foo($y)

SOME REMARKS

1RWH� WKDW� YLHZV� GRQ
W� QHFHVVDULO\� LPSHGH� D� VHTXHQWLDO� PHPRU\� DFFHVV�� ,I� WKH� YLHZ� FRQVLVWV� RI

VHTXHQWLDO�HOHPHQWV�� WKHQ�ZH
G�REWDLQ�WKH�VDPH�SHUIRUPDQFH�UHODWLYH�WR�D�FRS\�FUHDWHG�RXWVLGH�WKH

IXQFWLRQ�

julia> @btime foo($y)

x = rand(1_000_000)
y = x[1:2:length(x)]

function foo(y)
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  38.274 μs (0 allocations: 0 bytes)

x       = rand(1_000_000)

indices = 1:length(x)
y       = @view x[indices]

function foo(y)
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  76.950 μs (0 allocations: 0 bytes)



julia> @btime foo($y)

$� FRUROODU\�RI� WKLV� H[DPSOH� LV� WKDW� YLHZV� VKRXOG�EH�HPSOR\HG� LQ� FDVHV� OLNH� WKLV�� DV� WKH\�DGGLWLRQDOO\

DYRLG�PHPRU\�DOORFDWLRQV�

$QRWKHU� UHPDUN� LV� WKDW� storing� HOHPHQWV� FRQWLJXRXVO\� LV� RQO\� D� QHFHVVDU\� FRQGLWLRQ� IRU� FRQWLJXRXV

PHPRU\�access��7R�GHPRQVWUDWH� WKLV�� OHW
V�FRQVLGHU�D�VFHQDULR�ZKHUH�ZH�DFFHVV�YHFWRUV� WKURXJK�WKH

UDQJHV�

6SHFLíFDOO\�� FRQVLGHU� D� YHFWRU� x �� 0RUHRYHU�� WKHUH
V� DQRWKHU� YHFWRU� y � WKDW� FRPSULVHV� WKH� VDPH

HOHPHQWV�DV� x ��EXW�ZLWK�]HURV�SODFHG�LQ�EHWZHHQ��)RUPDOO\�

julia> x[1:3]

julia> y[1:6]

x       = rand(1_000_000)

indices = 1:length(x)
y       = x[indices]

function foo(y)    
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  76.777 μs (0 allocations: 0 bytes)

x_size = 1_000_000

x = rand(x_size)

y = zeros(eltype(x),x_size * 2)
    temp  = view(y, 2:2:length(y))
    temp .= x

3-element Vector{Float64}:
 0.906299638797481
 0.44349373245960455
 0.7456733811393941

6-element Vector{Float64}:
 0.0
 0.906299638797481
 0.0
 0.44349373245960455
 0.0
 0.7456733811393941



*LYHQ�WKLV��ZH
G�JHW� WKH�VDPH�YDOXH�ZKHWKHU�ZH�DGG�DOO�HOHPHQWV� IURP� x �RU�DGG�DOO�HOHPHQWV� LQ� y

VNLSSLQJ� ]HURV�� +RZHYHU�� WKH� UHVXOWV� EHORZ� UHYHDO� WKDW�� GHVSLWH� ERWK� x � DQG� y � EHLQJ� FRQWLJXRXV

EORFNV� LQ� PHPRU\�� XQLW�VWULGH� DFFHVV� RQO\� KROGV� IRU� x �� 7KLV� H[SODLQV� WKH� GLìHUHQFHV� LQ� WKH

SHUIRUPDQFH�REVHUYHG�

julia> @btime foo($y)

julia> @btime foo($y)

COPIES VS VIEWS: OVERALL EFFECTS

:KHQ�VOLFHV�DUH�FUHDWHG�� WKH�FKRLFH�EHWZHHQ�FRSLHV�DQG�YLHZV�UHTXLUHV�ZHLJKLQJ� LQ�WKH�RYHUKHDG�RI

DGGLWLRQDO� PHPRU\� DOORFDWLRQV� DJDLQVW� WKH� SHUIRUPDQFH� EHQHíWV� RI� VHTXHQWLDO� PHPRU\� DFFHVVHV

�LQFOXGLQJ�D�PRUH�SHUIRUPDQW�DSSOLFDWLRQ�RI�6,0'��

2QH�VFHQDULR�ZKHUH�YLHZV�DOZD\V�RXWSHUIRUP�FRSLHV�ZDV�JLYHQ�DERYH��ZKHUH�WKH�YLHZ�HOHPHQWV�DUH

DFFHVVHG�VHTXHQWLDOO\��,QVWHDG��D�FRPPRQ�VFHQDULR�ZKHUH�FRSLHV�WHQG�WR�RXWSHUIRUP�YLHZV�LV�ZKHQ�ZH

QHHG� WR� SHUIRUP� PXOWLSOH� RSHUDWLRQV� RYHU� WKH� VDPH� VOLFH�� ,Q� WKLV� FDVH�� WKH� FRVW� RI� DQ� DGGLWLRQDO

PHPRU\�DOORFDWLRQ�LV�XVXDOO\�RXWZHLJKHG�E\�WKH�SHUIRUPDQFH�EHQHíWV�RI�FRQWLJXRXV�PHPRU\�DFFHVV�

7KLV�LV�LOOXVWUDWHG�EHORZ�

function foo(x)
    output = 0.0

    @inbounds @simd for i in 1:length(x)
        output += x[i]
    end

    return output
end

  78.349 μs (0 allocations: 0 bytes)

function foo(y)
    output = 0.0

    @inbounds @simd for i in 2:2:length(y)
        output += y[i]
    end

    return output
end

  188.483 μs (0 allocations: 0 bytes)



julia> @btime foo($y)

julia> @btime foo($y)

,Q�JHQHUDO�� WKRXJK��EHQFKPDUNLQJ� LV� WKH�RQO\�ZD\� WR�GHFLGH�ZKHWKHU� FRSLHV�RU�YLHZV�DUH� IDVWHU�� )RU

LQVWDQFH��YLHZV�DUH�IDVWHU�LQ�WKH�IROORZLQJ�H[DPSOH�

x       = rand(5_000_000)
indices = sortperm(x)

function foo(x, indices)
    y      = @view x[indices]
    output1, output2, output3 = (0.0 for _ in 1:3)

    @simd for a in y
        output1 += a^(3/2)
        output2 += a / 3
        output3 += a * 2.5
    end

    return output1, output2, output3
end

  248.861 ms (0 allocations: 0 bytes)

x       = rand(5_000_000)
indices = sortperm(x)

function foo(x, indices)
    y      = x[indices]
    output1, output2, output3 = (0.0 for _ in 1:3)

    @simd for a in y
        output1 += a^(3/2)
        output2 += a / 3
        output3 += a * 2.5
    end

    return output1, output2, output3
end

  125.033 ms (2 allocations: 38.147 MiB)



julia> @btime foo($x, $indices)

julia> @btime foo($x, $indices)

,QVWHDG��WKH�IROORZLQJ�VFHQDULR�HVWDEOLVKHV�WKDW�DQ�DSSURDFK�ZLWK�FRSLHV�RXWSHUIRUPV�YLHZV�

julia> @btime foo($x, $indices)

x       = rand(5_000_000)
indices = sortperm(x)

function foo(x, indices)
    y      = @view x[indices]
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  22.741 ms (0 allocations: 0 bytes)

x       = rand(5_000_000)
indices = sortperm(x)

function foo(x, indices)
    y      = x[indices]
    output = 0.0

    @simd for a in y
        output += a
    end

    return output
end

  36.151 ms (2 allocations: 38.147 MiB)

x       = rand(5_000_000)
indices = sortperm(x)

function foo(x, indices)
    y      = @view x[indices]
    output = 0.0

    @simd for a in y
        output += a^(3/2)
    end

    return output
end

  268.653 ms (0 allocations: 0 bytes)



julia> @btime foo($x, $indices)

x       = rand(5_000_000)
indices = sortperm(x)

function foo(x, indices)
    y      = x[indices]
    output = 0.0

    @simd for a in y
        output += a^(3/2)
    end

    return output
end

  135.816 ms (2 allocations: 38.147 MiB)



10f. SIMD: Branchless Code

Martin Alfaro
3K'�LQ�(FRQRPLFV

BRANCHES

6,0'�DFFHOHUDWHV�FRPSXWDWLRQV�E\�H[HFXWLQJ� WKH�VDPH�VHW�RI� LQVWUXFWLRQV� LQ�SDUDOOHO�DFURVV�PXOWLSOH

GDWD�HOHPHQWV��<HW��FHUWDLQ�SURJUDPPLQJ�FRQVWUXFWV��SDUWLFXODUO\�FRQGLWLRQDO�VWDWHPHQWV��FDQ�VHYHUHO\

GHJUDGH� 6,0'� HïFLHQF\�� 7KH� LVVXH� DULVHV� VLQFH� FRQGLWLRQDO� VWDWHPHQWV� LQKHUHQWO\� OHDG� WR� GLìHUHQW

LQVWUXFWLRQ� SDWKV�� WKXV� GLVUXSWLQJ� WKH� VLQJOH� LQVWUXFWLRQ� H[HFXWLRQ� WKDW� 6,0'� UHOLHV� RQ�� :KLOH� WKH

FRPSLOHU� DWWHPSWV� WR� PLWLJDWH� WKLV� LVVXH� E\� WUDQVIRUPLQJ� FRGH� LQWR� 6,0'�FRPSDWLEOH� IRUPV�� WKHVH

DGDSWDWLRQV�RIWHQ�LQFXU�D�SHUIRUPDQFH�SHQDOW\�

7KLV�VHFWLRQ�H[SORUHV�VWUDWHJLHV�IRU�HïFLHQWO\�DSSO\LQJ�6,0'�LQ�WKH�SUHVHQFH�RI�FRQGLWLRQDO�RSHUDWLRQV�

:H
OO�íUVW�H[DPLQH�VFHQDULRV�ZKHUH�WKH�FRPSLOHU�LQWURGXFHV�FRQGLWLRQDO�VWDWHPHQWV�DV�DQ�DUWLIDFW�RI�LWV

LQWHUQDO� FRPSXWDWLRQ� WHFKQLTXHV�� %\� HPSOR\LQJ� DOWHUQDWLYH� FRGLQJ� VWUDWHJLHV�� ZH
OO� VKRZ� KRZ� WKHVH

FRQGLWLRQDO�VWDWHPHQWV�FDQ�EH�E\SDVVHG�

$IWHU� WKLV�� ZH
OO� H[SORUH� FRQGLWLRQDO� VWDWHPHQWV� WKDW� DUH� LQWULQVLF� WR� SURJUDP� ORJLF� DQG� WKHUHIRUH

XQDYRLGDEOH��7KLV�LQFOXGHV�VWDQGDUG�VFHQDULRV�ZKHUH�FRQGLWLRQV�DUH�H[SOLFLWO\�LQWURGXFHG�LQ�WKH�FRGH�

,Q�WKLV�UHVSHFW��ZH
OO�UHYLVLW�WKH�XVXDO�DSSURDFKHV�WR�H[SUHVVLQJ�FRQGLWLRQV��IRFXVLQJ�RQ�WKHLU� LQWHUQDO

LPSOHPHQWDWLRQ��:H
OO�RXWOLQH�WKHLU�UHODWLYH�VWUHQJWKV�DQG�OLPLWDWLRQV��LQGLFDWLQJ�ZKLFK�DSSURDFKHV�DUH

PRUH� FRQGXFLYH� WR� 6,0'� RSWLPL]DWLRQV�� )LQDOO\�� ZH
OO� VKRZ� WKDW� FRQGLWLRQDO� VWDWHPHQWV� FDQ� EH

HTXLYDOHQWO\�UHFDVW�DV�DOJHEUDLF�RSHUDWLRQV��ZKLFK�HìHFWLYHO\�UHPRYHV�WKH�EUDQFKLQJ�ORJLF�WKDW�GLVUXSWV

6,0'�H[HFXWLRQ�

TYPE STABILITY AND BOUNDS CHECKING AS AVOIDABLE

CONDITIONS

7ZR�SDWWHUQV�LQ�-XOLD�LQWURGXFH�KLGGHQ�EUDQFKHV�WKDW�KXUW�6,0'�SHUIRUPDQFH��W\SH‐XQVWDEOH�IXQFWLRQV

DQG� ERXQGV� FKHFNLQJ� LQ� DUUD\� LQGH[LQJ�� 7KHVH� FRQGLWLRQV� DULVH� LQWHUQDOO\� IURP� FRPSLOHU� GHFLVLRQV�

UDWKHU�WKDQ�H[SOLFLW�FRGH��PDNLQJ�WKHP�HDV\�WR�RYHUORRN�

:KHQ� D� IXQFWLRQ� LV� W\SH�XQVWDEOH�� -XOLD� JHQHUDWHV� PXOWLSOH� H[HFXWLRQ� EUDQFKHV�� RQH� IRU� HDFK� W\SH�

7KRVH� H[WUD� EUDQFKHV�� ZKLOH� LQYLVLEOH� WR� \RX�� VWLOO� GLVUXSW� WKH� XQLIRUP� LQVWUXFWLRQ� îRZ� UHTXLUHG� E\

6,0'��7KH�UHPHGLHV�IRU�WKLV�FDVH�DUH�WKH�VDPH�DV�WKRVH�IRU�í[LQJ�W\SH�LQVWDELOLWLHV��5HJDUGOHVV�RI�DQ\

6,0'�FRQVLGHUDWLRQ�� UHFDOO� WKDW�\RX�VKRXOG�DOZD\V�VWULYH� IRU� W\SH�VWDELOLW\��7\SH� LQVWDELOLW\� LV�D�PDMRU

SHUIRUPDQFH�ERWWOHQHFN��ZLWK�DQ\�DWWHPSW�WR�DFKLHYH�KLJK�SHUIRUPDQFH�EHFRPLQJ�QHDUO\� LPSRVVLEOH

ZLWKRXW�DGGUHVVLQJ�LW�

https://alfaromartino.github.io/


7KH� RWKHU� VRXUFH� RI� KLGGHQ� FRQGLWLRQDOV� DULVHV� LQ� IRU�ORRSV�� ZKLFK� SHUIRUP� ERXQGV� FKHFNLQJ� E\

GHIDXOW�� 7KLV� RSHUDWLRQ� UHSUHVHQWV� D� VXEWOH� IRUP� RI� FRQGLWLRQDO� H[HFXWLRQ�� ZKHUH� HDFK� LWHUDWLRQ� LV

H[HFXWHG�RQO\�ZKHQ�LQGLFHV�UHPDLQ�ZLWKLQ�ERXQGV�

,Q� UHODWLRQ� WR� WKLV� VFHQDULR�� WKH� H[DPSOH�EHORZ�GHPRQVWUDWHV� WZR� NH\� LQVLJKWV�� )LUVW��PHUHO\� DGGLQJ

@inbounds � FDQ� EH� HQRXJK� WR� LQGXFH� WKH� FRPSLOHU� WR� DSSO\� 6,0'� LQVWUXFWLRQV�� UHQGHULQJ� @simd

DQQRWDWLRQV�UHGXQGDQW�IRU�SHUIRUPDQFH�LPSURYHPHQWV��7KLV�H[SODLQV�ZK\�XVLQJ� @inbounds @simd �LQ

WKH�H[DPSOH�KDV�D�QHJOLJLEOH�LPSDFW�RQ�H[HFXWLRQ�WLPHV�� �6HFRQG��WKH�H[DPSOH�KLJKOLJKWV�WKDW�DGGLQJ

C#LQERXQGVC�LV�D�QHFHVVDU\�SUHFRQGLWLRQ�IRU�WKH�DSSOLFDWLRQ�RI�6,0'��6LPSO\�XVLQJ� @simd �RQ�LWV

RZQ�ZRQ
W�WULJJHU�WKH�LPSOHPHQWDWLRQ�RI�6,0'�LQVWUXFWLRQV��DV�WKH�FRPSLOHU�PD\�VWLOO�EH�KLQGHUHG�E\

WKH� ERXQGV� FKHFNV�� 2YHUDOO�� LI� ZH� DLP� WR� DSSO\� 6,0'� LQ� D� IRU�ORRS�� ZH� VKRXOG� SUHSHQG� LW� ZLWK

@inbounds @simd �

julia> @btime foo($x)

julia> @btime foo($x)

1

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = 2/x[i]
    end

    return output
end

  775.469 μs (2 allocations: 7.629 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    @simd for i in eachindex(x)
        output[i] = 2/x[i]
    end

    return output
end

  792.687 μs (2 allocations: 7.629 MiB)



julia> @btime foo($x)

julia> @btime foo($x)

%URDGFDVWLQJ�DQG�)RU�/RRSV

%URDGFDVWLQJ� GLVDEOHV� ERXQGV� FKHFNLQJ� DQG� VWURQJO\� IDYRUV� 6,0'� E\

GHIDXOW��RIWHQ�PDNLQJ�LW�DSSHDU�PRUH�SHUIRUPDQW�WKDQ�D�VLPSOH�IRU�ORRS�

'HVSLWH� WKLV�� EURDGFDVWLQJ� HVVHQWLDOO\� VHUYHV� DV� D� FRQFLVH� QRWDWLRQ� IRU

LPSOHPHQWLQJ� D� IRU�ORRS�� $V� WKH� H[DPSOH� EHORZ� GHPRQVWUDWHV�� D� IRU�

ORRS�WKDW�KDV�EHHQ�RSWLPL]HG�ZLWK� @inbounds �DQG� @simd �ZLOO�W\SLFDOO\

H[KLELW�D�VLPLODU�OHYHO�RI�SHUIRUPDQFH�WR�D�EURDGFDVWHG�RSHUDWLRQ�

julia> @btime foo($x)

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    @inbounds for i in eachindex(x)
        output[i] = 2/x[i]
    end

    return output
end

  474.154 μs (2 allocations: 7.629 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    @inbounds @simd for i in eachindex(x)
        output[i] = 2/x[i]
    end

    return output
end

  452.921 μs (2 allocations: 7.629 MiB)

x      = rand(1_000_000)
foo(x) = 2 ./ x

  431.487 μs (2 allocations: 7.629 MiB)



julia> @btime foo($x)

julia> @btime foo($x)

APPROACHES TO CONDITIONAL STATEMENTS

:KHQ�FRQGLWLRQV�DUH�SDUW�RI�WKH�SURJUDP
V�ORJLFDO�îRZ�DQG�WKHUHIRUH�XQDYRLGDEOH��ZH�QHHG�WR�LQTXLUH

RQ�ZKDW�DSSURDFK�LV�EHWWHU�IRU�WKH�LQWURGXFWLRQ�

6SHFLíFDOO\��FRQGLWLRQDO�VWDWHPHQWV�FDQ�EH�HYDOXDWHG�HLWKHU�HDJHUO\�RU�OD]LO\��7R�LOOXVWUDWH��OHW
V�FRQVLGHU

WKH�FRPSXWDWLRQ�RI� 1 + 1 �EXW�RQO\�LI�FHUWDLQ�FRQGLWLRQ� C �LV�PHW��$�OD]\�DSSURDFK�HYDOXDWHV�ZKHWKHU

C �KROGV�WUXH��EHIRUH�SURFHHGLQJ�ZLWK�WKH�FRPSXWDWLRQ�RI� 1 + 1 ��7KXV��WKH�RSHUDWLRQ�LV�GHIHUUHG�XQWLO

LW
V�FRQíUPHG�WKDW� C �KROGV��,Q�FRQWUDVW��DQ�HDJHU�DSSURDFK�FRPSXWHV� 1 + 1 ��UHJDUGOHVV�RI�ZKHWKHU

C �LV�VDWLVíHG��,I� C �WXUQV�RXW�WR�EH�IDOVH��WKH�FRPSXWDWLRQ�UHPDLQV�XQXVHG�

:KHQ� FRQGLWLRQDO� VWDWHPHQWV� DUH� DSSOLHG� RQO\� RQFH�� D� OD]\� DSSURDFK� LV� DOPRVW� DOZD\V� PRUH

SHUIRUPDQW� DV� LW� DYRLGV� QHHGOHVV� FRPSXWDWLRQV�� +RZHYHU�� LQVLGH� D� IRU�ORRS�� 6,0'� FDQ� FRPSXWH

PXOWLSOH�RSHUDWLRQV�VLPXOWDQHRXVO\��&RQVHTXHQWO\��LW�PD\�EH�EHQHíFLDO�WR�HYDOXDWH�DOO�FRQGLWLRQV�DQG

EUDQFKHV�XSIURQW�� VHOHFWLQJ� WKH� UHOHYDQW� EUDQFKHV� DIWHUZDUG�� 7KH�SRVVLELOLW\� LV� HVSHFLDOO\� WUXH�ZKHQ

EUDQFKHV�LQYROYH�LQH[SHQVLYH�FRPSXWDWLRQV�

x      = rand(1_000_000)

function foo(x)
    output = similar(x)

    @inbounds @simd for i in eachindex(x)
        output[i] = 2/x[i]
    end

    return output
end

  435.973 μs (2 allocations: 7.629 MiB)

x      = rand(1_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = 2/x[i]
    end

    return output
end

  809.359 μs (2 allocations: 7.629 MiB)



,Q� -XOLD��ZKHWKHU� D� FRQGLWLRQDO� VWDWHPHQW� LV� HYDOXDWHG� OD]LO\� RU� HDJHUO\� GHSHQGV�RQ�KRZ� LW
V�ZULWWHQ�

1H[W��ZH�H[SORUH�WKLV�QXDQFH�LQ�PRUH�GHWDLO�

IFELSE VS IF

7KH� ifelse � IXQFWLRQ� LQ� -XOLD� IROORZV� DQ� HDJHU� HYDOXDWLRQ� VWUDWHJ\�� ZKHUH� ERWK� WKH� FRQGLWLRQ� DQG

SRVVLEOH� RXWFRPHV� DUH� FRPSXWHG� EHIRUH� GHFLGLQJ� ZKLFK� UHVXOW� WR� UHWXUQ�� ,Q� FRQWUDVW�� if � DQG� &&

IDYRU� OD]\�FRPSXWDWLRQV��RQO\�HYDOXDWLQJ�WKH�QHFHVVDU\�FRPSRQHQWV�EDVHG�RQ�WKH�WUXWK�YDOXH�RI� WKH

FRQGLWLRQ�

7KH� IROORZLQJ� H[DPSOH� GHPRQVWUDWHV� WKLV� FRPSXWDWLRQDO� GLìHUHQFH� WKURXJK� D� UHGXFWLRQ� RSHUDWLRQ

WKDW
V�FRQWLQJHQW�RQ�D�FRQGLWLRQ��

julia> @btime foo($x)

julia> @btime foo($x)

2

x = rand(1_000_000)

function foo(x)
    output = 0.0

    for i in eachindex(x)
        if x[i] > 0.5
            output += x[i]/2
        end
    end

    return output
end

  415.373 μs (0 allocations: 0 bytes)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if x[i] > 0.5
            output += x[i]/2
        end
    end

    return output
end

  414.155 μs (0 allocations: 0 bytes)



julia> @btime foo($x)

julia> @btime foo($x)

$V� WKH�H[DPSOH� UHYHDOV�� DQ�HDJHU� FRPSXWDWLRQ�GRHVQ
W� DXWRPDWLFDOO\� LPSO\� WKH�DSSOLFDWLRQ�RI� 6,0'�

7KLV� LV� SUHFLVHO\�ZK\� @simd � LV� LQFOXGHG��ZKLFK� SURYLGHV� D� KLQW� WR� WKH� FRPSLOHU� WKDW� YHFWRUL]LQJ� WKH

RSHUDWLRQ�PLJKW�EH�EHQHíFLDO�� ,Q�IDFW��ZH
OO�VKRZ�ODWHU�WKDW�DGGLQJ� @simd �ZKHQ�FRQGLWLRQV�FRPSULVH

PXOWLSOH� VWDWHPHQWV� FRXOG� SURPSW� WKH� FRPSLOHU� WR� YHFWRUL]H� FRQGLWLRQV�� ZKLOH� VWLOO� UHO\LQJ� RQ� D� OD]\

HYDOXDWLRQ�

,W
V� DOVR�ZRUWK� UHPDUNLQJ� WKDW�DSSO\LQJ�6,0'� LQVWUXFWLRQV�GRHVQ
W�QHFHVVDULO\� LQFUHDVH�SHUIRUPDQFH�

7KH� H[DPSOH� EHORZ�GHPRQVWUDWHV� WKLV� SRLQW��ZKHUH� WKH� FRPSLOHU� DGRSWV� D� 6,0'�DSSURDFK� WKURXJK

ifelse �

julia> foo!($output,$x)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    for i in eachindex(x)
        output += ifelse(x[i] > 0.5, x[i]/2, 0)
    end

    return output
end

  393.046 μs (0 allocations: 0 bytes)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += ifelse(x[i] > 0.5, x[i]/2, 0)
    end

    return output
end

  87.192 μs (0 allocations: 0 bytes)

x      = rand(5_000_000)
output = similar(x)

function foo!(output,x)
    for i in eachindex(x)
        output[i] = ifelse(x[i] > 0.5, x[i]/2, 0)
    end
end

  2.806 ms (0 allocations: 0 bytes)



julia> foo!($output,$x)

julia> foo!($output,$x)

TERNARY OPERATORS

7HUQDU\� RSHUDWRUV� DUH� DQ� DOWHUQDWLYH� DSSURDFK� IRU� FRQGLWLRQDO� VWDWHPHQWV�� FRQVLVWLQJ� RI� WKH� IRUP

<condition> ? <action if true> : <action if false> �� 8QOLNH� WKH� SUHYLRXV�PHWKRGV�� WKLV� IRUP

UHOLHV� RQ� KHXULVWLFV� WR� GHWHUPLQH�ZKHWKHU� DQ� HDJHU� RU� OD]\� DSSURDFK� VKRXOG� EH� XVHG�� 7KH� GHFLVLRQ

GHSHQGV�RQ�ZKLFK�VWUDWHJ\�ZRXOG�PRUH�OLNHO\�EH�IDVWHU�LQ�WKH�DSSOLFDWLRQ�FRQVLGHUHG�

)RU� WKH� LOOXVWUDWLRQV��ZH
OO� FRQVLGHU�H[DPSOHV�ZKHUH�ZH�GLUHFWO\�DGG� @inbounds � DQG� @simd � LQ�HDFK

DSSURDFK�

DIFFERENT CHOICES

6WDUWLQJ�ZLWK�WKH�VDPH�H[DPSOH�DV�DERYH��ZH�VKRZ�WKDW�WKH�WHUQDU\�RSHUDWRU�FRXOG�FKRRVH�DQ�HDJHU

DSSURDFK�

x      = rand(5_000_000)
output = similar(x)

function foo!(output,x)
    @inbounds for i in eachindex(x)
        output[i] = ifelse(x[i] > 0.5, x[i]/2, 0)
    end
end

  2.888 ms (0 allocations: 0 bytes)

x      = rand(5_000_000)
output = similar(x)

function foo!(output,x)
    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(x[i] > 0.5, x[i]/2, 0)
    end
end

  16.026 ms (0 allocations: 0 bytes)



julia> foo!($output,$x)

julia> foo!($output,$x)

julia> foo!($output,$x)

,QVWHDG��WKH�WHUQDU\�RSHUDWRU�LPSOHPHQWV�D�OD]\�DSSURDFK�LQ�WKH�IROORZLQJ�H[DPSOH�

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if x[i] > 0.5
            output += x[i]/2
        end
    end

    return output
end

  422.480 μs (0 allocations: 0 bytes)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += ifelse(x[i]>0.5, x[i]/2, 0)
    end

    return output
end

  85.895 μs (0 allocations: 0 bytes)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += x[i]>0.5 ? x[i]/2 : 0
    end

    return output
end

  87.881 μs (0 allocations: 0 bytes)



julia> foo!($output,$x)

julia> foo!($output,$x)

julia> foo!($output,$x)

TERNARY OPERATOR COULD CHOOSE A LESS PERFORMANT APPROACH

,W
V�ZRUWK�UHPDUNLQJ�WKDW�WKH�PHWKRG�FKRVHQ�E\�WKH�WHUQDU\�RSHUDWRU�LVQ
W�IRROSURRI��,Q�WKH�IROORZLQJ

VFHQDULR��LW�DFWXDOO\�FKRRVHV�WKH�VORZHVW�DSSURDFK�

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if x[i] > 0.99
            output += log(x[i])
        end
    end

    return output
end

  405.304 μs (0 allocations: 0 bytes)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += ifelse(x[i] > 0.99, log(x[i]), 0)
    end

    return output
end

  3.470 ms (0 allocations: 0 bytes)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += x[i]>0.99 ? log(x[i]) : 0
    end

    return output
end

  421.493 μs (0 allocations: 0 bytes)



julia> foo!($output,$x)

julia> foo!($output,$x)

julia> foo!($output,$x)

SCENARIOS UNDER WHICH EACH APPROACH IS BETTER

$V�D�UXOH�RI�WKXPE��DQ�HDJHU�DSSURDFK�LV�SRWHQWLDOO\�PRUH�SHUIRUPDQW�ZKHQ�EUDQFKHV�FRPSULVH

VLPSOH� DOJHEUDLF� FRPSXWDWLRQV�� 2Q� WKH� FRQWUDU\�� FRQGLWLRQDO� VWDWHPHQWV� ZLWK� FRPSXWDWLRQDO�

GHPDQGLQJ� RSHUDWLRQV� ZLOO� PRUH� OLNHO\� EHQHíW� IURP� D� OD]\� LPSOHPHQWDWLRQ�� ,Q� IDFW�� WKLV� LV� D

KHXULVWLF�WKDW�WHUQDU\�RSHUDWRUV�FRPPRQO\�IROORZ�

7R�GHPRQVWUDWH�WKLV��WKH�IROORZLQJ�H[DPSOH�FRQVLGHUV�D�FRQGLWLRQDO�VWDWHPHQW�ZKHUH�RQO\�RQH�EUDQFK

KDV� D� FRPSXWDWLRQ�� ZKLFK� LQ� WXUQ� LV� VWUDLJKWIRUZDUG�� $Q� HDJHU� DSSURDFK� ZLWK� 6,0'� LV� IDVWHU�� DQG

FRLQFLGHV�ZLWK�WKH�DSSURDFK�FKRVHQ�ZKHQ�D�WHUQDU\�RSHUDWRU�LV�FKRVHQ�

x      = rand(5_000_000)
output = similar(x)

function foo!(output,x)
    @inbounds @simd for i in eachindex(x)
        if x[i] > 0.5
            output[i] = log(x[i])
        end
    end
end

  26.620 ms (0 allocations: 0 bytes)

x      = rand(5_000_000)
output = similar(x)

function foo!(output,x)
    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(x[i] > 0.5, log(x[i]), 0)
    end
end

  16.864 ms (0 allocations: 0 bytes)

x      = rand(5_000_000)
output = similar(x)

function foo!(output,x)
    @inbounds @simd for i in eachindex(x)
        output[i] = x[i]>0.5 ? log(x[i]) : 0
    end
end

  26.517 ms (0 allocations: 0 bytes)



julia> foo!($output,$x)

julia> foo!($output,$x)

julia> foo!($output,$x)

x              = rand(1_000_000)
condition(a)   = a > 0.5
computation(a) = a * 2

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if condition(x[i])
            output += computation(x[i])
        end
    end

    return output
end

  416.681 μs (0 allocations: 0 bytes)

x              = rand(1_000_000)
condition(a)   = a > 0.5
computation(a) = a * 2

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += ifelse(condition(x[i]), computation(x[i]), 0)
    end

    return output
end

  86.242 μs (0 allocations: 0 bytes)

x              = rand(1_000_000)
condition(a)   = a > 0.5
computation(a) = a * 2

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += condition(x[i]) ? computation(x[i]) : 0
    end

    return output
end

  86.370 μs (0 allocations: 0 bytes)



,QVWHDG��WKH�IROORZLQJ�VFHQDULR�FRQVLGHUV�D�EUDQFK�ZLWK�PRUH�FRPSXWDWLRQDO�LQWHQVLYH�FDOFXODWLRQV��,Q

WKLV�FDVH��D�OD]\�DSSURDFK�LV�IDVWHU��ZKLFK�LV�WKH�DSSURDFK�LPSOHPHQWHG�E\�WKH�WHUQDU\�RSHUDWRU�

julia> foo!($output,$x)

julia> foo!($output,$x)

x              = rand(2_000_000)
condition(a)   = a > 0.5
computation(a) = exp(a)/3 - log(a)/2

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if condition(x[i])
            output += computation(x[i])
        end
    end

    return output
end

  12.346 ms (0 allocations: 0 bytes)

x              = rand(2_000_000)
condition(a)   = a > 0.5
computation(a) = exp(a)/3 - log(a)/2

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += ifelse(condition(x[i]), computation(x[i]), 0)
    end

    return output
end

  16.552 ms (0 allocations: 0 bytes)



julia> foo!($output,$x)

VECTOR OF CONDITIONS

1H[W�� ZH� FRQVLGHU� VFHQDULRV� ZKHUH� \RX� DOUHDG\� KDYH� D� YHFWRU� KROGLQJ� FRQGLWLRQV�� 7KLV� FRXOG� RFFXU

HLWKHU� EHFDXVH� WKH� YHFWRU� LV� DOUHDG\�SDUW� RI� \RXU� GDWDVHW�� RU� EHFDXVH� WKH� FRQGLWLRQV�ZLOO� EH� UHXVHG

PXOWLSOH�WLPHV�RYHU�\RXU�FRGH��LQ�ZKLFK�FDVH�VWRULQJ�WKH�FRQGLWLRQV�LV�ZRUWK\�

6WRULQJ� FRQGLWLRQV� LQ� D� YHFWRU� FRXOG� EH� GRQH� WKURXJK� DQ� REMHFW� ZLWK� W\SH� Vector{Bool} � RU

BitVector ��7KH�ODWWHU�LV�WKH�GHIDXOW�W\SH�UHWXUQHG�E\�-XOLD��DV�ZKHQ�\RX�GHíQH�REMHFWV�OLNH� x .> 0 �

$OWKRXJK�WKLV�W\SH�RìHUV�FHUWDLQ�SHUIRUPDQFH�DGYDQWDJHV��LW�FDQ�DOVR�KLQGHU�WKH�DSSOLFDWLRQ�RI�6,0'�

,Q�FDVHV�OLNH�WKLV��WUDQVIRUPLQJ� BitVector �WR� Vector{Bool} �FRXOG�VSHHG�XS�FRPSXWDWLRQV�

7KH� IROORZLQJ� H[DPSOH� GHPRQVWUDWHV� WKLV�� ZKHUH� WKH� H[HFXWLRQ� WLPH� LV� IDVWHU� HYHQ� FRQVLGHULQJ� WKH

YHFWRU�WUDQVIRUPDWLRQ�

julia> foo($x,$bitvector)

x              = rand(2_000_000)
condition(a)   = a > 0.5
computation(a) = exp(a)/3 - log(a)/2

function foo(x)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        output += condition(x[i]) ? computation(x[i]) : 0
    end

    return output
end

  12.492 ms (0 allocations: 0 bytes)

x         = rand(1_000_000)
bitvector = x .> 0.5

function foo(x,bitvector)
    output     = similar(x)
        

    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(bitvector[i], x[i]/i, x[i]*i)
    end

    return output
end

  3.393 ms (2 allocations: 7.629 MiB)



julia> foo($x,$bitvector)

1R�9HFWRU�RI�&RQGLWLRQV

7KH�FRQFOXVLRQV�VWDWHG�KHUH�DVVXPHV�WKDW�\RX�DOUHDG\�KDYH�WKH�YHFWRU

KROGLQJ�WKH�FRQGLWLRQV��,I�WKLV�LVQ
W�WKH�FDVH�DQG�\RX�ZDQW�WR�DSSO\�6,0'

LQVWUXFWLRQV�� \RX� VKRXOG� LPSOHPHQW� ifelse � ZLWKRXW� D� YHFWRU� RI

FRQGLWLRQV�� 7KLV� DOORZV� \RX� WR� DYRLG� PHPRU\� DOORFDWLRQV�� ZKLOH� VWLOO

DSSO\LQJ�6,0'�HìHFWLYHO\��7KH�IROORZLQJ�H[DPSOH�LOOXVWUDWHV�WKLV�SRLQW��

julia> foo($x)

x         = rand(1_000_000)
bitvector = x .> 0.5

function foo(x,bitvector)
    output     = similar(x)
    boolvector = Vector(bitvector)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(boolvector[i], x[i]/i, x[i]*i)
    end

    return output
end

  862.798 μs (4 allocations: 8.583 MiB)

3

x = rand(1_000_000)

function foo(x)
    output     = similar(x)
    bitvector  = x .> 0.5
    
    
    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(bitvector[i], x[i]/i, x[i]*i)
    end

    return output
end

  3.628 ms (6 allocations: 7.753 MiB)



julia> foo($x)

julia> foo($x)

ALGEBRAIC OPERATIONS AS COMPOUND CONDITIONS

:H�OHYHUDJH�DOJHEUDLF�HTXLYDOHQFHV�WR�H[SUHVV�FRQGLWLRQV�LQ�ZD\V�WKDW�DOORZ�XV�WR�DYRLG�WKH�FUHDWLRQ�RI

EUDQFKHV��0DWKHPDWLFDOO\��JLYHQ�D�VHW� �ZKHUH� �

DOO�FRQGLWLRQV�DUH�VDWLVíHG�ZKHQ

DW�OHDVW�RQH�FRQGLWLRQ�LV�VDWLVíHG�ZKHQ

,Q�WHUPV�RI�-XOLD��JLYHQ�WZR�%RROHDQ�VFDODUV� c1 �DQG� c2 ��WKHVH�HTXLYDOHQFHV�EHFRPH

c1 && c2 �LV� Bool(c1 * c2)

x = rand(1_000_000)

function foo(x)
    output     = similar(x)
    boolvector = Vector{Bool}(undef,length(x))
        boolvector .= x .> 0.5

    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(boolvector[i], x[i]/i, x[i]*i)
    end

    return output
end

  774.952 μs (4 allocations: 8.583 MiB)

x = rand(1_000_000)

function foo(x)
    output     = similar(x)
    
    

    @inbounds @simd for i in eachindex(x)
        output[i] = ifelse(x[i]>0.5, x[i]/i, x[i]*i)
    end

    return output
end

  501.114 μs (2 allocations: 7.629 MiB)
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c1 || c2 �LV� Bool(1 - !c1 * !c2)

)RU�LQVWDQFH��ZLWK�IRU�ORRSV�

julia> foo($x)

julia> foo($x)

x                 = rand(1_000_000)
y                 = rand(1_000_000)

function foo(x,y)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if (x[i] > 0.3) && (y[i] < 0.6) && (x[i] > y[i])
            output += x[i]
        end       
    end

    return output
end

  2.116 ms (0 allocations: 0 bytes)

x                 = rand(1_000_000)
y                 = rand(1_000_000)

function foo(x,y)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if (x[i] > 0.3)  * (y[i] < 0.6)  * (x[i] > y[i])
            output += x[i]
        end       
    end

    return output
end

  905.078 μs (0 allocations: 0 bytes)



julia> foo($x)

julia> foo($x)

:KLOH�ZLWK�EURDGFDVWLQJ�

julia> foo($x)

x                 = rand(1_000_000)
y                 = rand(1_000_000)

function foo(x,y)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if (x[i] > 0.3) || (y[i] < 0.6) || (x[i] > y[i])
            output += x[i]
        end       
    end

    return output
end

  2.724 ms (0 allocations: 0 bytes)

x                 = rand(1_000_000)
y                 = rand(1_000_000)

function foo(x,y)
    output = 0.0

    @inbounds @simd for i in eachindex(x)
        if Bool(1 - !(x[i] > 0.3)  * !(y[i] < 0.6)  * !(x[i] > y[i]))
            output += x[i]
        end       
    end

    return output
end

  889.879 μs (0 allocations: 0 bytes)

x              = rand(1_000_000)
y              = rand(1_000_000)

foo(x,y)       = @. ifelse((x>0.3) && (y<0.6) && (x>y), x,y)

  5.356 ms (2 allocations: 7.629 MiB)



julia> foo($x)

julia> foo($x)

julia> foo($x)

FOOTNOTES

�5HFDOO�WKDW�WKH�FRPSLOHU�PD\�DXWRPDWLFDOO\�GLVDEOH�ERXQGV�FKHFNLQJ�LQ�VRPH�FDVHV��HVSHFLDOO\�LQ�VWUDLJKWIRUZDUG

FDVHV��)RU�LQVWDQFH��WKLV�ZRXOG�EH�WKH�FDVH�LQ�RXU�H[DPSOH�LI�RQO\� x �KDG�EHHQ�LQGH[HG�DQG� eachindex(x) �ZHUH

HPSOR\HG�DV�WKH�LWHUDWLRQ�UDQJH��7KLV�LV�LQ�FRQWUDVW�WR�VFHQDULRV�OLNH�WKH�RQH�EHORZ��ZKHUH�ZH
UH�LQGH[LQJ�ERWK� x

DQG� output �

�1RWH�WKDW� ifelse �UHTXLUHV�VSHFLI\LQJ�DQ�RSHUDWLRQ�IRU�ZKHQ�WKH�FRQGLWLRQ�LV�WUXH�DQG�DQRWKHU�ZKHQ�LW
V�QRW��)RU�D

VXP�UHGXFWLRQ��WKLV�LV�KDQGOHG�E\�UHWXUQLQJ�]HUR�ZKHQ�WKH�FRQGLWLRQ�LVQ
W�PHW�

�1RWH�WKDW�WKH�DSSURDFK�IRU� Vector{Bool} �LV�VRPHZKDW�GLìHUHQW�WR�WKH�H[DPSOHV�ZH�FRQVLGHUHG�DERYH��$V�ZH

GRQ
W�KDYH�D�YHFWRU�RI�FRQGLWLRQV�DOUHDG\�GHíQHG��LW
V�RSWLPDO�WR�FUHDWH� Vector{Bool} �GLUHFWO\��UDWKHU�WKDQ�GHíQLQJ

LW�DV�D�WUDQVIRUPDWLRQ�RI�WKH� BitVector ��,Q�WKLV�ZD\��ZH�DYRLG�XQQHFHVVDU\�PHPRU\�DOORFDWLRQV�WRR�

x              = rand(1_000_000)
y              = rand(1_000_000)

foo(x,y)       = @. ifelse((x>0.3) *  (y<0.6) *  (x>y), x,y)

  541.621 μs (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
y              = rand(1_000_000)

foo(x,y)       = @. ifelse((x>0.3) || (y<0.6) || (x>y), x,y)

  3.354 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
y              = rand(1_000_000)

foo(x,y)       = @. ifelse(Bool(1 - !(x>0.3) * !(y<0.6) * !(x>y)), x,y)

  536.276 μs (2 allocations: 7.629 MiB)

1.

2.

3.



10g. Packages For SIMD

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

6R�IDU��ZH
YH�EHHQ�XVLQJ�WKH�EXLOW�LQ�PDFUR� @simd �WR�DSSO\�6,0'�LQVWUXFWLRQV��7KLV�PDFUR�LV�UHODWLYHO\

OLPLWHG�LQ�FHUWDLQ�UHVSHFWV��)RU�RQH��LW�RQO\�KLQWV�DW�WKH�SRWHQWLDO�DGYDQWDJHV�RI�DSSO\LQJ�6,0'��OHDYLQJ

WKH� íQDO� GHFLVLRQ� LPSOHPHQWDWLRQ� WR� WKH� FRPSLOHU
V� GLVFUHWLRQ�� 0RUHRYHU�� LW� RQO\� SURYLGHV� EDVLF

IHDWXUHV�RI�6,0'��SULRULWL]LQJ�FRGH�VDIHW\�RYHU�SHUIRUPDQFH�

1H[W��ZH� LQWURGXFH� WKH�PDFUR� @turbo � IURP� WKH�SDFNDJH� LoopVectorization ��ZKLFK� RìHUV� VHYHUDO

GLVWLQFW�DGYDQWDJHV��)LUVW��LW�HQIRUFHV�6,0'�RSWLPL]DWLRQV�ZKHQ�LQYRNHG��UDWKHU�WKDQ�PHUHO\�VXJJHVWLQJ

WKHP�� )XUWKHUPRUH�� LW� DSSOLHV�PRUH� DJJUHVVLYH� RSWLPL]DWLRQV� FRPSDUHG� WR� @simd �� )LQDOO\�� @turbo

VXSSRUWV�ERWK�IRU�ORRSV�DQG�EURDGFDVWLQJ�RSHUDWLRQV��FRQWUDVWLQJ�ZLWK� @simd 
V�H[FOXVLYH�DSSOLFDELOLW\

WR�IRU�ORRSV�

CAVEATS ABOUT IMPROPER USE OF @TURBO

,Q�FRQWUDVW� WR� @simd �� DSSO\LQJ� @turbo � UHTXLUHV�VRPH�FDXWLRQ��DV� LW�PD\� OHDG� WR� LQFRUUHFW� UHVXOWV� LI

PLVDSSOLHG��7KLV�LVVXH�DULVHV�EHFDXVH�WKH�PDFUR�PDNHV�DGGLWLRQDO�DVVXPSWLRQV�DERXW�WKH�RSHUDWLRQV

EHLQJ�SHUIRUPHG��ZLWK�WKH�JRDO�RI�DSSO\LQJ�RSWLPL]DWLRQV�PRUH�DJJUHVVLYHO\��,Q�SDUWLFXODU�

@turbo �QHYHU�FKHFNV�LQGH[�ERXQGV��SRWHQWLDOO\�OHDGLQJ�WR�RXW�RI�ERXQGV�PHPRU\�DFFHVV�

@turbo � DVVXPHV� WKH� RXWFRPH� LV� LQGHSHQGHQW� RI� WKH� LWHUDWLRQ� RUGHU� �H[FHSW� IRU� UHGXFWLRQ

RSHUDWLRQV��

$Q�H[DPSOH�RI�WKH�ODWWHU�LV�ZKHQ�FRPSXWLQJ�D�YHFWRU�KROGLQJ�FXPXODWLYH�VXPV�RI�DQRWKHU�YHFWRU��7KLV

FDQ�EH�REVHUYHG�EHORZ��ZKHUH�ZH�YHULI\�WKH�íQDO�UHVXOW�E\�VXPPLQJ�DOO�YDOXHV�LQ�WKH�RXWSXW�YHFWRU�

NO MACRO

julia> sum(foo(x))

x = rand(1_000_000)

function foo(x)
    output = copy(x)

    for i in 2:length(x)
        output[i] = output[i-1] + x[i]
    end

    return output
end

2.50038e11



@SIMD

julia> sum(foo(x))

@TURBO

julia> sum(foo(x))

CASES COVERED

&RQVLGHULQJ�WKDW� @turbo �LVQ
W�VXLWDEOH�IRU�DOO�RSHUDWLRQV��OHW
V�SUHVHQW�WZR�RI�LWV�SULPDU\�DSSOLFDWLRQV�

7KH� íUVW� RQH� DULVHV�when iterations are completely independent�� PDNLQJ� WKHLU� H[HFXWLRQ� RUGHU

LUUHOHYDQW�

)RU� LQVWDQFH�� WKH� IROORZLQJ� FRGH� VQLSSHW� DSSOLHV� D� SRO\QRPLDO� WUDQVIRUPDWLRQ� WR� HDFK� HOHPHQW� RI� D

YHFWRU�

x = rand(1_000_000)

function foo(x)
    output = copy(x)

    @inbounds @simd for i in 2:length(x)
        output[i] = output[i-1] + x[i]
    end

    return output
end

2.50038e11

x = rand(1_000_000)

function foo(x)
    output = copy(x)

    @turbo for i in 2:length(x)
        output[i] = output[i-1] + x[i]
    end

    return output
end

1.03169e6



DEFAULT

julia> @ctime foo($x)

@SIMD

julia> @ctime foo($x)

@TURBO (FOR-LOOP)

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

function foo(x)
    output     = similar(x)
    
    for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.098 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

function foo(x)
    output     = similar(x)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  5.070 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

function foo(x)
    output     = similar(x)
    
    @turbo for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  492.031 μs (2 allocations: 7.629 MiB)



@TURBO (BROADCASTING)

julia> @ctime foo($x)

7KH� VHFRQG� DSSOLFDWLRQ� LV� reductions�� $OWKRXJK� UHGXFWLRQV� LQKHUHQWO\� LQYROYH� GHSHQGHQW� LWHUDWLRQV�

WKH\�UHSUHVHQW�D�VSHFLDO�FDVH�WKDW� @turbo �KDQGOHV�SURSHUO\�

DEFAULT

julia> @ctime foo($x)

@SIMD

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

foo(x)         = @turbo calculation.(x)

  406.089 μs (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

function foo(x)
    output     = 0.0
    
    for i in eachindex(x)
        output += calculation(x[i])
    end

    return output
end

  3.083 ms (0 allocations: 0 bytes)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

function foo(x)
    output     = 0.0
    
    @inbounds @simd for i in eachindex(x)
        output += calculation(x[i])
    end

    return output
end

  3.299 ms (0 allocations: 0 bytes)



@TURBO

julia> @ctime foo($x)

SPECIAL FUNCTIONS

7KH�SDFNDJH� LoopVectorization � OHYHUDJHV�WKH� OLEUDU\�SLEEF��ZKLFK� LV�DQ�DFURQ\P�IRU��6,0'�/LEUDU\

IRU�(YDOXDWLQJ�(OHPHQWDU\� )XQFWLRQV��� 6/(()� LV� DYDLODEOH� LQ� -XOLD� WKURXJK� WKH�SDFNDJH� SLEEFPirates

DQG� LW
V� GHVLJQHG� WR� ERRVW� WKH� PDWKHPDWLFDO� FRPSXWDWLRQV� RI� VRPH� IXQFWLRQV� E\� XWLOL]LQJ� 6,0'

LQVWUXFWLRQV��,Q�SDUWLFXODU��LW�VSHHGV�XS�WKH�FRPSXWDWLRQV�RI�WKH�H[SRQHQWLDO�� ORJDULWKPLF��SRZHU��DQG

WULJRQRPHWULF�IXQFWLRQV�

%HORZ��ZH�LOOXVWUDWH�WKH�XVH�RI� @turbo �IRU�HDFK�W\SH�RI�IXQFWLRQ��6HH�here�IRU�D�OLVW�RI�DOO�WKH�IXQFWLRQV

VXSSRUWHG�

LOGARITHM

DEFAULT

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = a * 0.1 + a^2 * 0.2 - a^3 * 0.3 - a^4 * 0.4

function foo(x)
    output     = 0.0
    
    @turbo for i in eachindex(x)
        output += calculation(x[i])
    end

    return output
end

  179.722 μs (0 allocations: 0 bytes)

x              = rand(1_000_000)
calculation(a) = log(a)

function foo(x)
    output     = similar(x)
    
    for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.395 ms (2 allocations: 7.629 MiB)



@SIMD

julia> @ctime foo($x)

@TURBO (FOR-LOOP)

julia> @ctime foo($x)

@TURBO (BROADCASTING)

julia> @ctime foo($x)

EXPONENTIAL FUNCTION

x              = rand(1_000_000)
calculation(a) = log(a)

function foo(x)
    output     = similar(x)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.414 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = log(a)

function foo(x)
    output     = similar(x)
    
    @turbo for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  1.229 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = log(a)

foo(x) = @turbo calculation.(x)

  1.237 ms (2 allocations: 7.629 MiB)



DEFAULT

julia> @ctime foo($x)

@SIMD

julia> @ctime foo($x)

@TURBO (FOR-LOOP)

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = exp(a)

function foo(x)
    output     = similar(x)
    
    for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  1.962 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = exp(a)

function foo(x)
    output     = similar(x)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  1.950 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = exp(a)

function foo(x)
    output     = similar(x)
    
    @turbo for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  600.413 μs (2 allocations: 7.629 MiB)



@TURBO (BROADCASTING)

julia> @ctime foo($x)

POWER FUNCTIONS

DEFAULT

julia> @ctime foo($x)

@SIMD

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = exp(a)

foo(x) = @turbo calculation.(x)

  596.388 μs (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = a^4

function foo(x)
    output     = similar(x)
    
    for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.100 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = a^4

function foo(x)
    output     = similar(x)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.305 ms (2 allocations: 7.629 MiB)



@TURBO (FOR-LOOP)

julia> @ctime foo($x)

@TURBO (BROADCASTING)

julia> @ctime foo($x)

7KH�LPSOHPHQWDWLRQ�RI�SRZHU�IXQFWLRQV�LQFOXGHV�VTXDUH�URRWV�

DEFAULT

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = a^4

function foo(x)
    output     = similar(x)
    
    @turbo for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  498.762 μs (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = a^4

foo(x) = @turbo calculation.(x)

  434.407 μs (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = sqrt(a)

function foo(x)
    output     = similar(x)
    
    for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  1.232 ms (2 allocations: 7.629 MiB)



@SIMD

julia> @ctime foo($x)

@TURBO (FOR-LOOP)

julia> @ctime foo($x)

@TURBO (BROADCASTING)

julia> @ctime foo($x)

TRIGONOMETRIC FUNCTIONS

$PRQJ�RWKHUV�� @turbo �FDQ�KDQGOH�WKH�IXQFWLRQV� sin �� cos ��DQG� tan ��%HORZ��ZH�GHPRQVWUDWH�LWV�XVH

ZLWK� sin �

x              = rand(1_000_000)
calculation(a) = sqrt(a)

function foo(x)
    output     = similar(x)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  1.231 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = sqrt(a)

function foo(x)
    output     = similar(x)
    
    @turbo for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  614.203 μs (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = sqrt(a)

foo(x) = @turbo calculation.(x)

  614.241 μs (2 allocations: 7.629 MiB)



DEFAULT

julia> @ctime foo($x)

@SIMD

julia> @ctime foo($x)

@TURBO (FOR-LOOP)

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = sin(a)

function foo(x)
    output     = similar(x)
    
    for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.841 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = sin(a)

function foo(x)
    output     = similar(x)
    
    @inbounds @simd for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  3.767 ms (2 allocations: 7.629 MiB)

x              = rand(1_000_000)
calculation(a) = sin(a)

function foo(x)
    output     = similar(x)
    
    @turbo for i in eachindex(x)
        output[i] = calculation(x[i])
    end

    return output
end

  1.386 ms (2 allocations: 7.629 MiB)



@TURBO (BROADCASTING)

julia> @ctime foo($x)

x              = rand(1_000_000)
calculation(a) = sin(a)

foo(x) = @turbo calculation.(x)

  1.384 ms (2 allocations: 7.629 MiB)



11a. Overview and Goals

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

3URJUDPPLQJ�ODQJXDJHV�W\SLFDOO\�H[HFXWH�FRGH�VHTXHQWLDOO\��IROORZLQJ�D�VLQJOH�SDWK�RI�H[HFXWLRQ�WKDW

XWLOL]HV�RQH�FRUH�DW�D�WLPH��7KLV�OLQHDU�DSSURDFK�VLPSOLíHV�UHDVRQLQJ�DERXW�SURJUDP�EHKDYLRU��DV�HDFK

RSHUDWLRQ�FRPSOHWHV�EHIRUH� WKH�QH[W�EHJLQV��+RZHYHU��KDUGZDUH� WKHVH�GD\V� LV� FRPPRQO\�HTXLSSHG

ZLWK�PXOWLSOH�SURFHVVRU�FRUHV��&RQVHTXHQWO\��D� VHTXHQWLDO�H[HFXWLRQ�GRHV�DOO� WKH�ZRUN�RQ�RQH�FRUH�

ZKLOH�WKH�RWKHUV�VLW�LGOH��7KLV�OHDYHV�VXEVWDQWLDO�FRPSXWDWLRQDO�SRZHU�XQWDSSHG�

0XOWLWKUHDGLQJ�DGGUHVVHV�WKLV�OLPLWDWLRQ�E\�UXQQLQJ�GLìHUHQW�VHJPHQWV�RI�RXU�SURJUDP�VLPXOWDQHRXVO\

DFURVV� PXOWLSOH� FRUHV�� :KLOH� WKLV� FDSDELOLW\� RSHQV� XS� VLJQLíFDQW� RSSRUWXQLWLHV� IRU� SHUIRUPDQFH

LPSURYHPHQW�� LW� DOVR� LQWURGXFHV� QHZ� FKDOOHQJHV� WKDW� GHYHORSHUV� QHHG� WR� QDYLJDWH� FDUHIXOO\�� ,Q� IDFW�

VLPSOH� RSHUDWLRQV� WKDW�ZRUN� îDZOHVVO\� LQ� VLQJOH�WKUHDGHG�SURJUDPV�PD\� \LHOG� LQFRUUHFW� UHVXOWV� LQ� D

PXOWLWKUHDGHG� VHWWLQJ�� )XUWKHUPRUH��ZULWLQJ�PXOWLWKUHDGHG�FRGH� UHTXLUHV�D� IXQGDPHQWDO� VKLIW� LQ� WKH

XVHU
V� PLQGVHW� UHJDUGLQJ� SURJUDP� H[HFXWLRQ�� $OO� WKLV� PDNHV� PXOWLWKUHDGHG� FRGH� LQKHUHQWO\� PRUH

GLïFXOW�WR�ZULWH��WHVW��DQG�GHEXJ�WKDQ�LWV�VLQJOH�WKUHDGHG�FRXQWHUSDUW�

'HVSLWH� WKHVH�FKDOOHQJHV�� WKH�SRWHQWLDO�SHUIRUPDQFH�EHQHíWV�RI�PXOWLWKUHDGLQJ�PDNH� LW�DQ�HVVHQWLDO

WRRO� LQ� PRGHUQ� SURJUDPPLQJ�� 7KLV� LV� SDUWLFXODUO\� WUXH� IRU� DSSOLFDWLRQV� WKDW� DUH� FRPSXWDWLRQDOO\

LQWHQVLYH�RU�GHPDQG�WKDW�WKH�VDPH�FRGH�EH�DSSOLHG�WR�PXOWLSOH�REMHFWV�

https://alfaromartino.github.io/


11b. Introduction to Multithreading
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INTRODUCTION

$�SURSHU�LPSOHPHQWDWLRQ�RI�PXOWLWKUHDGLQJ�GHPDQGV�VRPH�EDVLF�XQGHUVWDQGLQJ�RI�WKH�LQQHU�ZRUNLQJV

RI�FRPSXWHUV��,Q�SDUWLFXODU��LW
V�HVVHQWLDO�WR�NQRZ�KRZ�SURJUDPPLQJ�ODQJXDJHV�PDQDJH�GHSHQGHQFLHV

EHWZHHQ� RSHUDWLRQV�� 7KLV� NQRZOHGJH� LV� HVSHFLDOO\� UHOHYDQW� IRU� PXOWLWKUHDGLQJ�� VLQFH� WKH� WHFKQLTXH

FUHDWHV�WKH�SRVVLELOLW\�RI�ZULWLQJ�XQVDIH�FRGH��ZKHUH�D�îDZHG�PXOWLWKUHDGHG�LPSOHPHQWDWLRQ�PD\�\LHOG

LQFRUUHFW�UHVXOWV�

7KLV� VHFWLRQ� ZLOO� RQO\� SUHVHQW� SUHOLPLQDU\� FRQFHSWV�� VHWWLQJ� WKH� VWDJH� IRU� VXEVHTXHQW� VHFWLRQV�

0RUHRYHU��WKH�IRFXV�ZLOO�EH�RQ�H[SODQDWLRQV��UDWKHU�WKDQ�DFWXDO�LPSOHPHQWDWLRQV�RI�PXOWLWKUHDGLQJ��,Q

IDFW��PRVW�RI�WKH�PDFURV�DQG�IXQFWLRQV�LQWURGXFHG�KHUH�ZRQ
W�EH�XWLOL]HG�DJDLQ�RQ�WKLV�ZHEVLWH�

NATURE OF COMPUTATIONS

$Q� RSHUDWLRQ� FDQ� EH� EURDGO\� FODVVLíHG� E\� GDWD� GHSHQGHQF\� DV� GHSHQGHQW� RU� LQGHSHQGHQW�� $

dependent operation�LV�RQH�ZKRVH�RXWFRPH�LV�LQîXHQFHG�E\�WKH�UHVXOW�RI�DQRWKHU�RSHUDWLRQ��,Q�VXFK

FDVHV��WKH�RUGHU�RI�H[HFXWLRQ�LV�FULWLFDO��EHFDXVH�FKDQJLQJ�WKH�VHTXHQFH�FDQ�DOWHU�WKH�íQDO�RXWFRPH��%\

FRQWUDVW��DQ� independent operation�SURGXFHV�WKH�VDPH�UHVXOW��UHJDUGOHVV�RI�WKH�RUGHU� LQ�ZKLFK�LW
V

H[HFXWHG�UHODWLYH�WR�RWKHUVÌLWV�FRPSXWDWLRQ�GRHV�QRW�UHO\�RQ�WKH�RXWSXWV�RI�SUHFHGLQJ�RU�VXEVHTXHQW

RSHUDWLRQV�

7KH�IROORZLQJ�FRGH�JLYHV�ULVH�WR�D�GHSHQGHQW�RU� LQGHSHQGHQW�RSHUDWLRQ��GHSHQGLQJ�RQ�ZKLFK�YDOXHV

DUH�VXPPHG�E\�RSHUDWLRQ�%�

job_A()  = 1 + 1
job_B(A) = 2 + A

function foo()
    A = job_A()
    B = job_B(A)

    return A,B
end

https://alfaromartino.github.io/


/LNHZLVH�� UHJDUGOHVV� RI� GHSHQGHQF\� VWDWXV�� RSHUDWLRQV� FDQ� EH� FRPSXWHG� HLWKHU� VHTXHQWLDOO\� RU

FRQFXUUHQWO\�� $� sequential� SURFHGXUH� LQYROYHV� H[HFXWLQJ� RSHUDWLRQV� RQH� DIWHU� WKH� RWKHU�� HQVXULQJ

HDFK� RSHUDWLRQ� FRPSOHWHV� EHIRUH� WKH� QH[W� RQH� EHJLQV�� &RQYHUVHO\�� concurrency� DOORZV� PXOWLSOH

RSHUDWLRQV�WR�EH�SURFHVVHG�VLPXOWDQHRXVO\��RSHQLQJ�XS�RSSRUWXQLWLHV�IRU�SDUDOOHO�H[HFXWLRQ�

/LNH�PRVW� SURJUDPPLQJ� ODQJXDJHV�� -XOLD� GHIDXOWV� WR� D� VHTXHQWLDO� H[HFXWLRQ�� 7KLV� LV� D� GHOLEHUDWH

FKRLFH� WKDW� SULRULWL]HV� UHVXOW� FRUUHFWQHVV�� EDVHG� RQ� WKDW� FRQFXUUHQW� H[HFXWLRQ� ZLWK� GHSHQGHQW

RSHUDWLRQV� FDQ� \LHOG� LQFRUUHFW� UHVXOWV� LI� PLVKDQGOHG�� %DVLFDOO\�� WKH� LVVXH� DULVHV� EHFDXVH

FRQFXUUHQF\�FDQ�GHDO�ZLWK�GHSHQGHQFLHV�LQ�PXOWLSOH�ZD\V��SRWHQWLDOO\�LQYROYLQJ�WLPLQJ�LQFRQVLVWHQFLHV

IRU� UHDGLQJ� DQG� ZULWLQJ� GDWD�� $� VHTXHQWLDO� DSSURDFK� SUHFOXGHV� WKLV� SRVVLELOLW\�� DV� LW� JXDUDQWHHV� D

SUHGLFWDEOH�RUGHU�RI�H[HFXWLRQ�DQG�WKHUHIRUH�WLPLQJ�

'HVSLWH� LWV� DGYDQWDJHV� UHJDUGLQJ� VDIHW\�� D� VHTXHQWLDO� DSSURDFK� FDQ� EH� TXLWH� LQHïFLHQW� IRU

LQGHSHQGHQW� WDVNV�� E\� UHVWULFWLQJ� FRPSXWDWLRQV� WR� RQH� DW� D� WLPH�� FRPSXWDWLRQDO� UHVRXUFHV�PD\� JR

XQGHUXWLOL]HG�� ,Q� FRQWUDVW�� D� VLPXOWDQHRXV� DSSURDFK� DOORZV� IRU� RSHUDWLRQV� WR� EH� FDOFXODWHG� LQ

SDUDOOHO�� WKHUHE\� IXOO\� XWLOL]LQJ� DOO� RXU� DYDLODEOH� FRPSXWDWLRQDO� UHVRXUFHV�� 7KLV� FDQ� OHDG� WR

VLJQLíFDQW�UHGXFWLRQV�LQ�FRPSXWDWLRQ�WLPH�

%HFDXVH�PRVW�SURJUDPPLQJ�ODQJXDJHV�GHIDXOW�WR�VHTXHQWLDO�H[HFXWLRQ��FHUWDLQ�QXDQFHV�RI�FRQFXUUHQW

SURJUDPPLQJ� FDQ� EH� GLïFXOW� WR� JUDVS� �H�J��� FRQFXUUHQF\� GRHVQ
W� QHFHVVDULO\� LPSO\� VLPXOWDQHLW\��

0LVXQGHUVWDQGLQJV� LQ� WKLV� UHJDUG� FDQ� OHDG� WR� îDZHG� SURJUDP� GHVLJQ� RU� LQFRUUHFW� KDQGOLQJ� RI

FRQFXUUHQW� SURFHVVHV�� 7R� DGGUHVV� WKLV� SRWHQWLDO� LVVXH�� ZH� QH[W� UHYLVLW� WKLV� WRSLF� LQ� OLJKW� RI� WKH

IXQGDPHQWDO�FRQFHSWV�RI�WDVNV�DQG�WKUHDGV�

TASKS AND THREADS

:KHQ�FRPSXWLQJ�DQ�RSHUDWLRQ�� -XOLD� LQWHUQDOO\�GHíQHV�D�VHW�RI� LQVWUXFWLRQV� WR�EH�SURFHVVHG�WKURXJK

WKH�FRQFHSW�RI�task��(DFK�RI�WKHVH�WDVNV�PXVW�EH�DVVLJQHG�WR�a computer thread�IRU�LWV�FRPSXWDWLRQ�

6LQFH�D�VLQJOH�WDVN�UXQV�RQ�H[DFWO\�RQH�WKUHDG�DW�D�WLPH��WKH�QXPEHU�RI�WKUHDGV�DYDLODEOH�RQ�\RXU

FRPSXWHU�GHWHUPLQHV�WKH�QXPEHU�RI�WDVNV�WKDW�FDQ�EH�FRPSXWHG�VLPXOWDQHRXVO\�

,PSRUWDQWO\��HDFK�VHVVLRQ� LQ� -XOLD�EHJLQV�ZLWK�D�SUHGHíQHG�SRRO�RI� WKUHDGV�� -XOLD�GHIDXOWV� WR�D�VLQJOH

WKUHDG�� UHJDUGOHVV� RI� \RXU� FRPSXWHU
V� KDUGZDUH�� :H
OO� VWDUW� FRQVLGHULQJ� WKLV� FDVH�� DV� LW� SURYLGHV� D

FRQYHQLHQW�VWDUWLQJ�SRLQW�IRU�XQGHUVWDQGLQJ�FRQFXUUHQF\�

job_A() = 1 + 1
job_B() = 2 + 2

function foo()
    A = job_A()
    B = job_B()

    return A,B
end



7R� EXLOG� LQWXLWLRQ�� FRQVLGHU� WZR�ZRUNHUV� $� DQG� %�� ZKRP�ZH
OO� WKLQN� RI� DV� HPSOR\HHV�ZRUNLQJ� IRU� D

FRPSDQ\��%
V�MRE�FRQVLVWV�RI�SHUIRUPLQJ�WKH�VDPH�RSHUDWLRQ�FRQWLQXRXVO\�IRU�D�FHUWDLQ�SHULRG�RI�WLPH�

,Q�WKH�FRGH��WKLV�LV�UHSUHVHQWHG�E\�VXPPLQJ� 1+1 �UHSHDWHGO\�IRU�RQH�VHFRQG��,QVWHDG��$
V�MRE�FRQVLVWV

RI� UHFHLYLQJ� VRPH� GHOLYHU\�� ZKLFK� ZLOO� DUULYH� DIWHU� D� FHUWDLQ� SHULRG� RI� WLPH�� ,Q� WKH� FRGH�� WKLV� MRE� LV

UHSUHVHQWHG� E\� SHUIRUPLQJ� QR� FRPSXWDWLRQV� IRU� WZR� VHFRQGV�� FDSWXUHG� E\� FDOOLQJ� WKH� IXQFWLRQ

sleep(2) �

'XH�WR�WKH�OD]\�QDWXUH�RI�IXQFWLRQ�GHíQLWLRQV��WKHVH�FRGH�VQLSSHWV�VLPSO\�GHVFULEH�D�VHW�RI�RSHUDWLRQV

ZLWKRXW�SHUIRUPLQJ�DQ\�FRPSXWDWLRQ�� ,W
V�RQO\�ZKHQ�ZH�DGG�OLQHV�OLNH� job_A(2) �DQG� job_B(1) � WKDW

WKH�RSHUDWLRQV�DUH�VHQW�IRU�FRPSXWDWLRQ�

7R� OD\� EDUH� WKH� LQWHUQDO� VWHSV� -XOLD� IROORZV� WR� FRPSXWH� WKHP�� OHW
V� XVH� D� ORZHU�OHYHO� DSSURDFK� E\

GHíQLQJ� job_A(2) � DQG� job_B(1) � DV� WDVNV�� $V� VKRZQ� EHORZ�� WDVNV� DUHQ
W� PHUH� DEVWUDFWLRQV� WR

RUJDQL]H�RXU�GLVFXVVLRQ��EXW�DUH�DFWXDO�FRQVWUXFWV�LQ�-XOLD
V�FRGHEDVH�

2QFH�WDVNV�DUH�GHíQHG��WKH�íUVW�VWHS�IRU�WKHLU�FRPSXWDWLRQ�LV�WR�schedule�WKHP��7KLV�PHDQV�WKH�WDVN

LV� DGGHG� WR� WKH� TXHXH� RI� RSHUDWLRQV� WKH� FRPSXWHU
V� SURFHVVRU�ZLOO� H[HFXWH�� (VVHQWLDOO\�� VFKHGXOLQJ

LQVWUXFWV�WKH�PDFKLQH�WR�FRPSXWH�D�WDVN�DV�VRRQ�DV�D�WKUHDG�EHFRPHV�DYDLODEOH�

,PSRUWDQWO\��PXOWLSOH� WDVNV�FDQ�EH�processed� FRQFXUUHQWO\��ZLWKRXW� LPSO\LQJ� WKDW� WKH\
OO�EH�computed

VLPXOWDQHRXVO\��,QGHHG��WKLV�LV�WKH�FDVH�LQ�D�VLQJOH�WKUHDG�VHVVLRQ��7KH�GLVWLQFWLRQ�FDQ�EH�XQGHUVWRRG

WKURXJK�DQ�DQDORJ\�ZLWK� MXJJOLQJ��D� MXJJOHU�PDQDJHV�PXOWLSOH�EDOOV�DW� WKH�VDPH�WLPH��EXW�RQO\�KROGV

RQH�EDOO�DW�DQ\�JLYHQ�PRPHQW��6LPLODUO\��PXOWLSOH�WDVNV�FDQ�EH�SURFHVVHG�VLPXOWDQHRXVO\��HYHQ�ZKHQ

RQO\�RQH�LV�DFWLYHO\�H[HFXWLQJ�RQ�WKH�&38�

$OWKRXJK� WUXH�SDUDOOHOLVP� LVQ
W� IHDVLEOH� LQ� VLQJOH�WKUHDGHG�VHVVLRQV�� FRQFXUUHQF\� FDQ� VWLOO� RìHU� VRPH

EHQHíWV�� 7KLV� LV� GXH� WR� WKH� SRVVLELOLW\� RI� task switching�� ZKLFK� LV� HQDEOHG� E\� D� task yielding

PHFKDQLVP��:KHQ� D� WDVN� EHFRPHV� LGOH�� LW� FDQ� YROXQWDULO\� UHOLQTXLVK� FRQWURO� RI� WKH� WKUHDG�� DOORZLQJ

function job_A(time_working)
    sleep(time_working)        # do nothing (waiting for some delivery in the example)

    println("A completed his task")
end

function job_B(time_working)
    start_time = time()

    while time() - start_time < time_working
        1 + 1                  # compute `1+1` repeatedly during `time_working` seconds
    end

    println("B completed his task")
end

A = @task job_A(2)      # A's task takes 2 seconds
B = @task job_B(1)      # B's task takes 1 second



RWKHU� WDVNV� WR� XWLOL]H� WKH� WKUHDG
V� WLPH�� %\� IRVWHULQJ� D� FRRSHUDWLYH� DSSURDFK�� FRQFXUUHQF\� HQVXUHV

SOHQW\�RI�FRPSXWHU�UHVRXUFH�XWLOL]DWLRQ�DW�DQ\�JLYHQ�WLPH�

,Q�WKH�IROORZLQJ��ZH�GHVFULEH�WKLV�PHFKDQLVP�LQ�PRUH�GHWDLO�

SEQUENTIAL AND CONCURRENT COMPUTATIONS

:KLOH�FRGH�LV�H[HFXWHG�VHTXHQWLDOO\�E\�GHIDXOW��WDVNV�DUH�GHVLJQHG�WR�FRPSXWH�FRQFXUUHQWO\��$V�D

UHVXOW��DGRSWLQJ�D�VHTXHQWLDO�DSSURDFK�UHTXLUHV�LQVWUXFWLQJ�-XOLD�WR�H[HFXWH�WDVNV�RQH�DW�D�WLPH��7KLV�LV

DFKLHYHG�E\�LQWURGXFLQJ�D�ZDLW�LQVWUXFWLRQ�LPPHGLDWHO\�DIWHU�VFKHGXOLQJ�D�WDVN��HQVXULQJ�WKDW�WKH�WDVN

FRPSOHWHV�LWV�FDOFXODWLRQ�EHIRUH�SURFHHGLQJ�

7KH� FRGH� VQLSSHW� EHORZ�GHPRQVWUDWHV� WKLV�PHFKDQLVP�E\� LQWURGXFLQJ� WKH� IXQFWLRQV� schedule � DQG

wait �

A = job_A(2)            # A's task takes 2 seconds
B = job_B(1)            # B's task takes 1 second

A = @task job_A(2)      # A's task takes 2 seconds
B = @task job_B(1)      # B's task takes 1 second

schedule(A) |> wait
schedule(B) |> wait



1RWH�WKDW� wait �ZDV�DGGHG�HYHQ�LQ�WKH�FRQFXUUHQW�FDVH��0RUHRYHU�� wait �FDOO�ZDV�LQFRUSRUDWHG�DIWHU

ERWK�WDVNV�KDG�EHHQ�VFKHGXOHG��,WV�SXUSRVH�LV�WR�HQVXUH�WKDW�ERWK�WDVNV�FDQ�EH�SURFHVVHG�DW�WKH�VDPH

WLPH��ZKLOH�SUHYHQWLQJ�WKDW�VXEVHTXHQW�RSHUDWLRQV�DUH�SURFHVVHG�DORQJVLGH�WKHP�

7KH�H[DPSOH�UHYHDOV�WKH�EHQHíWV�RI�WDVN�VZLWFKLQJ�XQGHU�FRQFXUUHQF\��DOWKRXJK�RQO\�RQH�WDVN�FDQ�UXQ

DW�DQ\�PRPHQW��WDVN�$�FDQ�\LHOG�FRQWURO�RI�WKH�WKUHDG�WR�WDVN�%�ZKHQ�LW�EHFRPHV�LGOH��,Q�WKH�FRGH��WKH

LGOH� VWDWH� LV� VLPXODWHG�E\� WKH� IXQFWLRQ� sleep �� GXULQJ�ZKLFK� WKH� FRPSXWHU�SHUIRUPV�QR�RSHUDWLRQV�

2QFH�WDVN�$�EHFRPHV�LGOH��LWV�VWDWH�LV�VDYHG��DOORZLQJ�LW�WR�HYHQWXDOO\�UHVXPH�H[HFXWLRQ�IURP�ZKHUH�LW

OHIW�Rì��,Q�WKH�PHDQWLPH��WDVN�%�FDQ�XVH�WKDW�WKUHDG
V�SURFHVVLQJ�WLPH��H[SODLQLQJ�ZK\�%�íQLVKHV�íUVW�

%\�WDNLQJ�WXUQV�HïFLHQWO\�DQG�VKDULQJ�WKH�VLQJOH�DYDLODEOH�WKUHDG�� WDVNV�PDNH�WKH�PRVW�RI� WKH�&38ÎV

SURFHVVLQJ�SRZHU��7KLV�FRQWUDVWV�ZLWK�D�VHTXHQWLDO�DSSURDFK��ZKHUH�WDVN�$�PXVW�íQLVK�EHIRUH�PRYLQJ

WR� WKH� QH[W� WDVN�� 7KH� GLìHUHQFH� LV� UHîHFWHG� LQ� WKHLU� H[HFXWLRQ� WLPHV�� UHVXOWLQJ� LQ� �� VHFRQGV� IRU� WKH

FRQFXUUHQW�DSSURDFK�DQG���VHFRQGV�IRU�WKH�VHTXHQWLDO�RQH�

([DPSOHV�RI� LGOH� VWDWHV� HPHUJH�QDWXUDOO\� LQ� UHDO�ZRUOG� VFHQDULRV�� )RU� LQVWDQFH�� LW
V� FRPPRQ�ZKHQ�D

SURJUDP�LV�ZDLWLQJ�IRU�XVHU�LQSXW��VXFK�DV�D�NH\VWURNH�RU�PRXVH�FOLFN��,W�FDQ�DOVR�DULVH�ZKHQ�EURZVLQJ

WKH� LQWHUQHW�� ZKHUH� WKH� &38�PD\� LGOH�ZKLOH�ZDLWLQJ� IRU� D� VHUYHU� WR� VHQG� GDWD�� 7DVN� VZLWFKLQJ� LV� VR

XELTXLWRXV� LQ� FHUWDLQ� FRQWH[WV� WKDW� ZH� RIWHQ� WDNH� LW� IRU� JUDQWHG�� )RU� LQVWDQFH�� ,� EHW� \RX� QHYHU

TXHVWLRQHG�ZKHWKHU�\RX�FRXOG�XVH�WKH�FRPSXWHU�ZKLOH�D�GRFXPHQW�SULQWV�LQ�WKH�EDFNJURXQG�

1RWH�� WKRXJK�� WKDW� FRQFXUUHQF\� ZLWK� D� VLQJOH� WKUHDG� RìHUV� QR� EHQHíWV� LI� ERWK� WDVNV� UHTXLUH� DFWLYH

FRPSXWDWLRQV�� 7KLV� LV� EHFDXVH� WKH� &38� ZRXOG� EH� IXOO\� XWLOL]HG�� OHDYLQJ� QR� RSSRUWXQLW\� IRU� WDVN

VZLWFKLQJ�� ,Q�VXFK�FDVHV�� WKH�VHTXHQWLDO�DQG�FRQFXUUHQW�DSSURDFKHV�DUH�HTXLYDOHQW�� ,Q�RXU�H[DPSOH�

WKLV�ZRXOG�RFFXU�LI�WDVN�%�FRQVLVWHG�RI�FRPSXWLQJ� 1+1 �UHSHDWHGO\��UHVXOWLQJ�LQ�DQ�H[HFXWLRQ�WLPH�RI��

VHFRQGV�IRU�ERWK�DSSURDFKHV�

A = @task job_A(2)      # A's task takes 2 seconds
B = @task job_B(1)      # B's task takes 1 second

(schedule(A), schedule(B)) .|> wait



1RQHWKHOHVV��WKH�NH\�LQVLJKW�IURP�WKH�H[DPSOHV�LVQ
W�WKDW�FRQFXUUHQF\�LV�LQHìHFWLYH�LQ�D�VLQJOH�WKUHDG

VHVVLRQ�� 5DWKHU�� WKH� PDLQ� WDNHDZD\� LV� WKH� XQGHUO\LQJ� SURFHGXUH��ZKHQ� D� WDVN� LV� VFKHGXOHG�� WKH

FRPSXWHU�DWWHPSWV�WR�íQG�DQ�DYDLODEOH�WKUHDG�IRU�LWV�FRPSXWDWLRQ��)RU�FRQFXUUHQF\��WKLV�LPSOLHV

function job(name_worker, time_working)
    start_time = time()

    while time() - start_time < time_working
        1 + 1                  # compute `1+1` repeatedly during `time_working` seconds
    end

    println("$name_worker completed his task")
end

function schedule_of_tasks()
    A = @task job("A", 2)      # A's task takes 2 seconds
    B = @task job("B", 1)      # B's task takes 1 second

    schedule(A) |> wait
    schedule(B) |> wait
end

function schedule_of_tasks()
    A = @task job("A", 2)      # A's task takes 2 seconds
    B = @task job("B", 1)      # B's task takes 1 second

    (schedule(A), schedule(B)) .|> wait
end



WKDW� VWDUWLQJ� D� VHVVLRQ�ZLWK�PXOWLSOH� WKUHDGV� HQDEOHV� SDUDOOHO� FRGH� H[HFXWLRQ�� ZKLFK� LV� VLPSO\

FDOOHG�multithreading��,Q�WKH�IROORZLQJ��ZH�H[SODLQ�WKLV�FDVH�LQ�PRUH�GHWDLO�

MULTITHREADING

/HW
V� FRQWLQXH� FRQVLGHULQJ� WKH� ODVW� VFHQDULR�� ZKHUH� ERWK� ZRUNHUV� $� DQG� %� SHUIRUP� PHDQLQJIXO

FRPSXWDWLRQV�� 7KH� RQO\� FKDQJH�ZH� LQWURGXFH� LV� WKDW� -XOLD
V� VHVVLRQ� QRZ� VWDUWV�ZLWK�PRUH� WKDQ� RQH

WKUHDG�DYDLODEOH��)RU� WKH�FRQFXUUHQW�DSSURDFK�� WKH�RQO\�FRGH�DGMXVWPHQW�DGGHG� LV� WKDW� WDVNV�DUH�QR

ORQJHU��VWLFN\���7KLV�LV� MXVW�D�WHFKQLFDOLW\� LQGLFDWLQJ�WKDW�D�WDVN�FDQ�EH�UXQ�RQ�DQ\�WKUHDG��UDWKHU�WKDQ

WKH�WKUHDG�RQ�ZKLFK�LW�ZDV�íUVW�VFKHGXOHG��1RQ�VWLFN\�WDVNV�DOORZ�IRU�D�EHWWHU�XVH�RI�UHVRXUFHV��DV�WKH

WDVN�FDQ�EH�FRPSXWHG�DV�VRRQ�DV�D�WKUHDG�EHFRPHV�DYDLODEOH�

function schedule_of_tasks()
    A = @task job("A", 2)                         # A's task takes 2 seconds
    B = @task job("B", 1)                         # B's task takes 1 second

    schedule(A) |> wait
    schedule(B) |> wait
end

function schedule_of_tasks()
    A = @task job("A", 2) ; A.sticky = false      # A's task takes 2 seconds
    B = @task job("B", 1) ; B.sticky = false      # B's task takes 1 second

    (schedule(A), schedule(B)) .|> wait
end



2QFH�WKHUH
V�PRUH�WKDQ�RQH�WKUHDG�DYDLODEOH��FRQFXUUHQF\�LPSOLHV�VLPXOWDQHLW\��7KLV�PHDQV�HDFK�WDVN

UXQV�RQ�D�GLìHUHQW�WKUHDG��ZKLFK�LV�ZK\�WDVN�%�íQLVKHV�íUVW�

3UHYLHZLQJ� VRPH� RI� WKH� DSSURDFKHV� HPSOR\HG� LQ� WKH� QH[W� VHFWLRQ�� OHW
V� FRPSDUH� -XOLD
V� VWDQGDUG

LPSOHPHQWDWLRQ� ZLWK� D� PXOWLWKUHDGHG� RQH�� 7KH� PDFUR� @spawn �� ZKLFK� ZLOO� EH� FRYHUHG� LQ� WKH� QH[W

VHFWLRQ��RìHUV�D�VLPSOH�ZD\�WR�UXQ�WDVNV�LQ�D�PXOWLWKUHDGHG�HQYLURQPHQW��,W
V�HVVHQWLDOO\�HTXLYDOHQW�WR

FUHDWLQJ�DQG�VFKHGXOLQJ�D�QRQ�VWLFN\�WDVN��7KH�IROORZLQJ�FRGH�VQLSSHWV�GHPRQVWUDWH�ERWK�WKH�VWDQGDUG

DQG�PXOWLWKUHDGHG�DSSURDFKHV�

THE IMPORTANCE OF WAITING FOR THE RESULTS

%HIRUH� FRQFOXGLQJ� WKLV� VHFWLRQ�� LW
V� ZRUWK� VWUHVVLQJ� D� FUXFLDO� SRLQW�� \RX� PXVW� DOZD\V� LQVWUXFW� WKH

FRPSXWHU�WR�ZDLW�IRU�DOO�RSHUDWLRQV�WR�FRPSOHWH��EHIRUH�LW�SURFHHGV�ZLWK�DQ\�VXEVHTXHQW�FRPSXWDWLRQ�

7KLV�KROGV� WUXH�HYHQ�IRU�FRQFXUUHQW�FRPSXWDWLRQV��)DLOLQJ�WR�ZDLW�PD\�SURGXFH� LQFRUUHFW�UHVXOWV�

function schedule_of_tasks()
    A = job("A", 2)             # A's task takes 2 seconds
    B = job("B", 1)             # B's task takes 1 second
end

function schedule_of_tasks()
    A = @spawn job("A", 2)      # A's task takes 2 seconds
    B = @spawn job("B", 1)      # B's task takes 1 second

    (A,B) .|> wait
end



HYHQ�LQ�D�VLQJOH�WKUHDGHG�HQYLURQPHQW�

7R�LOOXVWUDWH�WKLV��FRQVLGHU�PXWDWLQJ�D�YHFWRU�LQ�D�VLQJOH�WKUHDGHG�VHVVLRQ��ZLWK�D�RQH‐VHFRQG�GHOD\�IRU

HDFK�YDOXH�XSGDWH��,I�ZH�GRQÎW�ZDLW�IRU�WKH�PXWDWLRQ�WR�íQLVK��DQ\�VXEVHTXHQW�RSHUDWLRQ�ZLOO�EH�EDVHG

RQ�WKH�YHFWRUÎV�YDOXH�DW�WKH�PRPHQW�LW
V�DFFHVVHG��7KLV�YDOXH�GRHVQ
W�QHFHVVDULO\�UHîHFW�LWV�íQDO�VWDWH

DIWHU�WKH�PXWDWLRQ��EXW�PHUHO\�LWV�YDOXH�DW�WKH�PRPHQW�RI�UHIHUHQFH�

)RU�LQVWDQFH��VXSSRVH�ZH�ZDQW�WR�PXWDWH�WKH�YHFWRU� x = [0,0,0] � LQWR� x = [1,2,3] �� -XOLDÎV�GHIDXOW

VHTXHQWLDO� H[HFXWLRQ� HQVXUHV� WKDW� WKH� PXWDWLRQ� PXVW� FRPSOHWH�� EHIRUH� FRQWLQXLQJ� ZLWK� DQ\� RWKHU

RSHUDWLRQ�

/HW
V� QRZ� FRQVLGHU� WKH� VDPH� LPSOHPHQWDWLRQ� EXW� WKURXJK� WDVNV�� ,Q� SDUWLFXODU�� D� WDVN� SHUIRUPLQJ� D

PXWDWLRQ�LV�GHíQHG�LQ�WKH�IROORZLQJ�ZD\�

# Description of job
function job!(x)
    for i in 1:3
        sleep(1)     # do nothing for 1 second
        x[i] = 1     # mutate x[i]

        println("`x` at this moment is $x")
    end
end

# Execution of job
function foo()
    x = [0, 0, 0]

    job!(x)          # slowly mutate `x`

    return sum(x)
end

output = foo()
println("the value stored in `output` is $(output)")



7KH� IROORZLQJ�FRGH�VQLSSHWV� VKRZ� WKH�FRQVHTXHQFHV�RI�ZDLWLQJ�DQG�QRW�ZDLWLQJ� IRU� WKH�PXWDWLRQ� WR

FRPSOHWH�

function job!(x)
    @task begin
        for i in 1:3
            sleep(1)    # do nothing for 1 second
            x[i] = 1    # mutate x[i]

            println("`x` at this moment is $x")
        end
    end
end

function foo()
    x = [0, 0, 0]

    job!(x) |> schedule             # define job, start execution, don't wait for job to be
done

    return sum(x)
end

output = foo()
println("the value stored in `output` is $(output)")



$V�ZH� FDQ� VHH��ZLWKRXW�ZDLWLQJ� IRU� WKH�PXWDWLRQ� WR� WDNH�SODFH�� WKH� VXEVHTXHQW�RSHUDWLRQ� WDNHV� WKH

YDOXH�RI� x �DW�WKH�PRPHQW�RI�H[HFXWLRQ��6LQFH�WKH�PXWDWLRQ�KDVQ
W�VWDUWHG�� x �LV�VWLOO� x = [0,0,0] �

function foo()
    x = [0, 0, 0]

    job!(x) |> schedule |> wait     # define job, start execution, only continue when
finished

    return sum(x)
end

output = foo()
println("the value stored in `output` is $(output)")



11c. Task-Based Parallelism: @spawn

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

7KH� SUHYLRXV� VHFWLRQ� H[SODLQHG� WKH� EDVLFV� RI� PXOWLWKUHDGLQJ�� ,Q� SDUWLFXODU�� ZH
YH� VKRZQ� WKDW

RSHUDWLRQV�FDQ�EH�FRPSXWHG�HLWKHU�VHTXHQWLDOO\� �-XOLD
V�GHIDXOW��RU�FRQFXUUHQWO\��7KH� ODWWHU�DSSURDFK

HQDEOHV�PXOWLSOH� RSHUDWLRQV� WR� EH� SURFHVVHG� VLPXOWDQHRXVO\��ZLWK� RSHUDWLRQV� UXQQLQJ� DV� VRRQ� DV� D

WKUHDG�EHFRPHV�DYDLODEOH��:KHQ� -XOLD
V�VHVVLRQ� LV� LQLWLDOL]HG�ZLWK�PRUH� WKDQ�RQH�WKUHDG�� WKLV� LPSOLHV

WKDW�FRPSXWDWLRQV�FDQ�EH�H[HFXWHG�LQ�SDUDOOHO�

7KLV� VHFWLRQ� ZLOO� IRFXV� RQ� -XOLD
V� QDWLYH� PXOWLWKUHDGLQJ� PHFKDQLVPV�� D� WRSLF� WKDW� ZLOO� VSDQ� VHYHUDO

VHFWLRQV�� 2XU� SULPDU\� JRDO� KHUH� LV� WR� GHPRQVWUDWH� KRZ� WR� ZULWH� PXOWLWKUHDGHG� FRGH�� UDWKHU� WKDQ

H[SORULQJ�KRZ�DQG�ZKHQ�WR�DSSO\�WKH�WHFKQLTXH�

:H
YH� GHOLEHUDWHO\� VWUXFWXUHG� RXU� H[SODQDWLRQ� LQ� WKLV� ZD\� WR� VPRRWK� VXEVHTXHQW� GLVFXVVLRQV�

+RZHYHU��D�FUXFLDO� FDYHDW�DW� WKLV�SRLQW� UHPDLQV�QHFHVVDU\��ZKLOH�PXOWLWKUHDGLQJ�FDQ�RìHU�VLJQLíFDQW

SHUIRUPDQFH� DGYDQWDJHV�� LW
V� QRW� DSSOLFDEOH� LQ� DOO� VFHQDULRV�� ,Q� SDUWLFXODU�� PXOWLWKUHDGLQJ� GHPDQGV

H[WUHPH�FDXWLRQ�LQ�KDQGOLQJ�GHSHQGHQFLHV�EHWZHHQ�RSHUDWLRQV��DV�PLVPDQDJHPHQW�FDQ�OHDG�WR�VLOHQW

FDWDVWURSKLF� EXJV�� :H
OO� GHIHU� WKH� WRSLF� RI� XQVDIH�WKUHDG� RSHUDWLRQV� IRU� QRZ�� DV� LGHQWLI\LQJ� WKHP

SUHVXSSRVHV�D�EDVLF�XQGHUVWDQGLQJ�RI�SDUDOOHOLVP�WHFKQLTXHV�

ENABLING MULTITHREADING

-XOLD� LQLWLDOL]HV� HYHU\� VHVVLRQ� ZLWK� D� JLYHQ� SRRO� RI� WKUHDGV� DYDLODEOH�� (DFK� RI� WKHVH� WKUHDGV� LV

UHVSRQVLEOH�IRU�H[HFXWLQJ�D�JLYHQ�VHW�RI�LQVWUXFWLRQV��&RQVHTXHQWO\��WKH�QXPEHU�RI�WKUHDGV�GHOLPLWV�WKH

QXPEHU�RI�LQVWUXFWLRQV�WKDW�WKH�&38�FDQ�KDQGOH�VLPXOWDQHRXVO\�

%\�GHIDXOW��-XOLD�RQO\�RSHUDWHV�ZLWK�D�VLQJOH�WKUHDG��UHTXLULQJ�VHWWLQJ�DQ�DOWHUQDWLYH�QXPEHU�RI�WKUHDGV

WR�HQDEOH�PXOWLWKUHDGLQJ��<RX�FDQ�DFKLHYH�WKLV�LQ�96&RGH�RU�96&RGLXP�E\�JRLQJ�WR�File�!�Preferences�!

Settings��7KHQ��\RX�VKRXOG�VHDUFK�IRU�WKH�NH\ZRUG�threads��SURPSWLQJ�WKH�IROORZLQJ�OLQH�

$IWHU� SUHVVLQJ� Edit in settings.json�� \RX� VKRXOG� DGG� WKH� OLQH� "julia.NumThreads": "auto" �� 7KLV� ZLOO

DXWRPDWLFDOO\� LGHQWLI\� WKH� QXPEHU� RI� WKUHDGV� EDVHG� RQ� \RXU� FRPSXWHU
V� IHDWXUHV� �HLWKHU� ORJLFDO� RU

SK\VLFDO�WKUHDGV�DYDLODEOH���1RWLFH�WKDW�WKH�HìHFWV�ZRQ
W�WDNH�SODFH�RQ�WKH�FXUUHQW�VHVVLRQ�

https://alfaromartino.github.io/


7R�FKHFN�ZKHWKHU�WKH�HìHFWV�KDYH�WDNHQ�SODFH��XVH�WKH�FRPPDQG� Threads.nthreads() ��7KLV�GLVSOD\V

WKH� QXPEHU� RI� WKUHDGV� DYDLODEOH� LQ� WKH� VHVVLRQ�� $Q\� QXPEHU� JUHDWHU� WKDQ� RQH� ZLOO� LQGLFDWH� WKDW

PXOWLWKUHDGLQJ� LV� DFWLYDWHG�� 1RWLFH� DOVR� WKDW� WKH� FKDQJHV� DUH� SHUPDQHQW�� VR� WKDW� HYHU\� QHZ� -XOLD

VHVVLRQ�ZLOO�VWDUW�ZLWK�WKH�QXPEHU�RI�WKUHDGV�VSHFLíHG�

2QFH� ZH� KDYH� D� VHVVLRQ� ZLWK� PRUH� WKDQ� RQH� WKUHDG�� WKHUH� DUH� VHYHUDO� SDFNDJHV� IRU� SHUIRUPLQJ

PXOWLWKUHDGHG�FRPSXWDWLRQV��7KH�IRFXV�RQ�WKLV�VHFWLRQ�ZLOO�EH�RQ�WKH�EXLOW�LQ�SDFNDJH� Threads ��ZKLFK

LV�DXWRPDWLFDOO\�LPSRUWHG�ZKHQ�\RX�VWDUW�-XOLD�

:DUQLQJ� - Loaded Package

$OO� WKH� VFULSWV� EHORZ� DVVXPH� WKDW� \RX
YH� H[HFXWHG� WKH� OLQH� using

Base.Threads �� )XUWKHUPRUH�� DOO� WKH�H[DPSOHV� DUH�EDVHG�RQ�D� VHVVLRQ

ZLWK�WZR�ZRUNHU�WKUHDGV�

TASK-BASED PARALLELISM: @SPAWN

7KH� íUVW� DSSURDFK� ZH
OO� FRYHU� LV� LPSOHPHQWHG� WKURXJK� WKH� PDFUR� @spawn �� ZKLFK� VWUHDPOLQHV� WKH

DSSOLFDWLRQ� RI� WKH� SUHYLRXV� VHFWLRQ
V� WHFKQLTXHV�� 6SHFLíFDOO\�� E\� SUHSHQGLQJ� DQ\� RSHUDWLRQ� ZLWK

@spawn ��ZH�FUHDWH�D��QRQ�VWLFN\��WDVN�WKDW
V�VFKHGXOHG�ULJKW�DZD\�IRU�LWV�H[HFXWLRQ��5HFDOO�WKDW�RQFH�D

WDVN�LV�VFKHGXOHG��LW
OO�LPPHGLDWHO\�VWDUW�LWV�FRPSXWDWLRQ�LI�WKHUH
V�D�WKUHDG�DYDLODEOH�

8QOLNH�RWKHU�DSSURDFKHV�WKDW�ZH
OO�SUHVHQW�� @spawn �UHTXLUHV�H[SOLFLWO\�LQVWUXFWLQJ�-XOLD�WR�ZDLW�IRU�WKH

WDVN� WR� FRPSOHWH�� 7KH�ZD\� WR� GR� WKLV� GHSHQGV�RQ� WKH�QDWXUH�RI� WKH�RXWSXW�� )RU� WDVNV� WKDW� SHUIRUP

FRPSXWDWLRQ� DQG� DGGLWLRQDOO\� UHWXUQ� DQ� RXWSXW�� ZH� KDYH� WKH� IXQFWLRQ� fetch �� 7KLV� ZDLWV� IRU

FDOFXODWLRQV� RI� D� WDVN� WR� íQLVK� DQG� WKHQ� UHWXUQV� LWV� RXWSXW�� 6LQFH� SDUDOOHO� FRPSXWDWLRQ� UHTXLUHV

VSDZQLQJ�PXOWLSOH�WDVNV��WKH�IXQFWLRQ�DUJXPHQW�RI� fetch �VKRXOG�FRPSULVH�DOO�WKH�WDVNV�VSDZQHG�DQG

fetch �EH�EURDGFDVWHG�

,Q�WKH�IROORZLQJ��ZH�LOOXVWUDWH� fetch �ZLWK�WZR�VSDZQHG�WDVNV�WKDW�UHWXUQ�YHFWRUV�DV�WKHLU�RXWSXW�

# package Threads automatically imported when you start Julia

Threads.nthreads()

2

using Base.Threads      # or `using .Threads`

nthreads()

2



,W
V� LPSRUWDQW� WR�GLVWLQJXLVK�EHWZHHQ� task_a �DQG� a ��ZKLOH� a � UHIHUV� WR� WKH�YHFWRU�FUHDWHG� �L�H��� WKH

WDVN
V�RXWSXW��� task_a �GHQRWHV�WKH�WDVN�FUHDWLQJ�WKH�YHFWRU� a ��7KH�GLVWLQFWLRQ� LV�HVVHQWLDO�VLQFH�WKH

IXQFWLRQ� fetch �RQO\�WDNHV�D�WDVN�DV�LWV�LQSXW�

$OWHUQDWLYHO\��IRU�RSHUDWLRQV�WKDW�GRQ
W�UHWXUQ�DQ\�RXWSXW��ZH�FDQ�XVH�HLWKHU�WKH�IXQFWLRQ� wait �RU�WKH

PDFUR� @sync ��7KH�IXQFWLRQ� wait � LV�DSSOLHG�VLPLODUO\�WR� fetch �� ,QVWHDG��WKH�PDFUR� @sync �UHTXLUHV

ZUDSSLQJ� DOO� RSHUDWLRQV� WR� EH� V\QFKURQL]HG�� ZKLFK� LV� GRQH� E\� HQFORVLQJ� WKH� RSHUDWLRQV� ZLWK� WKH

NH\ZRUGV� begin �DQG� end �

)RU� WKH� GHPRQVWUDWLRQ�� OHW
V� FRQVLGHU� D� PXWDWLQJ� IXQFWLRQ�� 0XWDWLQJ� IXQFWLRQV� DUH� VXLWDEOH� DV� DQ

H[DPSOH��VLQFH�WKH\�RQO\�PRGLI\�YDOXHV�RI�D�FROOHFWLRQ��ZLWKRXW�UHWXUQLQJ�DQ\�RXWSXW�

x = rand(10); y = rand(10)

function foo(x)
    a = x .* -2
    b = x .*  2

    a,b
end

x = rand(10); y = rand(10)

function foo(x)
    task_a = @spawn x .* -2
    task_b = @spawn x .*  2

    a,b = fetch.((task_a, task_b))
end

x = rand(10); y = rand(10)

function foo!(x,y)
    @. x = -x
    @. y = -y
end

x = rand(10); y = rand(10)

function foo!(x,y)
    task_a = @spawn (@. x = -x)
    task_b = @spawn (@. y = -y)

    wait.((task_a, task_b))
end



MULTITHREADING OVERHEAD

7R�VHH�WKH�DGYDQWDJHV�RI� @spawn � LQ�DFWLRQ��OHW
V�FRPSXWH�WKH�VXP�DQG�PD[LPXP�RI�D�YHFWRU� x ��IRU

ZKLFK�ZH�SUHVHQW�D�VHTXHQWLDO�DQG�D�VLPXOWDQHRXV�DSSURDFK��7R�FOHDUO\�VKHG�OLJKW�RQ�WKH�EHQHíWV�RI

SDUDOOHOL]DWLRQ��ZH�DOVR� LQFOXGH�WKH�WLPH�WR�H[HFXWH�HDFK�RSHUDWLRQ� LQ� LVRODWLRQ��7KH�UHVXOWV�HVWDEOLVK

WKDW� WKH� WLPH� RI� WKH� VHTXHQWLDO� SURFHGXUH� LV� HTXLYDOHQW� WR� WKH� VXP� RI� HDFK� FRPSXWDWLRQ�� ,QVWHDG�

WKDQNV�WR�SDUDOOHOLVP��WKH�H[HFXWLRQ�WLPH�XQGHU�PXOWLWKUHDGLQJ�LV�URXJKO\�HTXLYDOHQW�WR�WKH�PD[LPXP

WLPH�UHTXLUHG�IRU�HLWKHU�FRPSXWDWLRQ�

julia> @btime maximum($x)

julia> @btime sum($x)

julia> @btime non_threaded($x)

x = rand(10); y = rand(10)

function foo!(x,y)
    @sync begin
        @spawn (@. x = -x)
        @spawn (@. y = -y)
    end    
end

x = rand(10_000_000)

function non_threaded(x)    
    a           = maximum(x)
    b           = sum(x)
    
    all_outputs = (a,b)
end

  7.705 ms (0 allocations: 0 bytes)

  3.131 ms (0 allocations: 0 bytes)

  10.917 ms (0 allocations: 0 bytes)



julia> @btime maximum($x)

julia> @btime sum($x)

julia> @btime multithreaded($x)

$V�ZH�FDQ�VHH��WKH�H[HFXWLRQ�WLPH�XQGHU�PXOWLWKUHDGHG�LV�URXJKO\�HTXLYDOHQW�WR�WKH�PD[LPXP�WLPH�IRU

D�VLQJOH�RSHUDWLRQ�WR�FRPSOHWH�LQ�LVRODWLRQ��1RQHWKHOHVV��WKLV�HTXLYDOHQFH�LVQ
W�H[DFW��7KH�UHDVRQ�LV�WKDW

PXOWLWKUHDGLQJ� KDV� D� QRQ�QHJOLJLEOH� RYHUKHDG�� VWHPPLQJ� IURP� WKH� FUHDWLRQ� DQG� VFKHGXOLQJ� RI

WDVNV��7KLV�GHWHUPLQHV�PXOWLWKUHDGLQJ� LVQ
W�EHQHíFLDO� IRU�RSHUDWLRQV� LQYROYLQJ�VPDOO�REMHFWV��DV

WKH�DGGHG�RYHUKHDG�QHJDWHV�DQ\�SRWHQWLDO�EHQHíWV�

7R� LOOXVWUDWH� WKLV�� OHW
V�FRPSDUH� WKH�H[HFXWLRQ� WLPHV�RI�D�VHTXHQWLDO�DQG�PXOWLWKUHDGHG�DSSURDFK� IRU

GLìHUHQW�VL]HV�RI� x ��,Q�WKH�FDVH�FRQVLGHUHG��WKH�VLQJOH�WKUHDGHG�DSSURDFK�GRPLQDWHV�IRU�VL]HV�VPDOOHU

WKDQ���������

julia> @btime foo($x_small)

julia> @btime foo($x_medium)

julia> @btime foo($x_big)

x = rand(10_000_000)

function multithreaded(x)    
    task_a      = @spawn maximum(x)
    task_b      = @spawn sum(x)
    
    all_tasks   = (task_a, task_b)
    all_outputs = fetch.(all_tasks)
end

  7.705 ms (0 allocations: 0 bytes)

  3.131 ms (0 allocations: 0 bytes)

  7.741 ms (21 allocations: 1.250 KiB)

x_small  = rand(    1_000)
x_medium = rand(  100_000)
x_big    = rand(1_000_000)

function foo(x)    
    a           = maximum(x)
    b           = sum(x)
    
    all_outputs = (a,b)
end

  866.758 ns (0 allocations: 0 bytes)

  59.934 μs (0 allocations: 0 bytes)

  620.869 μs (0 allocations: 0 bytes)



julia> @btime foo($x_small)

julia> @btime foo($x_medium)

julia> @btime foo($x_big)

x_small  = rand(    1_000)
x_medium = rand(  100_000)
x_big    = rand(1_000_000)

function foo(x)    
    task_a      = @spawn maximum(x)
    task_b      = @spawn sum(x)
    
    all_tasks   = (task_a, task_b)
    all_outputs = fetch.(all_tasks)
end

  3.245 μs (14.33 allocations: 1.068 KiB)

  55.853 μs (21 allocations: 1.250 KiB)

  549.445 μs (21 allocations: 1.250 KiB)



11d. Thread-Safe Operations

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

0XOWLWKUHDGLQJ� DOORZV� UXQQLQJ� PXOWLSOH� WKUHDGV� VLPXOWDQHRXVO\� LQ� D� VLQJOH� SURFHVV�� HQDEOLQJ

RSHUDWLRQV�WR�EH�H[HFXWHG�LQ�SDUDOOHO�ZLWKLQ�WKH�VDPH�FRPSXWHU��8QOLNH�RWKHU�IRUPV�RI�SDUDOOHOL]DWLRQ

VXFK� DV� PXOWLSURFHVVLQJ�� PXOWLWKUHDGLQJ� LV� GLVWLQJXLVKHG� E\� WKH� VKDULQJ� RI� D� FRPPRQ� PHPRU\

VSDFH�DPRQJ�DOO�WDVNV�

7KLV�VKDUHG�PHPRU\�HQYLURQPHQW�LQWURGXFHV�VHYHUDO�FRPSOH[LWLHV��GHWHUPLQLQJ�WKDW�UXQQLQJ�FRGH�LQ

SDUDOOHO�PD\� FUHDWH� VLGH�HìHFWV� LI� KDQGOHG� LPSURSHUO\�� %DVLFDOO\�� WKH� LVVXH� DULVHV�ZKHQ�PXOWLSOH

WKUHDGV� DFFHVV� DQG� PRGLI\� VKDUHG� GDWD�� SRWHQWLDOO\� FDXVLQJ� XQLQWHQGHG� FRQVHTXHQFHV� LQ� RWKHU

WKUHDGV�� 7KHVH� SRWHQWLDO� LVVXHV� KDYH� OHG� WR� WKH� FRQFHSW� RI� thread-safe operations�� 7KH\
UH

FKDUDFWHUL]HG� E\� WKH� SRVVLELOLW\� RI� EHLQJ� H[HFXWHG� LQ� SDUDOOHO� ZLWKRXW� FDXVLQJ� DQ\� LVVXHV� �H�J��� GDWD

FRUUXSWLRQ��LQFRQVLVWHQFLHV��RU�FUDVKHV��

7KH� VHFWLRQ� VWDUWV� E\� LGHQWLI\LQJ� IHDWXUHV� WKDW�PDNH� RSHUDWLRQV� XQVDIH�� 7KH\
OO� UHYHDO� WKDW� FRPPRQ

RSHUDWLRQV� VXFK�DV� UHGXFWLRQV�DUHQ
W� WKUHDG� VDIH�� JLYLQJ� ULVH� WR� LQFRUUHFW� UHVXOWV� LI�PXOWLWKUHDGLQJ� LV

DSSOLHG�QDLYHO\��:H
OO�DOVR�H[SORUH�WKH�FRQFHSW�RI�HPEDUUDVVLQJO\�SDUDOOHO�SUREOHPV��ZKLFK�DUH�D�SULPH

H[DPSOH�RI�WKUHDG�VDIH�RSHUDWLRQV��$V�WKH�QDPH�VXJJHVWV��WKHVH�SUREOHPV�FDQ�EH�SDUDOOHOL]HG�GLUHFWO\�

ZLWKRXW�UHTXLULQJ�VLJQLíFDQW�SURJUDP�DGDSWDWLRQV�

UNSAFE OPERATIONS

:H�VWDUW�E\�SUHVHQWLQJ�VRPH�RSHUDWLRQV�WKDW�DUHQ
W�WKUHDG�VDIH��7KH�H[DPSOHV�KLJKOLJKW�WKH�QHHG�IRU

FDXWLRQ� ZKHQ� WDVNV� H[KLELW� VRPH� GHJUHH� RI� GHSHQGHQF\�� HLWKHU� LQ� WHUPV� RI� RSHUDWLRQV� RU� VKDUHG

UHVRXUFHV�

WRITING ON A SHARED VARIABLE

7KH�IROORZLQJ�H[DPSOH�KLJKOLJKWV�WKH�SRWHQWLDO�SLWIDOOV�RI�ZULWLQJ�WR�D�VKDUHG�YDULDEOH� LQ�D�FRQFXUUHQW

HQYLURQPHQW��7KH�VFHQDULR�FRQVLGHUHG�LV�VXFK�WKDW�D�VFDODU�YDULDEOH� output �LV�LQLWLDOL]HG�WR�]HUR��7KHQ�

WKLV�YDOXH�LV�XSGDWHG�ZLWKLQ�D�IRU�ORRS�WKDW�LWHUDWHV�WZLFH��ZLWK� output �VHW�WR� i � LQ�WKH� i�WK�LWHUDWLRQ�

7KH�VFULSW�LV�DV�IROORZV�

https://alfaromartino.github.io/


julia> foo()

julia> foo()

7R�LOOXVWUDWH�WKH�FKDOOHQJHV�RI�FRQFXUUHQW�H[HFXWLRQ��ZH
YH�GHOLEHUDWHO\�LQWURGXFHG�D�GHFUHDVLQJ�GHOD\

EHIRUH�XSGDWLQJ� output ��7KLV�GHOD\� LV� LPSOHPHQWHG�XVLQJ� sleep(1/i) ��FDXVLQJ�WKH�íUVW� LWHUDWLRQ�WR

SDXVH� IRU� �� VHFRQG� DQG� WKH� VHFRQG� LWHUDWLRQ� WR� SDXVH� IRU� KDOI� D� VHFRQG�� $OWKRXJK� WKLV� GHOD\� LV

DUWLíFLDOO\� LQWURGXFHG� WKURXJK� sleep �� LW� UHSUHVHQWV� WKH� SRWHQWLDO� GHOD\V� FDXVHG� E\� LQWHUPHGLDWH

FRPSXWDWLRQV��ZKLFK�FRXOG�SUHYHQW�DQ�LPPHGLDWH�XSGDWH�RI� output �

7KH�GHOD\�LV�LQFRQVHTXHQWLDO�IRU�D�VHTXHQWLDO�SURFHGXUH��ZLWK� output �WDNLQJ�RQ�WKH�YDOXHV�������DQG��

DV�WKH�SURJUDP�SURJUHVVHV��+RZHYHU��ZKHQ�H[HFXWHG�FRQFXUUHQWO\��WKH�íUVW� LWHUDWLRQ�FRPSOHWHV�RQO\

DIWHU�WKH�VHFRQG�LWHUDWLRQ�KDV�íQLVKHG��$V�D�UHVXOW��WKH�VHTXHQFH�RI�YDOXHV�IRU� output �LV�������DQG���

:KLOH�WKH�SUREOHP�PD\�VHHP�DSSDUHQW��LW�FDQ�PDQLIHVW�LQ�PRUH�FRPSOH[�DQG�VXEWOH�ZD\V��,Q�IDFW��WKH

LVVXH�FDQ�EH�H[DFHUEDWHG�ZKHQ�HDFK�LWHUDWLRQ�DGGLWLRQDOO\�LQYROYHV�UHDGLQJ�D�VKDUHG�YDULDEOH��1H[W��ZH

FRQVLGHU�D�VFHQDULR�OLNH�WKLV�

READING AND WRITING A SHARED VARIABLE

5HDGLQJ�DQG�ZULWLQJ�VKDUHG�GDWD�GRHVQ
W�QHFHVVDULO\�FDXVH�SUREOHPV��)RU�LQVWDQFH��ZH
OO�GHPRQVWUDWH

WKDW�D�SDUDOOHO� IRU�ORRS�FDQ�VDIHO\�PXWDWH�D�YHFWRU��HYHQ�WKRXJK�PXOWLSOH�WKUHDGV�DUH�VLPXOWDQHRXVO\

PRGLI\LQJ� D� VKDUHG� REMHFW� �WKH� YHFWRU��� +RZHYHU�� LQ� VFHQDULRV� ZKHUH� UHDGLQJ� DQG�ZULWLQJ� VKDUHG

GDWD� LV� VHQVLWLYH� WR� WKH� VSHFLíF�RUGHU� RI� WKUHDG�H[HFXWLRQ�� LW� FDQ� JLYH� ULVH� WR� D�data race� �DOVR

NQRZQ� DV� race condition��� 7KH� QDPH� UHîHFWV� WKDW� WKH� íQDO� RXWSXW� ZLOO� FKDQJH� LQ� HDFK� H[HFXWLRQ�

GHSHQGLQJ�RQ�ZKLFK�WKUHDG�íQLVKHV�DQG�PRGLíHV�WKH�GDWD�ODVW�

function foo()
    output = 0

    for i in 1:2
        sleep(1/i)
        output = i
    end

    return output
end

2

function foo()
    output = 0

    @threads for i in 1:2
        sleep(1/i)
        output = i
    end

    return output
end

1



7R� LOOXVWUDWH� WKH� LVVXH�� OHW
V� NHHS� XVLQJ� DQ� H[DPSOH� VLPLODU� WR� WKH� RXWOLQHG� DERYH�� :H� PRGLI\� WKH

H[DPSOH�E\�LQWURGXFLQJ�WKH�YDULDEOH� temp ��ZKRVH�YDOXH�LV�XSGDWHG�LQ�HDFK�LWHUDWLRQ��0RUHRYHU��WKLV�LV

D� YDULDEOH� VKDUHG� DFURVV� WKUHDGV�� DQG� LV� XVHG� WR� PXWDWH� WKH� i�WK� HQWU\� RI� D� YHFWRU� output �� %\

LQWURGXFLQJ�D�GHOD\�EHIRUH�ZULWLQJ�HDFK�HQWU\�RI� output ��WKH�H[DPSOH�VKRZV�WKDW�DOO�WKUHDGV�HQG�XS

XVLQJ�WKH�ODVW�YDOXH�RI� temp ��ZKLFK�LV���

julia> foo()

julia> foo()

function foo()
    out  = zeros(Int, 2)
    temp = 0

    for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 1
 2

function foo()
    out  = zeros(Int, 2)
    temp = 0

    @threads for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 1
 1



julia> foo()

$V�WKH�ODVW�WDE�VKRZV��WKH�LVVXH�FDQ�EH�HDVLO\�FLUFXPYHQWHG�LQ�WKLV�FDVH��7KH�VROXWLRQ�VLPSO\�UHTXLUHV

GHíQLQJ� temp �DV�D�ORFDO�YDULDEOH��ZKLFK�LV�DFKLHYHG�E\�DYRLGLQJ�LWV�LQLWLDOL]DWLRQ�RXW�RI�WKH�IRU�ORRS��%\

GRLQJ�VR��HDFK�WKUHDG�ZLOO�UHIHU�WR�LWV�RZQ�ORFDO�FRS\�RI� temp �

%H\RQG�WKLV�VSHFLíF�VROXWLRQ��WKH�H[DPSOH�DLPV�WR�KLJKOLJKW�WKH�VXEWOHWLHV�RI�SDUDOOHOL]LQJ�RSHUDWLRQV�

7R�IXUWKHU�LOOXVWUDWH�LW��ZH�QH[W�H[DPLQH�D�PRUH�FRPPRQ�VFHQDULR�ZKHUH�GDWD�UDFHV�RFFXU��UHGXFWLRQV�

RACE CONDITIONS WITH REDUCTIONS

7R�LOOXVWUDWH�WKH�LVVXH�ZLWK�UHGXFWLRQV��OHW
V�FRQVLGHU�WKH�VXP�RSHUDWLRQ��7KH�JLVW�RI�WKH�SUREOHP�OLHV�LQ

WKDW�WKH�YDULDEOH�DFFXPXODWLQJ�WKH�VXP�LV�DFFHVVHG�DQG�PRGLíHG�E\�DOO�WKUHDGV�LQ�HDFK�LWHUDWLRQ�

julia> foo(x)

function foo()
    out  = zeros(Int, 2)
    

    @threads for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 1
 2

x = rand(1_000_000)

function foo(x)
    output = 0.

    for i in eachindex(x)
        output += x[i]
    end

    return output
end

500658.01158503356



julia> foo(x)

julia> foo(x)

julia> foo(x)

7KH�NH\�LQVLJKW�IURP�WKLV�H[DPSOH�LVQ
W�WKDW�UHGXFWLRQV�DUH�LQFRPSDWLEOH�ZLWK�PXOWLWKUHDGLQJ��5DWKHU�

WKDW�WKH�VWUDWHJ\�WR�DSSO\�PXOWLWKUHDGLQJ�QHHGV�WR�EH�DGDSWHG�DFFRUGLQJO\�

,Q� WKH� IROORZLQJ�� ZH
OO� FRQVLGHU� WKH� VLPSOHVW� FDVH� WR� DSSO\� PXOWLWKUHDGLQJ�� ZKLFK� LV� UHIHUUHG� WR� DV

HPEDUUDVVLQJO\� SDUDOOHO�� ,WV� GLVWLQFWLYH� IHDWXUH� LV� WKDW� PXOWLWKUHDGLQJ� FDQ� EH� DSSOLHG� ZLWKRXW� DQ\

WUDQVIRUPDWLRQ�RI�WKH�GDWD��$IWHU�WKDW��ZH
OO�VKRZ�VFHQDULRV�WKDW�FDQ�KDQGOH�GHSHQGHQW�RSHUDWLRQV�OLNH

UHGXFWLRQV�

x = rand(1_000_000)

function foo(x)
    output = 0.

    @threads for i in eachindex(x)
        output += x[i]
    end

    return output
end

21534.22602627773

x = rand(1_000_000)

function foo(x)
    output = 0.

    @threads for i in eachindex(x)
        output += x[i]
    end

    return output
end

21342.557817155746

x = rand(1_000_000)

function foo(x)
    output = 0.

    @threads for i in eachindex(x)
        output += x[i]
    end

    return output
end

21664.133622716112



EMBARRASSINGLY PARALLEL PROBLEMS

7KH�VLPSOHVW�VFHQDULR�LQ�ZKLFK�PXOWLWKUHDGLQJ�FDQ�EH�DSSOLHG�LV�NQRZQ�DV�DQ�embarrassingly parallel

problem�� 7KH� WHUP� KLJKOLJKWV� WKH� HDVH� ZLWK� ZKLFK� FRGH� FDQ� EH� GLYLGHG� IRU� SDUDOOHO� H[HFXWLRQ�� ,W

FRPSULVHV� SURJUDPV� FRQVLVWLQJ� RI� PXOWLSOH� LQGHSHQGHQW� DQG� LGHQWLFDO� VXEWDVNV�� QRW� UHTXLULQJ

LQWHUDFWLRQ� ZLWK� RQH� DQRWKHU� WR� SURGXFH� WKH� íQDO� RXWSXW�� 7KLV� LQGHSHQGHQFH� DOORZV� IRU� VHDPOHVV

SDUDOOHOL]DWLRQ��SURYLGLQJ�FRPSOHWH�îH[LELOLW\�LQ�WKH�RUGHU�RI�WDVN�H[HFXWLRQ�

,Q�IRU�ORRSV��RQH�VWUDLJKWIRUZDUG�ZD\�WR�SDUDOOHOL]H�WKHVH�SUREOHPV�LV�JLYHQ�E\�WKH�PDFUR� @threads �

7KLV�LV�D�IRUP�RI�WKUHDG�EDVHG�SDUDOOHOLVP��ZKHUH�WKH�GLVWULEXWLRQ�RI�ZRUN�LV�EDVHG�RQ�WKH�QXPEHU�RI

WKUHDGV�DYDLODEOH�� 6SHFLíFDOO\�� @threads � DWWHPSWV� WR�HYHQO\�GLVWULEXWH� WKH� LWHUDWLRQV�� LQ�DQ�HìRUW� WR

EDODQFH�WKH�ZRUNORDG��7KH�DSSURDFK�FRQWUDVWV�ZLWK� @spawn ��ZKLFK�LV�D�WDVN�EDVHG�SDUDOOHOLVP�ZKHUH

LWHUDWLRQV� DUH� GLYLGHG� DFFRUGLQJ� KRZ� WKH� XVHU� KDV� PDQXDOO\� GHíQHG� WDVNV�� 8QOLNH� @spawn �� ZKLFK

UHTXLUHV�D�PDQXDO�V\QFKURQL]DWLRQ�RI�WKH�WDVNV�� @threads DXWRPDWLFDOO\�VFKHGXOHV�WKH�WDVNV�DQG�ZDLWV

IRU�WKHLU�FRPSOHWLRQ�EHIRUH�SURFHHGLQJ�ZLWK�DQ\�IXUWKHU�RSHUDWLRQV��7KLV�LV�GHPRQVWUDWHG�EHORZ�

julia> @btime foo($x_small)

julia> @btime foo($x_medium)

julia> @btime foo($x_big)

x_small  = rand(    1_000)
x_medium = rand(  100_000)
x_big    = rand(1_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = log(x[i])
    end

    return output
end

  3.043 μs (1 allocations: 7.938 KiB)

  315.751 μs (2 allocations: 781.297 KiB)

  3.326 ms (2 allocations: 7.629 MiB)



julia> @btime foo($x_small)

julia> @btime foo($x_medium)

julia> @btime foo($x_big)

,Q� WKH� QH[W� VHFWLRQ�� ZH� SURYLGH� D� WKRURXJK� DQDO\VLV� RI� WKH� GLìHUHQFHV� EHWZHHQ� @threads � DQG

@spawn �

x_small  = rand(    1_000)
x_medium = rand(  100_000)
x_big    = rand(1_000_000)

function foo(x)
    output = similar(x)

    @threads for i in eachindex(x)
        output[i] = log(x[i])
    end

    return output
end

  10.139 μs (122 allocations: 20.547 KiB)

  42.044 μs (123 allocations: 793.906 KiB)

  340.589 μs (123 allocations: 7.642 MiB)



11e. Parallel For-Loops: @threads

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

3DUDOOHOLVP�WHFKQLTXHV�DUH�DLPHG�DW�FRGH�WKDW�SHUIRUPV�PXOWLSOH�RSHUDWLRQV��7KLV�PDNHV�LW�D�QDWXUDO�íW

IRU�IRU�ORRSV��%\�XVLQJ�WKH�PDFUR� @spawn � LQWURGXFHG� LQ�WKH�SUHYLRXV�VHFWLRQ��ZH�FDQ�SDUDOOHOL]H�IRU�

ORRSV� WKURXJK� WDVN�EDVHG� SDUDOOHOLVP�� ,Q� DQ� XSFRPLQJ� VHFWLRQ�� ZH
OO� GHPRQVWUDWH� WKDW� @spawn � LV

îH[LEOH� HQRXJK� WR� VSOLW� LWHUDWLRQV� LQWR� WDVNV� LQ� YDULRXV� ZD\V�� )RU� QRZ�� ZH
OO� FRQVLGHU� D� VLPSOH

�LQHïFLHQW��FDVH�ZKHUH�HDFK�LWHUDWLRQ�GHíQHV�D�VHSDUDWH�WDVN��7KH�FRGLQJ�LPSOHPHQWLQJ�WKLV�WHFKQLTXH

LV�VKRZQ�EHORZ�

:KHQ�WKHUH�DUH�RQO\�D� IHZ� LWHUDWLRQV� LQYROYHG� LQ�D� IRU�ORRS��FUHDWLQJ�RQH�WDVN�SHU� LWHUDWLRQ�FDQ�EH�D

VWUDLJKWIRUZDUG� DQG� HìHFWLYH� ZD\� WR� SDUDOOHOL]H� WKH� FRGH�� +RZHYHU�� DV� WKH� QXPEHU� RI� LWHUDWLRQV

LQFUHDVHV��WKH�DSSURDFK�EHFRPHV�OHVV�HïFLHQW�GXH�WR�WKH�RYHUKHDG�RI�WDVN�FUHDWLRQ��7R�PLWLJDWH�WKLV

LVVXH��ZH�QHHG�WR�FRQVLGHU�DOWHUQDWLYH�ZD\V�RI�SDUDOOHOL]LQJ�IRU�ORRSV�

2QH� VXFK� DOWHUQDWLYH� LV� WR� FUHDWH� WDVNV� WKDW� HQFRPSDVV� PXOWLSOH� LWHUDWLRQV�� UDWKHU� WKDQ� MXVW� RQH

LWHUDWLRQ�SHU�WDVN��7KH�WHFKQLTXHV�WR�GR�WKLV��ZKLFK�ZLOO�EH�H[SORUHG�LQ�IROORZLQJ�VHFWLRQV��RìHUV�PRUH

JUDQXODU�FRQWURO��EXW�DW�WKH�H[SHQVH�RI�DGGLQJ�VXEVWDQWLDO�FRPSOH[LW\�WR�WKH�FRGH�

@sync begin
    for i in 1:4
        @spawn println("Iteration $i is computed on Thread $(threadid())")
    end
end

Iteration 1 is computed on Thread 1
Iteration 2 is computed on Thread 2
Iteration 4 is computed on Thread 2
Iteration 3 is computed on Thread 2

@sync begin
    @spawn println("Iteration 1 is computed on Thread $(threadid())")
    @spawn println("Iteration 2 is computed on Thread $(threadid())")
    @spawn println("Iteration 3 is computed on Thread $(threadid())")
    @spawn println("Iteration 4 is computed on Thread $(threadid())")
end

Iteration 1 is computed on Thread 1
Iteration 2 is computed on Thread 2
Iteration 3 is computed on Thread 1
Iteration 4 is computed on Thread 2

https://alfaromartino.github.io/


,Q� OLJKW� RI� WKLV�� -XOLD� SURYLGHV� WKH� @threads � PDFUR� IURP� WKH� SDFNDJH� Threads �� ZLWK� WKH� JRDO� RI

UHGXFLQJ� WKH�RYHUKHDG�RI� WDVN� FUHDWLRQ�ZKLOH� NHHSLQJ� WKH�SDUDOOHOL]DWLRQ� VLPSOH�� 7KLV� LV� DFKLHYHG�E\

GLYLGLQJ� WKH� VHW� RI� LWHUDWLRQV� HYHQO\� DPRQJ� WKUHDGV�� WKHUHE\� UHVWULFWLQJ� WKH� FUHDWLRQ� RI� WDVNV� WR� WKH

QXPEHU�RI�WKUHDGV�DYDLODEOH�

7KH� IROORZLQJ� H[DPSOH� GHPRQVWUDWHV� WKH� LPSOHPHQWDWLRQ� RI� @threads �� KLJKOLJKWLQJ� LWV� GLìHUHQFH

IURP� WKH� DSSURDFK� XVLQJ� @spawn �� 7KH� VFHQDULR� FRQVLGHUHG� LV� EDVHG� RQ� �� LWHUDWLRQV� DQG� �� ZRUNHU

WKUHDGV��ZKHUH�ZH�DOVR�GLVSOD\�WKH�WKUHDG�RQ�ZKLFK�HDFK�LWHUDWLRQ�LV�H[HFXWHG��7KLV�LV�DFKLHYHG�E\�WKH

threadid() �IXQFWLRQ��ZKLFK�LGHQWLíHV�WKH�,'�RI�WKH�WKUHDG�FRPSXWLQJ�WKH�RSHUDWLRQ�

Iteration 1 is computed on Thread 1
Iteration 2 is computed on Thread 1
Iteration 3 is computed on Thread 1
Iteration 4 is computed on Thread 1

Iteration 1 is computed on Thread 1
Iteration 2 is computed on Thread 1
Iteration 3 is computed on Thread 2
Iteration 4 is computed on Thread 2

Iteration 2 is computed on Thread 2
Iteration 1 is computed on Thread 1
Iteration 4 is computed on Thread 2
Iteration 3 is computed on Thread 2

7KH�NH\�GLVWLQFWLRQ�EHWZHHQ� @threads �DQG� @spawn � OLHV� LQ�WKHLU� WKUHDG�DOORFDWLRQ�VWUDWHJLHV��7KUHDG

DVVLJQPHQWV�ZLWK� @threads �DUH�SUHGHWHUPLQHG��EHIRUH�WKH�IRU�ORRS�EHJLQV�� WKH�PDFUR�SUH�DOORFDWHV

WKUHDGV�DQG�GLVWULEXWHV� LWHUDWLRQV�HYHQO\��7KXV��HDFK�WKUHDG� LV�DVVLJQHG�D�í[HG�QXPEHU�RI� LWHUDWLRQV

XSIURQW�� FUHDWLQJ�D�SUHGLFWDEOH�ZRUNORDG�GLVWULEXWLRQ�� ,Q� WKH�H[DPSOH�� WKH� IHDWXUH� LV� UHîHFWHG� LQ� WKH

DOORFDWLRQ�RI�WZR�LWHUDWLRQV�SHU�WKUHDG��,Q�FRQWUDVW�� @spawn �FUHDWHV�D�VHSDUDWH�WDVN�IRU�HDFK�LWHUDWLRQ�

G\QDPLFDOO\� VFKHGXOLQJ� WKHP�DV� VRRQ� DV� D� WKUHDG� EHFRPHV� DYDLODEOH�� 7KLV�PHWKRG� DOORZV� IRU�PRUH

îH[LEOH�WKUHDG�XWLOL]DWLRQ��ZLWK�WDVN�DVVLJQPHQWV�DGDSWLQJ�LQ�UHDO�WLPH�WR�WKH�FXUUHQW�V\VWHP�ORDG�DQG

DYDLODEOH�WKUHDG�FDSDFLW\��)RU�LQVWDQFH��LQ�WKH�JLYHQ�H[DPSOH��RQH�WKUHDG�HQGHG�FRPSXWLQJ�WKUHH�RXW

RI�WKH�IRXU�LWHUDWLRQV�

for i in 1:4
    println("Iteration $i is computed on Thread $(threadid())")
end

@threads for i in 1:4
    println("Iteration $i is computed on Thread $(threadid())")
end

@sync begin
    for i in 1:4
        @spawn println("Iteration $i is computed on Thread $(threadid())")
    end
end



@SPAWN VS @THREADS

7KH� PDFURV� @threads � DQG� @spawn � HPERG\� WZR� GLVWLQFW� DSSURDFKHV� WR� ZRUN� GLVWULEXWLRQ�� WKXV

FDWHULQJ�WR�GLìHUHQW�W\SHV�RI�VFHQDULRV��%\�FRPSDULQJ�WKH�FUHDWLRQ�RI�RQH�WDVN�SHU�LWHUDWLRQ�UHODWLYH�WR

@threads ��ZH�FDQ�KLJKOLJKW�WKH�LQKHUHQW�WUDGH�RìV�LQYROYHG�LQ�SDUDOOHOL]LQJ�FRGH�

@threads � HPSOR\V� D� FRDUVH�JUDLQHG� DSSURDFK�� PDNLQJ� LW� ZHOO�VXLWHG� IRU� ZRUNORDGV� ZLWK� VLPLODU

FRPSXWDWLRQDO�UHTXLUHPHQWV��%\�UHGXFLQJ�WKH�RYHUKHDG�DVVRFLDWHG�ZLWK�WDVN�FUHDWLRQ�� WKLV�DSSURDFK

H[FHOV� LQ� VFHQDULRV� ZKHUH� WDVNV� KDYH� FRPSDUDEOH� H[HFXWLRQ� WLPHV�� +RZHYHU�� LW
V� OHVV� HìHFWLYH� LQ

KDQGOLQJ� ZRUNORDGV� ZLWK� XQEDODQFHG� H[HFXWLRQ� WLPHV�� ZKHUH� VRPH� LWHUDWLRQV� DUH� FRPSXWDWLRQDOO\

LQWHQVLYH�ZKLOH�RWKHUV�DUH�UHODWLYHO\�OLJKWZHLJKW�

,Q�FRQWUDVW�� @spawn �DGRSWV�D�íQH�JUDLQHG�DSSURDFK��WUHDWLQJ�HDFK�LWHUDWLRQ�DV�D�VHSDUDWH�WDVN�WKDW�FDQ

EH� VFKHGXOHG� LQGHSHQGHQWO\�� 7KLV� DOORZV� IRU�PRUH�îH[LEOH�ZRUN�GLVWULEXWLRQ��ZLWK� WDVNV� G\QDPLFDOO\

DOORFDWHG� WR� DYDLODEOH� WKUHDGV�DV� VRRQ�DV� WKH\�EHFRPH�DYDLODEOH��$V� D� UHVXOW�� @spawn � LV� SDUWLFXODUO\

ZHOO�VXLWHG� IRU� VFHQDULRV� ZLWK� YDU\LQJ� FRPSXWDWLRQDO� HìRUWV�� ZKHUH� LWHUDWLRQ� FRPSOHWLRQ� WLPHV� FDQ

GLìHU� VLJQLíFDQWO\�� :KLOH� WKLV� DSSURDFK� KDV� D� ELJJHU� RYHUKHDG� GXH� WR� WKH� FUHDWLRQ� RI� QXPHURXV

VPDOOHU�WDVNV��LW�VLPXOWDQHRXVO\�HQDEOHV�PRUH�HïFLHQW�UHVRXUFH�XWLOL]DWLRQ��7KLV�LV�EHFDXVH�QR�WKUHDG

UHPDLQV�LGOH�ZKLOH�WDVNV�DZDLW�FRPSXWDWLRQ�

,Q�WKH�IROORZLQJ��ZH�GHPRQVWUDWH�WKH�HïFLHQF\�RI�WKH�DSSURDFKHV�XQGHU�HDFK�VFHQDULR��:LWK�WKLV�JRDO�

FRQVLGHU� D� VLWXDWLRQ� ZKHUH� WKH� i�WK� LWHUDWLRQ� FRPSXWHV� job(i;time_working) �� 7KLV� IXQFWLRQ

UHSUHVHQWV�VRPH�FDOFXODWLRQV�WKDW�DUH�SHUIRUPHG�GXULQJ� time_working �VHFRQGV��,W
V�IRUPDOO\�GHíQHG

DV�IROORZV�

1RWH�WKDW� job �DGGLWLRQDOO\�LGHQWLíHV�WKH�WKUHDG�RQ�ZKLFK�LW
V�UXQQLQJ�DQG�GLVSOD\V�LW�RQ�WKH�5(3/�

%DVHG�RQ�D�IRU�ORRS�ZLWK�IRXU�LWHUDWLRQV�DQG�D�VHVVLRQ�ZLWK�WZR�ZRUNHU�WKUHDGV��ZH�QH[W�FRQVLGHU�WZR

VFHQDULRV��7KH\�GLìHU�E\�WKH�FRPSXWDWLRQDO�ZRUNORDG�RI�WKH�LWHUDWLRQV�

SCENARIO 1: UNBALANCED WORKLOAD

7KH�íUVW�VFHQDULR�UHSUHVHQWV�D�VLWXDWLRQ�ZLWK�XQEDODQFHG�ZRUN��ZKHUH�VRPH�LWHUDWLRQV�UHTXLUH�PRUH

FRPSXWDWLRQDO�HìRUW��7KH�IHDWXUH�LV�FDSWXUHG�E\�DVVXPLQJ�WKDW�WKH�i�WK�LWHUDWLRQ�KDV�D�GXUDWLRQ�RI� i

VHFRQGV��$�YLVXDO�UHSUHVHQWDWLRQ�RI�WKH�SUREOHP�LV�DV�IROORZV�

;;;;;

function job(i; time_working)
    println("Iteration $i is on Thread $(threadid())")

    start_time = time()

    while time() - start_time < time_working
        1 + 1                  # compute `1+1` repeatedly during `time_working` seconds
    end    
end



:H�VWDUW�E\�SUHVHQWLQJ� WKH� FRGLQJ� LPSOHPHQWLQJ�HDFK�DSSURDFK�� DQG� WKHQ�SURYLGH�H[SODQDWLRQV� IRU

HDFK�

Iteration 1 is on Thread 1
Iteration 2 is on Thread 1
Iteration 3 is on Thread 1
Iteration 4 is on Thread 1
  10.000 s (40 allocations: 1.562 KiB)

Iteration 1 is on Thread 1
Iteration 3 is on Thread 2
Iteration 2 is on Thread 1
Iteration 4 is on Thread 2
  7.000 s (51 allocations: 2.625 KiB)

Iteration 1 is on Thread 1
Iteration 2 is on Thread 2
Iteration 3 is on Thread 1
Iteration 4 is on Thread 2
  6.000 s (69 allocations: 3.922 KiB)

*LYHQ� WKH� H[HFXWLRQ� WLPHV� IRU� HDFK� LWHUDWLRQ�� D� VHTXHQWLDO� DSSURDFK�ZRXOG� WDNH� ��� VHFRQGV�� $V� IRU

SDUDOOHO� LPSOHPHQWDWLRQV�� @threads � HQVXUHV� WKDW� WKHUH� DUH� DV� PDQ\� WDVNV� FUHDWHG� DV� QXPEHU� RI

WKUHDGV�� ,Q� WKH�H[DPSOH�� WKLV�PHDQV� WKDW� WKHUH� WZR� WDVNV�DUH� FUHDWHG��ZLWK� WKH�íUVW� WDVN� FRPSXWLQJ

LWHUDWLRQV���DQG����DQG�WKH�VHFRQG�WDVN�FRPSXWLQJ�LWHUDWLRQV���DQG����$V�D�UHVXOW��WKH�RYHUDOO�H[HFXWLRQ

WLPH�LV�UHGXFHG�WR���VHFRQGV�

,Q�FRQWUDVW�� @spawn �FUHDWHV�D�VHSDUDWH�WDVN�IRU�HDFK�LWHUDWLRQ��ZKLFK�LQFUHDVHV�WKH�RYHUKHDG�RI�WDVN

FUHDWLRQ��$OWKRXJK�WKH�RYHUKHDG� LV�QHJOLJLEOH� LQ� WKLV�H[DPSOH�� LW�FDQ�EH�DSSUHFLDWHG� LQ� WKH� LQFUHDVHG

PHPRU\�DOORFDWLRQ��'HVSLWH� WKLV�GLVDGYDQWDJH�� WKH�DSSURDFK�DOORZV�HDFK� LWHUDWLRQ�WR�EH�H[HFXWHG�DV

VRRQ� DV� D� WKUHDG� EHFRPHV� DYDLODEOH�� *LYHQ� WKH� YDU\LQJ� H[HFXWLRQ� WLPHV� EHWZHHQ� LWHUDWLRQV�� WKLV

G\QDPLF�DOORFDWLRQ�EHFRPHV�DGYDQWDJHRXV��HQDEOLQJ�LWHUDWLRQV���DQG���WR�UXQ�LQ�SDUDOOHO�

function foo(nr_iterations)
    for i in 1:nr_iterations
      job(i; time_working = i)      
    end
end

function foo(nr_iterations)
    @threads for i in 1:nr_iterations
        job(i; time_working = i)        
    end
end

function foo(nr_iterations)
    @sync begin
        for i in 1:nr_iterations
            @spawn job(i; time_working = i)            
        end
    end
end



7KH�H[DPSOH�GHPRQVWUDWHV�WKLV��ZKHUH�LWHUDWLRQV���DQG���DUH�QRZ�H[HFXWHG�RQ�GLìHUHQW�WKUHDGV��6LQFH

WKH� íUVW� LWHUDWLRQ� RQO\� UHTXLUHV� RQH� VHFRQG�� WKH� WKUHDG� EHFRPHV� DYDLODEOH� WR� FRPSXWH� WKH� WKLUG

LWHUDWLRQ� LPPHGLDWHO\�� 7KH� íQDO� GLVWULEXWLRQ� RI� WDVNV� RQ� WKUHDGV� LV� VXFK� WKDW� LWHUDWLRQV� �� DQG� �� DUH

H[HFXWHG�RQ�RQH�WKUHDG��ZKLOH� LWHUDWLRQV���DQG���DUH�H[HFXWHG�RQ�WKH�RWKHU�WKUHDG��7KLV�UHVXOWV� LQ�D

WRWDO�H[HFXWLRQ�WLPH�RI���VHFRQGV�

SCENARIO 2: BALANCED WORKLOAD

&RQVLGHU�QRZ�D�VFHQDULR�ZKHUH�WKH�H[HFXWLRQ�RI� job �UHTXLUHV�H[DFWO\�WKH�VDPH�WLPH�UHJDUGOHVV�RI�WKH

LWHUDWLRQ�FRQVLGHUHG��7R�PDNH�WKH�RYHUKHDG�PRUH�DSSDUHQW��ZH
OO�XVH�D�ODUJHU�QXPEHU�RI�LWHUDWLRQV��,Q

WKLV� FRQWH[W�� @threads � HQVXUHV� SDUDOOHOL]DWLRQ� ZLWK� D� UHGXFHG� RYHUKHDG�� H[SODLQLQJ� ZK\� LW
V� IDVWHU

WKDQ�WKH�DSSURDFK�UHO\LQJ�RQ� @spawn �

julia> @btime foo(1_000_000)

julia> @btime foo(1_000_000)

julia> @btime foo(1_000_000)

function foo(nr_iterations)
    fixed_time = 1 / 1_000_000

    for i in 1:nr_iterations
      job(i; time_working = fixed_time)
    end
end

  1.717 s (without a warmup) (0 allocations: 0 bytes)

function foo(nr_iterations)
    fixed_time = 1 / 1_000_000

    @threads for i in 1:nr_iterations
        job(i; time_working = fixed_time)
    end
end

  858.399 ms (11 allocations: 1.094 KiB, without a warmup)

function foo(nr_iterations)
    fixed_time = 1 / 1_000_000

    @sync begin
        for i in 1:nr_iterations
            @spawn job(i; time_working = fixed_time)
        end
    end
end

  1.270 s (5000021 allocations: 498.063 MiB, 19.16% gc time, without a warmup)



11f. Applying Parallelization
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INTRODUCTION

6R�IDU��ZH
YH�H[SORUHG�WZR�DSSURDFKHV�IRU�SDUDOOHOL]LQJ�FRGH��WDLORUHG�WR�GLìHUHQW�VFHQDULRV��7KH�íUVW

RQH�ZDV� @spawn ��%\�DOORZLQJ�XV�WR�GHíQH�WKH�VSHFLíF�WDVNV�WR�EH�SURFHVVHG�� WKLV�SURYLGHV�JUDQXODU

FRQWURO� RYHU� WKH�SDUDOOHOL]DWLRQ�SURFHVV�� )RU� LWV�SDUW�� @threads � UHSUHVHQWV� D� VLPSOLíHG�DSSURDFK� WR

SDUDOOHOL]LQJ� IRU�ORRSV�� ZKHUH� WKH� WDVNV� VSDZQHG� DUH� DXWRPDWLFDOO\� KDQGOHG�� ,Q� SDUWLFXODU�� WKH\
UH

GHíQHG�EDVHG�RQ�WKH�QXPEHU�RI�DYDLODEOH�WKUHDGV�

$GGLWLRQDOO\�� ZH
YH� SRLQWHG� RXW� WKDW�� GXH� WR� LQKHUHQW� GHSHQGHQFLHV� EHWZHHQ� FRPSXWDWLRQV�� QRW� DOO

WDVNV�OHQG�WKHPVHOYHV�HTXDOO\�WR�SDUDOOHOL]DWLRQ��6SHFLíFDOO\��ZKHQ�WDVNV�DUHQ
W�HPEDUUDVVLQJO\�SDUDOOHO�

D�QDLYH�DSSURDFK�FDQ�OHDG�WR�VHYHUH�LVVXHV�OLNH�UDFH�FRQGLWLRQV�

$OO�WKLV�LPSOLHV�WKDW��WR�WKLV�SRLQW��RXU�GLVFXVVLRQ�KDV�EHHQ�H[FOXVLYHO\�IRFXVHG�RQ�WKH�V\QWD[�DQG�ZRUN

GLVWULEXWLRQ�RI� WKHVH�DSSURDFKHV��7KHUHIRUH��ZH�KDYH�\HW� WR�DGGUHVV�KRZ�WR�DSSO\�PXOWLWKUHDGLQJ� LQ

UHDO�VFHQDULRV��LQFOXGLQJ�VWUDWHJLHV�WR�GHDO�ZLWK�GHSHQGHQFLHV�

7KLV�VHFWLRQ�DQG� WKH�QH[W�RQH�DLP�WR�EULGJH� WKLV�JDS��SURYLGLQJ�SUDFWLFDO�JXLGDQFH�RQ� LPSOHPHQWLQJ

PXOWLWKUHDGLQJ��:LWK�WKLV�JRDO��ZH�EHJLQ�E\�VKRZLQJ�WKH�DGYDQWDJHV�RI�SDUDOOHOL]LQJ�DW�D�FRDUVH� OHYHO

FRPSDUHG�WR�SDUDOOHOL]DWLRQ�DW�LQGLYLGXDO�RSHUDWLRQV��$IWHU�WKLV��ZH�LQWURGXFH�D�PRUH�JHQHUDO�PHWKRG

EDVHG� RQ� @spawn � WR� SDUDOOHOL]H� IRU�ORRSV�� 7KLV� HQDEOHV� XV� WR� KDYH� FRQWURO� RYHU� WKH� SDUWLWLRQ� RI

LWHUDWLRQV�WKDW�GHíQH�WDVNV�� ,WV�PDLQ�DGYDQWDJH�LV�WKH�SURYLVLRQ�RI�D�îH[LEOH�GLVWULEXWLRQ�RI� LWHUDWLRQV

DPRQJ�WDVNV��WKXV�JLYLQJ�XV�IXUWKHU�FRQWURO�RYHU�WDVN�FUHDWLRQ��7KH�WHFKQLTXH�DOVR�PDNHV�LW�SRVVLEOH�WR

DSSO\�PXOWLWKUHDGLQJ�XQGHU�D�XELTXLWRXV�W\SH�RI�GHSHQGHQF\��UHGXFWLRQV�

BETTER TO PARALLELIZE AT THE TOP

*LYHQ� WKH�RYHUKHDG� LQYROYHG� LQ�PXOWLWKUHDGLQJ�� WKHUH
V� DQ� LQKHUHQW� WUDGH�Rì�EHWZHHQ� FUHDWLQJ�QHZ

WDVNV�DQG�XWLOL]LQJ�DOO�RXU�PDFKLQH�UHVRXUFHV��&RQVHTXHQWO\��ZH�PXVW�íUVW�FDUHIXOO\�FRQVLGHU�ZKHWKHU

SDUDOOHOL]LQJ�RXU�FRGH� LV�ZRUWK\��)RU� LQVWDQFH��PXOWLWKUHDGLQJ� LV�RQO\� MXVWLíHG�ZLWK�FROOHFWLRQV� LI� WKHLU

VL]HV� DUH� VXEVWDQWLDO� HQRXJK� WR� PDNH� XS� IRU� RYHUKHDG� LQYROYHG�� 2WKHUZLVH�� VLQJOH�WKUHDGHG

DSSURDFKHV�ZLOO�FRQVLVWHQWO\�RXWSHUIRUP�SDUDOOHOL]HG�RQHV�

,Q�FDVH�PXOWLWKUHDGLQJ�LV�ZRUWKZKLOH��ZH�LPPHGLDWHO\�IDFH�DQRWKHU�GHFLVLRQ��DW�ZKDW�OHYHO�WR�SDUDOOHOL]H

FRGH��,Q�WKH�IROORZLQJ��ZH
OO�GHPRQVWUDWH�WKDW�parallelism at the highest level possible is preferable

to multithreading individual operations�� 7KH� UHDVRQ� LV� WKDW� WKH� IRUPHU�PLQLPL]HV� WKH� RYHUKHDG

LQYROYHG�LQ�FUHDWLQJ�WDVNV��WKXV�UHVXOWLQJ�LQ�IDVWHU�H[HFXWLRQ�WLPHV�



1RWH� WKDW� WKH� OHYHO� RI� SDUDOOHOL]DWLRQ� LV� OLPLWHG� E\� WKH� GHJUHH� RI� GHSHQGHQFH� EHWZHHQ� RSHUDWLRQV�

H[SODLQLQJ� ZK\� ZH� TXDOLI\� WKH� KLJKHVW� OHYHO� DV� WKH� RQH� WKDW
V� possible�� )RU� LQVWDQFH�� LQ� SUREOHPV

UHTXLULQJ�VHULDO�FRPSXWDWLRQ��WKH�EHVW�ZH�FDQ�DFKLHYH�LV�D�SDUDOOHOL]DWLRQ�DW�HDFK�LQGLYLGXDO�VWHS�

7R�LOOXVWUDWH�DOO�WKLV��OHW
V�FRQVLGHU�D�IRU�ORRS�ZKHUH�HDFK�LWHUDWLRQ�QHHGV�WR�VHTXHQWLDOO\�FRPSXWH�WKUHH

RSHUDWLRQV�

JULIA'S DEFAULT

julia> @btime foo($x_small)

julia> @btime foo($x_large)

step1(a) = a ^ 2
step2(a) = sqrt(a)
step3(a) = log(a + 1)

function all_steps(a) 
   y      = step1(a)
   z      = step2(y)
   output = step3(z)

   return output
end

function foo(x)
   output = similar(x)

   for i in eachindex(output)
      output[i] = all_steps(x[i])
   end

   return output
end

x_small  = rand(  1_000)
x_large  = rand(100_000)

  4.923 μs (1 allocations: 7.938 KiB)

  507.797 μs (2 allocations: 781.297 KiB)



PARALLELIZATION AT THE HIGHEST LEVEL POSSIBLE

julia> @btime foo($x_small)

julia> @btime foo($x_large)

step1(a) = a ^ 2
step2(a) = sqrt(a)
step3(a) = log(a + 1)

function all_steps(a) 
   y      = step1(a)
   z      = step2(y)
   output = step3(z)

   return output
end

function foo(x)
   output = similar(x)

   @threads for i in eachindex(output)
      output[i] = all_steps(x[i])
   end

   return output
end

x_small  = rand(  1_000)
x_large  = rand(100_000)

  9.963 μs (122 allocations: 20.547 KiB)

  59.551 μs (123 allocations: 793.906 KiB)



EACH OPERATION PARALLELIZED

julia> @btime foo($x_small)

julia> @btime foo($x_big)

7KH� H[DPSOH� FOHDUO\� LOOXVWUDWHV� WKDW� SDUDOOHOL]DWLRQ� LV� RQO\� DGYDQWDJHRXV� ZKHQ� GHDOLQJ� ZLWK� ELJ

FROOHFWLRQV�� 7KLV� LV� HYLGHQFHG� E\� WKH� H[HFXWLRQ� WLPHV�� ZKHUH� PXOWLWKUHDGLQJ� LV� RQO\� IDVWHU� ZKHQ

x_large � LV� FRQVLGHUHG�� 6HFRQGO\�� DQ� DSSURDFK� ZKHUH� WDVNV� FRPSULVH� DOO� RSHUDWLRQV� LV� IDVWHU� WKDQ

PXOWLWKUHDGLQJ�HDFK�LQ�LVRODWLRQ��7KLV�LV�LQ�SDUW�UHîHFWHG�LQ�WKH�UHGXFHG�PHPRU\�DOORFDWLRQV�ZKHQ�DOO

RSHUDWLRQV�DUH�HQFRPSDVVHG�

IMPLICATIONS

7KH�VWUDWHJ\�RI�SDUDOOHOL]LQJ�FRGH�DW�WKH�WRS�OHYHO�KDV�VLJQLíFDQW�LPSOLFDWLRQV�IRU�ZULWLQJ�SURJUDPV��7KLV

LV�HVSHFLDOO\�WKH�FDVH�ZKHQ�WKH�FRGH�ZLOO�HYHQWXDOO\�EH�DSSOLHG�WR�PXOWLSOH�REMHFWV��,W�VXJJHVWV�WKDW�ZH

VKRXOG�VWDUW�E\�ZULWLQJ�FRGH� IRU�D�VLQJOH�REMHFW��ZLWKRXW�FRQVLGHULQJ�SDUDOOHOL]DWLRQ��2QFH� WKH�VLQJOH�

FDVH�FRGH�LV�WKRURXJKO\�RSWLPL]HG��SDUDOOHO�H[HFXWLRQ�FDQ�EH�VHDPOHVVO\�LQWHJUDWHG�DW�WKH�KLJKHVW�OHYHO�

7KH�DSSURDFK�QRW�RQO\�LPSURYHV�SHUIRUPDQFH��EXW�DOVR�VLPSOLíHV�WKH�FRGLQJ�SURFHVV�E\�VWUHDPOLQLQJ

WKH�GHEXJJLQJ�DQG�WHVWLQJ�RI�FRGH�

$� W\SLFDO� H[DPSOH� ZKHUH� WKLV� VWUDWHJ\� DULVHV� QDWXUDOO\� LV� VFLHQWLíF� VLPXODWLRQV�� ZKHUH� QXPHURXV

LQGHSHQGHQW� UXQV� RI� WKH� VDPH�PRGHO� DUH� H[HFXWHG�� ,Q� WKLV� FDVH�� WKH� EHVW� VWUDWHJ\� LV� WR� IRFXV� RQ� D

VLQJOH�WKUHDG� FRGHEDVH� IRU� WKH�PRGHO�� VXEVHTXHQWO\� SURFHVVLQJ� WKH� GLìHUHQW� UXQV� RI� WKH�PRGHO� LQ

SDUDOOHO�

step1(a) = a ^ 2
step2(a) = sqrt(a)
step3(a) = log(a + 1)

function parallel_step(f, x)
   output = similar(x)

   @threads for i in eachindex(output)      
      output[i] = f(x[i])
   end

   return output
end

function foo(x)
   y      = parallel_step(step1, x)
   z      = parallel_step(step2, y)
   output = parallel_step(step3, z)
   
   return output
end

x_small  = rand(  1_000)
x_large  = rand(100_000)

  35.938 μs (366 allocations: 61.641 KiB)

  87.746 μs (369 allocations: 2.326 MiB)



THE IMPORTANCE OF WORK DISTRIBUTION

0XOWLWKUHDGLQJ�SHUIRUPDQFH�LV�LQîXHQFHG�E\�WKH�EDODQFH�RI�FRPSXWDWLRQDO�ZRUNORDG�DFURVV�LWHUDWLRQV�

7KH� @threads �PDFUR�LV�KLJKO\�HìHFWLYH�ZKHQ�HDFK�LWHUDWLRQ�UHTXLUHV�D�URXJKO\�HTXDO�SURFHVVLQJ�WLPH�

7KLV� LV�EHFDXVH� WKH� WDVNV�VSDZQHG�ZLOO� FRPSULVH�DQ�HTXDO�DPRXQW�RI� LWHUDWLRQV��+RZHYHU�� VFHQDULRV

ZLWK�YDU\LQJ�FRPSXWDWLRQDO�HìRUW�FDQ�SRVH�VLJQLíFDQW�FKDOOHQJHV�� ,Q�WKRVH�FDVHV��VRPH�WKUHDGV�PD\

UHPDLQ� LGOH�� ZKLOH� RWKHUV� ZLOO� EH� KHDYLO\� ORDGHG�� 7KLV� PD\� GUDPDWLFDOO\� UHGXFH� WKH� SRWHQWLDO

SHUIRUPDQFH�JDLQV�RI�SDUDOOHO�SURFHVVLQJ�

7R�DGGUHVV�WKLV�LVVXH��ZH�QHHG�WR�KDYH�PRUH�FRQWURO�RYHU�KRZ�WR�GLVWULEXWH�ZRUN�DPRQJ�WKUHDGV��:LWK

WKH� WRROV� LQWURGXFHG� VR� IDU��ZH� FRXOG� HPSOR\� @spawn � WR�PDNH� HDFK� LWHUDWLRQ� UHSUHVHQW� D� GLìHUHQW

WDVN�� +RZHYHU�� WKLV� DSSURDFK� EHFRPHV� H[WUHPHO\� LQHïFLHQW� LI� WKHUH� LV� D� VXEVWDQWLDO� QXPEHU� RI

LWHUDWLRQV��7KH�UHDVRQ�LV�WKDW�GHíQLQJ�PDQ\�PRUH�WDVNV�WKDQ�WKH�QXPEHU�RI�WKUHDGV�DYDLODEOH�UHVXOWV

LQ� DQ� XQQHFHVVDU\� VXEVWDQWLDO� RYHUKHDG�� 7KH� IROORZLQJ� H[DPSOH� UHYHDOV� WKLV� IHDWXUH�� ZKHUH� WKH

H[HFXWLRQ�WLPH�RI�VSDZQLQJ�RQH�WDVN�SHU�LWHUDWLRQ�LV�H[WUHPHO\�VORZ�

@THREADS

julia> @btime foo($x)

@SPAWN

julia> @btime foo($x)

x = rand(10_000_000)

function foo(x)
    output = similar(x)
    
    @threads for i in eachindex(x)
        output[i] = log(x[i])
    end
    
    return output
end

  4.942 ms (123 allocations: 76.306 MiB)

x = rand(10_000_000)

function foo(x)
    output = similar(x)
    
    @sync for i in eachindex(x)
        @spawn output[i] = log(x[i])
    end
    
    return output
end

  9.983 s (60001697 allocations: 5.136 GiB)



7R�KDYH�PRUH�FRQWURO�RYHU�WKH�ZRUN�GLVWULEXWLRQ��ZH�QHHG�WR�SDUWLWLRQ�REMHFWV�LQWR�VPDOOHU�VXEVHWV�WKDW

FDQ� EH� SURFHVVHG� FRQFXUUHQWO\�� %HIRUH� H[SODLQLQJ� WKH� LPSOHPHQWDWLRQ� RI� WKH� WHFKQLTXH�� ZH� EHJLQ

VKRZLQJ�KRZ� WR�SDUWLWLRQ� D� FROOHFWLRQ� DQG� LWV� LQGLFHV�� 7KH�SURFHGXUH� UHOLHV� RQ� WKH� ChunkSplitters

SDFNDJH�

PARTITIONING COLLECTIONS

7KH�HDVLHVW�ZD\�WR�SDUWLWLRQ�D�FROOHFWLRQ� x �DQG�LWV�LQGLFHV� x �LV�WKURXJK�WKH�SDFNDJH� ChunkSplitters �

7KH� SDFNDJH� SURYLGHV� WZR� IXQFWLRQV� IRU� lazily� SDUWLWLRQLQJ� FDOOHG� chunks � DQG� index_chunks �� 7KH

IXQFWLRQV�DFFHSW� n �DQG� size �DV�NH\ZRUG�DUJXPHQWV��GHSHQGLQJ�RQ�WKH�SDUWLWLRQ�WR�EH�LPSOHPHQWHG�

6SHFLíFDOO\�� n �VSHFLíHV�WKH�QXPEHU�RI�VXEVHWV�LQ�ZKLFK�WKH�FROOHFWLRQ�VKRXOG�EH�GLYLGHG��ZKHUH�HDFK

VXEVHW
V� VL]H� DWWHPSWV� WR� GLVWULEXWH� HOHPHQWV� HYHQO\�� ,Q� FRQWUDVW�� size � SURYLGHV� WKH� QXPEHU� RI

HOHPHQWV�WKDW�HDFK�VXEVHW�VKRXOG�FRQWDLQ��6LQFH� size �FDQ
W�JXDUDQWHH�DQ�HYHQ�GLVWULEXWLRQ�DFURVV�DOO

VXEVHWV��LW
OO�DGMXVW�WKH�QXPEHU�RI�HOHPHQWV�LQ�RQH�RI�WKH�VXEVHWV�

7KH�IROORZLQJ�H[DPSOH�FRQVLGHUV�D�YDULDEOH� x �WKDW�FRPSULVHV�WKH����OHWWHUV�RI�WKH�DOSKDEHW��1RWH�WKDW

WKH�SUHVHQWDWLRQ�RI�WKH�RXWSXWV�XVHV� collect ��VLQFH� chunks �DQG� index chunks �DUH�OD]\�

PARTITION BY NUMBER OF CHUNKS

julia> collect(chunk_indices)

julia> collect(chunk_values)

x             = string.('a':'z')            # all letters from "a" to "z"

nr_chunks     = 5

chunk_indices = index_chunks(x, n = nr_chunks)
chunk_values  = chunks(x, n = nr_chunks)

5-element Vector{UnitRange{Int64}}:
 1:6
 7:11
 12:16
 17:21
 22:26

5-element Vector{SubArray{String, 1, Vector{String}, Tuple{UnitRange{Int64}}, true}}:
 ["a", "b", "c", "d", "e", "f"]
 ["g", "h", "i", "j", "k"]
 ["l", "m", "n", "o", "p"]
 ["q", "r", "s", "t", "u"]
 ["v", "w", "x", "y", "z"]



PARTITION BY SIZE OF CHUNKS

julia> collect(chunk_indices)

julia> collect(chunk_values)

2QH�FRPPRQ�ZD\�WR�DSSO\�SDUWLWLRQV�IRU�PXOWLWKUHDGLQJ�LV�E\�FRQVLGHULQJ�D�QXPEHU�RI�FKXQNV�WKDW�DUH

SURSRUWLRQDO� WR�WKH�QXPEHU�RI�ZRUNHU�WKUHDGV��0RUHRYHU�� LWHUDWLRQV�FDQ�EH�EDVHG�RQ� enumerate � WR

JHW�SDLUV�RI�FKXQN�LQGH[�DQG�HLWKHU�WKH�VXEFROOHFWLRQ�RU�VXELQGLFHV�

x             = string.('a':'z')            # all letters from "a" to "z"

chunk_length  = 10

chunk_indices = index_chunks(x, size = chunk_length)
chunk_values  = chunks(x, size = chunk_length)

3-element Vector{UnitRange{Int64}}:
 1:10
 11:20
 21:26

3-element Vector{SubArray{String, 1, Vector{String}, Tuple{UnitRange{Int64}}, true}}:
 ["a", "b", "c", "d", "e", "f", "g", "h", "i", "j"]
 ["k", "l", "m", "n", "o", "p", "q", "r", "s", "t"]
 ["u", "v", "w", "x", "y", "z"]



PARTITION BY NUMBER OF THREADS

julia> collect(chunk_indices)

julia> collect(chunk_iter)

julia> collect(chunk_values)

WORK DISTRIBUTION: DEFINING TASKS THROUGH CHUNKS

7R�GHíQH�WDVNV�WKURXJK�FKXQNV��ZH�QHHG�WR�SDUWLWLRQ�WKH�FROOHFWLRQ� LQWR�VPDOOHU�VXEVHWV�WKDW�FDQ�EH

SURFHVVHG� FRQFXUUHQWO\�� :H
YH� DOUHDG\� GLVFXVVHG� KRZ� WR� DSSO\� WKHVH� WHFKQLTXHV� XVLQJ� WKH

ChunkSplitters �SDFNDJH�

/HW
V�FRQVLGHU�D�VLPSOH�H[DPSOH�ZKHUH�ZH�ZDQW�WR�SDUDOOHOL]H�D�IRU�ORRS�

x             = string.('a':'z')            # all letters from "a" to "z"

nr_chunks     = nthreads()

chunk_indices = index_chunks(x, n = nr_chunks)
chunk_values  = chunks(x, n = nr_chunks)

chunk_iter    = enumerate(chunk_indices)    # pairs (i_chunk, chunk_index)

24-element Vector{UnitRange{Int64}}:
 1:2
 3:4
 ⋮
 25:25
 26:26

24-element Vector{Tuple{Int64, UnitRange{Int64}}}:
 (1, 1:2)
 (2, 3:4)
 ⋮
 (23, 25:25)
 (24, 26:26)

24-element Vector{SubArray{String, 1, Vector{String}, Tuple{UnitRange{Int64}}, true}}:
 ["a", "b"]
 ["c", "d"]
 ⋮
 ["y"]
 ["z"]



@THREADS

julia> @btime foo($x)

@SPAWN

julia> @btime foo($x)

@SPAWN (EQUIVALENT)

julia> @btime foo($x)

x = rand(10_000_000)

function foo(x)
    output = similar(x)
    
    @threads for i in eachindex(x)
        output[i] = log(x[i])
    end
    
    return output
end

  4.942 ms (123 allocations: 76.306 MiB)

x = rand(10_000_000)

function foo(x, nr_chunks)
    chunk_ranges = index_chunks(x, n=nr_chunks)
    output       = similar(x)

    @sync for chunk in chunk_ranges
        @spawn (@views @. output[chunk] = log(x[chunk]))
    end

    return output
end

  5.301 ms (156 allocations: 76.308 MiB)

x = rand(10_000_000)

function foo(x, nr_chunks)
    chunk_ranges = index_chunks(x, n=nr_chunks)
    output       = similar(x)
    task_indices = Vector{Task}(undef, nr_chunks)

    for (i, chunk) in enumerate(chunk_ranges)
        task_indices[i] = @spawn (@views @. output[chunk] = log(x[chunk]))
    end

    return wait.(task_indices)
end

  4.893 ms (148 allocations: 76.307 MiB)



7KH�DSSURDFK�SURYLGHV�PRUH�FRQWURO�RYHU� WKH�DOORFDWLRQ�RI� WDVNV� WR� WKUHDGV�� )RU� LQVWDQFH��ZH�FRXOG

GHíQH�WKH�QXPEHU�RI�FKXQNV�DV�SURSRUWLRQDO�WR�WKH�QXPEHU�RI�ZRUNHU�WKUHDGV�

@SPAWN

julia> @btime foo($x, 1 * nthreads())

julia> @btime foo($x, 2 * nthreads())

julia> @btime foo($x, 4 * nthreads())

@SPAWN

julia> @btime foo($x, 1 * nthreads())

julia> @btime foo($x, 2 * nthreads())

julia> @btime foo($x, 4 * nthreads())

x = rand(10_000_000)

function foo(x, nr_chunks)
    chunk_ranges = index_chunks(x, n=nr_chunks)
    output       = similar(x)

    @sync for chunk in chunk_ranges
        @spawn (@views @. output[chunk] = log(x[chunk]))
    end

    return output
end

  4.923 ms (156 allocations: 76.308 MiB)

  4.898 ms (301 allocations: 76.323 MiB)

  4.462 ms (589 allocations: 76.349 MiB)

x = rand(10_000_000)

function compute!(output, x, chunk)
     @turbo for j in chunk 
        output[j] = log(x[j])
     end
end

function foo(x, nr_chunks)
    chunk_ranges = index_chunks(x, n=nr_chunks)
    output       = similar(x)

    @sync for chunk in chunk_ranges
        @spawn compute!(output, x, chunk)
    end

    return output
end

  4.418 ms (132 allocations: 76.307 MiB)

  4.546 ms (253 allocations: 76.320 MiB)

  3.659 ms (493 allocations: 76.344 MiB)



PARALLEL REDUCTIONS

6R�IDU��RXU�H[SORUDWLRQ�RI�SDUDOOHOL]DWLRQ�KDV� IRFXVHG�RQ�FDVHV�ZLWK� LQGHSHQGHQW� WDVNV�� ,Q�SDUWLFXODU�

WKH� LWHUDWLRQV� LQ� IRU�ORRSV�ZHUH� LQGHSHQGHQW�� WKHUHE\� GHíQLQJ� DQ� HPEDUUDVVLQJO\� SDUDOOHO� SURJUDP�

7KLV� ZDV� D� GHOLEHUDWH� FKRLFH�� DV� QRW� DOO� WDVNV� OHQG� WKHPVHOYHV� WR� SDUDOOHOL]DWLRQ�� GXH� WR� LQKHUHQW

GHSHQGHQFLHV�EHWZHHQ�FRPSXWDWLRQV��,Q�SDUWLFXODU��ZKHQ�WDVNV�DUHQ
W�HPEDUUDVVLQJO\�SDUDOOHO��D�QDLYH

DSSURDFK� IRU� WKHLU� FRPSXWDWLRQ� FDQ� QRW� RQO\� OHDG� WR� LQHïFLHQFLHV�� EXW� DFWXDOO\� LQWURGXFH� FULWLFDO

LVVXHV��LQFOXGLQJ�LQFRUUHFW�UHVXOWV�

1RQHWKHOHVV��GHSHQGLQJ�RQ�WKH�QDWXUH�RI�WKH�GHSHQGHQF\��ZH�FDQ�DGDSW�RXU�SDUDOOHOL]DWLRQ�VWUDWHJ\�WR

VWLOO� EHQHíW� IURP�SDUDOOHOL]DWLRQ��2QH� VWUDWHJ\� LQYROYHV�GLYLGLQJ�D� ODUJH� WDVN� LQWR� smaller independent

sub-tasks� WKDW� FDQ� EH� H[HFXWHG� FRQFXUUHQWO\�� %\� GRLQJ� VR�� ZH� FDQ� H[HFXWH� WKH� VXEWDVNV� LQ� SDUDOOHO

ZLWKRXW� FRPSURPLVLQJ� WKH� FRUUHFWQHVV�RI� WKH� UHVXOWV�� DV� HDFK� VXE�WDVN� UHPDLQV� LQGHSHQGHQW�RI� WKH

RWKHUV��2QFH�DOO�VXE�WDVNV�FRPSOHWH��WKHLU�UHVXOWV�DUH�FRPELQHG�WR�JHQHUDWH�WKH�íQDO�RXWSXW�

7KH�DSSURDFK�LV�SDUWLFXODUO\�VXLWDEOH�IRU�UHGXFWLRQ�RSHUDWLRQV��0RUHRYHU��LWV�WHFKQLFDO�LPSOHPHQWDWLRQ

LV�D�YDULDQW�RI�WKH�SDUWLWLRQ�WHFKQLTXHV�SUHYLRXVO\�SUHVHQWHG��7R�LOOXVWUDWH�LW��ZH�FRQVLGHU�WKH�VLPSOHVW

VFHQDULR�SRVVLEOH��ZKHUH�ZH�VLPSO\�FRPSXWH�WKH�VXP�RI�HOHPHQWV�RI�D�YHFWRU� x �

JULIA'S DEFAULT (SEQUENTIAL)

julia> @btime foo($x)

x = rand(10_000_000)

function foo(x)
    output = 0.

    for i in eachindex(x)
        output += x[i]
    end

    output
end

  4.909 ms (0 allocations: 0 bytes)



@THREADS

julia> @btime foo($x)

@SPAWN

julia> @btime foo($x)

FALSE SHARING IN REDUCTIONS

&DFKH� FRQWHQWLRQ� UHSUHVHQWV� D�SHUIRUPDQFH� FKDOOHQJH�ZKHUH�PXOWLSOH�SURFHVVRU� FRUHV� FRPSHWH� IRU

VKDUHG�FDFKH�UHVRXUFHV��$�SDUWLFXODU�PDQLIHVWDWLRQ�RI�WKLV�LVVXH�NQRZQ�DV�false sharing�DULVHV�ZKHQ

PXOWLSOH� FRUHV�DFFHVV�GDWD� VWRUHG� LQ� WKH� VDPH� FDFKH� OLQH�� 7R�XQGHUVWDQG� WKLV� LVVXH�� LW
V� HVVHQWLDO� WR

JUDVS�KRZ�&38�FDFKHV�IXQFWLRQ�

3URFHVVRUV� XVH� FDFKHV� WR� VWRUH� FRSLHV� RI� IUHTXHQWO\� DFFHVVHG� GDWD�� 7KH\� UHSUHVHQW� D� VPDOOHU� DQG

IDVWHU�PHPRU\�XQLW�WKDQ�5$0��DQG�DUH�RUJDQL]HG�LQWR�í[HG�VL]H�EORFNV�FDOOHG�FDFKH�OLQHV��W\SLFDOO\���

E\WHV���:KHQ�GDWD�LV�QHHGHG��WKH�SURFHVVRU�íUVW�FKHFNV�WKH�FDFKH��,I�WKH�GDWD�LVQ
W�IRXQG��WKLV�PXVW�EH

UHWULHYHG�IURP�5$0�DQG�VWRUH�D�FRS\�LQ�WKH�FDFKH��D�SURFHVV�WKDW
V�VLJQLíFDQWO\�VORZHU�

:KHQ�PXOWLSOH� FRUHV� DFFHVV� GDWD� ZLWKLQ� WKH� VDPH� FDFKH� OLQH�� WKH� WUDQVIHU� RI� GDWD� IROORZV� D� FDFKH

FRKHUHQF\�SURWRFRO��7KLV�LV�GHVLJQHG�WR�PDLQWDLQ�GDWD�FRQVLVWHQF\�DFURVV�FRUHV��7KLV�SURWRFRO�FDQ�OHDG

WR� VLWXDWLRQV�ZKHUH�RQH� FRUH� DFFHVVHV�GDWD� WKDW� LVQ
W�PRGLíHG�E\� DQRWKHU� FRUH�� \HW� VKDUHV� D� FDFKH

x = rand(10_000_000)

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = Vector{Float64}(undef, length(chunk_ranges))
    
    @threads for (i,chunk) in enumerate(chunk_ranges)
        partial_outputs[i] = sum(@view(x[chunk]))
    end
    
    return sum(partial_outputs)
end

  1.163 ms (122 allocations: 13.234 KiB)

x = rand(10_000_000)

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = Vector{Float64}(undef, length(chunk_ranges))
         
    @sync for (i, chunk) in enumerate(chunk_ranges)
        @spawn partial_outputs[i] = sum(@view(x[chunk]))
    end
        
    return sum(partial_outputs)
end

  1.163 ms (155 allocations: 13.750 KiB)



EORFN�ZLWK�DOWHUHG�GDWD�� ,Q�VXFK�FDVHV�� WKH�HQWLUH�FDFKH� OLQH�PD\�EH� LQYDOLGDWHG�� IRUFLQJ�WKH�FRUHV�WR

UHORDG�WKH�HQWLUH�FDFKH�EORFN��GHVSLWH�WKHUH�EHLQJ�QR�ORJLFDO�QHFHVVLW\�WR�GR�VR��7KLV�SKHQRPHQRQ�LV

NQRZQ� DV� IDOVH� VKDULQJ�� DQG� FDQ� FDXVH� XQQHFHVVDU\� FDFKH� LQYDOLGDWLRQV� DQG� UHIHWFKHV�� 7KH

FRQVHTXHQFH� LV� D� VLJQLíFDQW� GHJUDGDWLRQ� RI� WKH� SURJUDP
V� SHUIRUPDQFH�� SDUWLFXODUO\� LI� WKUHDGV

IUHTXHQWO\�PRGLI\�WKHLU�YDULDEOHV�

:KLOH� IDOVH� VKDULQJ� FDQ� RFFXU� LQ� YDULRXV� PXOWLWKUHDGLQJ� VFHQDULRV�� LW
V� SDUWLFXODUO\� SUHYDOHQW� LQ

UHGXFWLRQ�RSHUDWLRQV��7KLV�FDVH�ZLOO�EH�RXU�IRFXV�QH[W�

AN ILLUSTRATION AND SOLUTIONS FOR REDUCTIONS

/HW
V� FRQVLGHU� D� VLPSOH� VFHQDULR� ZKHUH� WKH� HOHPHQWV� RI� D� YHFWRU� DUH� VXPPHG� DIWHU� DSSO\LQJ� D

ORJDULWKPLF�WUDQVIRUPDWLRQ��:H
OO�SUHVHQW�WZR�PXOWLWKUHDGHG�LPSOHPHQWDWLRQV�WR�LOOXVWUDWH�WKH�LPSDFW

RI�IDOVH�VKDULQJ�RQ�SHUIRUPDQFH�

7KH� íUVW� LPSOHPHQWDWLRQ� LV� D� QDLYH� DSSURDFK� WKDW� FORVHO\� UHVHPEOHV� D� W\SLFDO� VHTXHQWLDO

LPSOHPHQWDWLRQ�� ,WV� JRDO� LV� WR� LOOXVWUDWH� IDOVH� VKDULQJ�� 7KH� LVVXH�DULVHV�EHFDXVH�PXOWLSOH� WKUHDGV�DUH

UHSHDWHGO\�UHDGLQJ�DQG�ZULWLQJ�DGMDFHQW�PHPRU\�ORFDWLRQV�LQ�WKH� partial_outputs �YHFWRU��6LQFH�&38

FDFKH� OLQHV� W\SLFDOO\� VSDQ� VHYHUDO� YHFWRU� HOHPHQWV�� WKLV� OHDGV� WR� FDFKH� LQYDOLGDWLRQ� DQG� IRUFHG

V\QFKURQL]DWLRQ�EHWZHHQ�FRUHV�

,Q� FRQWUDVW�� WKH� VHFRQG� LPSOHPHQWDWLRQ� DYRLGV� IDOVH� VKDULQJ�� DQG�ZH
OO� DQDO\]H� ZK\� WKLV� LV� VR� DIWHU

SUHVHQWLQJ�WKH�FRGH�VQLSSHWV�

SEQUENTIAL

julia> @btime foo($x)

x = rand(10_000_000)

function foo(x)
    output = 0.

    for i in eachindex(x)
        output += log(x[i])
    end

    output
end

  33.629 ms (0 allocations: 0 bytes)



FALSE SHARING

julia> @btime foo($x)

LOCAL VARIABLE (@THREADS)

julia> @btime foo($x)

x = rand(10_000_000)

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = zeros(length(chunk_ranges))
    
    @threads for (i,chunk) in enumerate(chunk_ranges)
        for j in chunk
            partial_outputs[i] += log(x[j])
        end
    end
    
    return sum(partial_outputs)
end

  12.579 ms (122 allocations: 13.234 KiB)

x = rand(10_000_000)

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = zeros(length(chunk_ranges))
    
    @threads for (i,chunk) in enumerate(chunk_ranges)
        temp = 0.0
        for j in chunk
            temp += log(x[j])
        end
        partial_outputs[i] = temp
    end
    
    return sum(partial_outputs)
end

  3.579 ms (122 allocations: 13.234 KiB)



LOCAL VARIABLE (@SPAWN)

julia> @btime foo($x)

7R�DGGUHVV�IDOVH�VKDULQJ�LQ�SDUDOOHO�UHGXFWLRQV��WKHUH�DUH�VHYHUDO�VWUDWHJLHV�WKDW�FDQ�EH�HPSOR\HG��$OO

RI�WKHP�DLP�WR�SUHYHQW�WKUHDGV�IURP�UHSHDWHGO\�DFFHVVLQJ�WKH�VDPH�FDFKH�OLQH�

7KH�SUHYLRXV�H[DPSOH�DOUHDG\�SUHVHQWHG�RQH�VROXWLRQ�� ,W� LQYROYHV� LQWURGXFLQJ�D�WKUHDG�ORFDO�YDULDEOH

FDOOHG� temp �WR�DFFXPXODWH�UHVXOWV��,Q�WKLV�ZD\��HDFK�WKUHDG�PDLQWDLQV�LWV�RZQ�DFFXPXODWRU��ZULWLQJ�WR

WKH�VKDUHG�DUUD\�RQO\�RQFH�DW�WKH�HQG�

7ZR�DGGLWLRQDO�VROXWLRQV�DUH�SUHVHQWHG�EHORZ��7KH�íUVW�RQH�HQWDLOV�FRPSXWLQJ�WKH�UHGXFWLRQ�WKURXJK�D

VHSDUDWH�IXQFWLRQ��7KLV�DGGUHVV�IDOVH�VKDULQJ�E\�WKH�VDPH�ORJLF�DV�EHIRUH��ZKHUH�WKH�DFFXPXODWLRQ�LV

GRQH�WKURXJK�D�YDULDEOH� ORFDO�WR�D�IXQFWLRQ��7KH�VHFRQG�VROXWLRQ� LQYROYHV�GHíQLQJ� partial_outputs

DV�D�PDWUL[�ZLWK�H[WUD�URZV��VHYHQ�LQ�SDUWLFXODU���D�WHFKQLTXH�NQRZQ�DV�YHFWRU�SDGGLQJ��7KLV�DSSURDFK

JXDUDQWHHV� WKDW� HDFK� WKUHDG
V� DFFXPXODWRU� LV� DOORFDWHG� RQ� D� GLìHUHQW� FDFKH� OLQH�� VR� WKDW� WKDW

FRQFXUUHQW�XSGDWHV�GRQ
W�LQWHUIHUH�ZLWK�HDFK�RWKHU�DW�WKH�FDFKH�OHYHO�

x = rand(10_000_000)

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = zeros(length(chunk_ranges))    
    
    @sync for (i,chunk) in enumerate(chunk_ranges)
        @spawn begin
            temp = 0.0
            for j in chunk
                temp += log(x[j])
            end
            partial_outputs[i] = temp
        end
    end
    
    return sum(partial_outputs)
end

  3.379 ms (155 allocations: 13.750 KiB)



FUNCTION

julia> @btime foo($x)

PADDING

julia> @btime foo($x)

x = rand(10_000_000)

function compute(x, chunk)
    temp = 0.0

    for j in chunk
        temp += log(x[j])
    end
    
    return temp
end

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = zeros(length(chunk_ranges))    
    
    @threads for (i,chunk) in enumerate(chunk_ranges)
        partial_outputs[i] = compute(x, chunk)
    end
    
    return sum(partial_outputs)
end

  3.504 ms (122 allocations: 13.234 KiB)

x = rand(10_000_000)

function foo(x)
    chunk_ranges     = index_chunks(x, n=nthreads())    
    partial_outputs  = zeros(7, length(chunk_ranges))    
        
    @threads for (i,chunk) in enumerate(chunk_ranges)
        for j in chunk 
            partial_outputs[1,i] += log(x[j])
        end
    end
    
    return sum(@view(partial_outputs[:,1]))
end

  3.729 ms (122 allocations: 14.438 KiB)



11g. Packages for Multithreading

Martin Alfaro
3K'�LQ�(FRQRPLFV

INTRODUCTION

3DUDOOHOL]LQJ�FRGH�PD\�VHHP�VWUDLJKWIRUZDUG�DW�D�íUVW�JODQFH��+RZHYHU��RQFH�ZH�VWDUW�GHOYLQJ�LQWR�LWV

LPSOHPHQWDWLRQ�� LW
V� UDSLGO\� UHYHDOHG� WKDW� DQ� HìHFWLYH� LPSOHPHQWDWLRQ� FDQ� EH� D� GDXQWLQJ� WDVN�� $V

ZH
YH�GLVFXVVHG��QDLYH� LPSOHPHQWDWLRQV�FDQ� OHDG�WR�YDULRXV� LVVXHV�� LQFOXGLQJ�SHUIRUPDQFH�SUREOHPV

OLNH� VXERSWLPDO� ORDG� EDODQFLQJ� RU� IDOVH� VKDULQJ�� DQG� PRUH� VHYHUH� FRQFHUQV� VXFK� DV� GDWD� UDFHV�

)XUWKHUPRUH�� HYHQ� LI� WKH� QHFHVVDU\� VNLOOV� IRU� D� FRUUHFW� LPSOHPHQWDWLRQ� ZHUH� PDVWHUHG�� WKH� DGGHG

FRPSOH[LW\�FDQ�VHYHUHO\�LPSDLU�WKH�FRGH
V�UHDGDELOLW\�DQG�PDLQWDLQDELOLW\�

7R� DVVLVW� XVHUV� LQ� RYHUFRPLQJ� WKHVH� REVWDFOHV�� VHYHUDO� SDFNDJHV� IRU� SDUDOOHOL]DWLRQ� KDYH� HPHUJHG�

7KHVH� WRROV� DLP� WR� VLPSOLI\� WKH� LPSOHPHQWDWLRQ� RI� PXOWLWKUHDGLQJ�� DOORZLQJ� XVHUV� WR� OHYHUDJH� LWV

EHQHíWV� ZLWKRXW� JUDSSOLQJ� ZLWK� ORZ�OHYHO� LQWULFDFLHV�� ,Q� WKLV� VHFWLRQ�� ZH
OO� SUHVHQW� D� IHZ� RI� WKHVH

SDFNDJHV�� ,Q�SDUWLFXODU�� WKH� IRFXV�ZLOO�EH�RQ�WKRVH�WKDW� IDFLOLWDWH� WKH�DSSOLFDWLRQ�RI�PXOWLWKUHDGLQJ� WR

HPEDUUDVVLQJO\�SDUDOOHO�SUREOHPV�DQG�UHGXFWLRQV�

7KH� íUVW� SDFNDJH� ZH� H[SORUH� LV� OhMyThreads �� 7KLV� RìHUV� D� FROOHFWLRQ� RI� KLJK�OHYHO� IXQFWLRQV� DQG

PDFURV�WKDW�KHOS�GHYHORSHUV�SDUDOOHOL]H�RSHUDWLRQV�ZLWK�PLQLPDO�HìRUW��)RU�LQVWDQFH��LW�HOLPLQDWHV�WKH

QHHG�WR�PDQXDOO\�SDUWLWLRQ�WDVNV�DQG�WDFNOHV�VXEWOH�SHUIRUPDQFH� LVVXHV� OLNH�IDOVH�VKDULQJ��:H
OO� WKHQ

H[DPLQH� WKH� Polyester � SDFNDJH�� 7KDQNV� WR� LWV� UHGXFHG� RYHUKHDG�� WKLV� SDFNDJH� LV� FDSDEOH� RI

VWUHDPOLQLQJ�SDUDOOHOL]DWLRQ�IRU�VPDOO�REMHFWV��$IWHU�WKLV��ZH�UHYLVLW�WKH� LoopVectorization �SDFNDJH��,Q

SDUWLFXODU��ZH�LQWURGXFH�WKH�PDFUR� @tturbo ��ZKLFK�FRPELQHV�WKH�EHQHíWV�RI�6,0'�LQVWUXFWLRQV�ZLWK

PXOWLWKUHDGLQJ�

PACKAGE "OHMYTHREADS"

$V� WKH� SDFNDJH
V� GRFXPHQWDWLRQ� FODLPV�� OhMyThreads � VWULYHV� WR� EH� D� XVHU�IULHQGO\� SDFNDJH� WR

VHDPOHVVO\�DSSO\�PXOWLWKUHDGLQJ��&RQVLVWHQW�ZLWK�LWV�PLQLPDOLVW�DSSURDFK��WKH�SDFNDJH�RQO\�LQWURGXFHV

D�KDQGIXO�RI�HVVHQWLDO�IXQFWLRQDOLWLHV�WKDW�FRXOG�HDVLO\�EH�SDUW�RI�-XOLD
V� Base ��7KH�JRDO�LV�WR�DOORZ�XVHUV

WR�LPSOHPHQW�FRGH�SDUDOOHOL]DWLRQ��HYHQ�LI�WKH\�GRQ
W�SRVVHVV�GHHS�H[SHUWLVH�LQ�WKH�VXEMHFW�

6SHFLíFDOO\�� WKH� SDFNDJH� SURYLGHV� YDULRXV� KLJKHU�RUGHU� IXQFWLRQV� DQG�PDFURV� WKDW� LQWHUQDOO\� KDQGOH

GDWD�UDFH� FRQGLWLRQV� DQG� SHUIRUPDQFH� LVVXHV� OLNH� IDOVH� VKDULQJ��'HVSLWH� LWV� VLPSOLFLW\�� OhMyThreads

VWLOO�FRYHUV�D�VLJQLíFDQW�UDQJH�RI�VFHQDULRV��HYHQ�VXSSRUWLQJ�UHGXFWLRQ�RSHUDWLRQV�

,Q� WKH� IROORZLQJ��ZH�SUHVHQW� WKH�PDLQ�KLJKHU�IXQFWLRQV�SURYLGHG�E\� WKH�SDFNDJH��%HIRUH� LQWURGXFLQJ

WKHP��OHW
V�LQGLFDWH�VHYHUDO�IHDWXUHV�WKDW�WKHVH�IXQFWLRQV�VKDUH��)LUVWO\��WKH�QDPHV�RI�WKHVH�IXQFWLRQV�LQ

OhMyThreads �PLUURU�WKRVH�LQ� Base ��EXW�DGGLQJ�D�SUHí[�RI� t ��)RU�LQVWDQFH��WKH�FRXQWHUSDUW�WR� map �LV

tmap �� 6HFRQGO\�� OhMyThreads � RìHUV� WKH� RSWLRQ� RI� FXVWRPL]LQJ� WKH� SDUDOOHOL]DWLRQ� SURFHVV�� 7KLV� LV

https://alfaromartino.github.io/
https://github.com/JuliaFolds2/OhMyThreads.jl


DFKLHYHG� WKURXJK� DQ� LQWHJUDWLRQ� ZLWK� ChunkSplitters �� HQDEOLQJ� FXVWRPL]HG� ZRUN� GLVWULEXWLRQV

DPRQJ�WDVNV�YLD�WZR�NH\ZRUG�DUJXPHQWV�� nchunks �RU�HTXLYDOHQWO\� ntasks ��WR�GHíQH�WKH�QXPEHU�RI

VXEVHWV�LQ�WKH�SDUWLWLRQ��DQG� chunksize �WR�VSHFLI\�WKH�QXPEHU�RI�HOHPHQWV�LQ�HDFK�VXEVHW�

Warning!

$OO�WKH�FRGH�VQLSSHWV�EHORZ�DVVXPH�\RX
YH�DOUHDG\�ORDGHG�WKH�SDFNDJH

ZLWK� using OhMyThreads �

PARALLEL MAPPING

7KH� tmap � IXQFWLRQ� VHUYHV� DV� WKH�PXOWLWKUHDGHG� FRXQWHUSDUW� WR� map �� ,WV� V\QWD[� LV� tmap(foo, x) �

ZKHUH� foo � LV�WKH�WUDQVIRUPLQJ�IXQFWLRQ�DSSOLHG�WR�HDFK�HOHPHQW�RI�WKH�FROOHFWLRQ� x ��8QIRUWXQDWHO\�

DSSO\LQJ� tmap �LQ�WKLV�IRUP�UHVXOWV�LQ�D�SHUIRUPDQFH�ORVV��7KLV�LV�GXH�WR�D�WHFKQLFDO�PDWWHU�DULVLQJ�IURP

WKH�W\SH�LQVWDELOLW\�RI�WKH�REMHFW� Task �

7R�FLUFXPYHQW�WKLV�LVVXH�DQG�UHJDLQ�WKH�ORVW�SHUIRUPDQFH��ZH�PXVW�WKHQ�H[SOLFLWO\�LQGLFDWH�WKH�RXWSXW
V

W\SH��7R�GR�WKLV��ZH�QHHG�WKH�IXQFWLRQ�PHWKRG� tmap(foo, T , x) ��ZKHUH� T �UHSUHVHQWV�WKH�element

type� RI� WKH� RXWSXW�� 7KXV�� LI� IRU� LQVWDQFH� WKH� RXWSXW� LV� D� Vector{Float64} �� T � ZRXOG� EH� Float64 �

,QVWHDG�RI�GLUHFWO\�GHFODULQJ� T ��D�PRUH�îH[LEOH�DOWHUQDWLYH�LV�WR�XVH� eltype(x) ��PDNLQJ�WKH�RXWSXW
V

W\SH�PLUURU�WKDW�RI� x �

7KH�SDFNDJH�DOVR�SURYLGHV�DQ� LQ�SODFH�YHUVLRQ�� tmap! �� ,Q� WKLV�FDVH��VLQFH� tmap! � UHTXLUHV�VSHFLI\LQJ

WKH�RXWSXW�YHFWRU��WKHUH
V�QR�QHHG�WR�GR�DQ\�H[WUD�ZRUN�WR�DYRLG�SHUIRUPDQFH�ORVVHV�

%HORZ��ZH�LOOXVWUDWH�WKH�DSSOLFDWLRQ�RI�WKHVH�IXQFWLRQV��7R�SURYLGH�D�EDVLV�IRU�FRPSDULVRQ��ZH�LQFOXGH

UHVXOWV�RI� map �DQG� map! �DV�VLQJOH�WKUHDGHG�EDVHOLQHV�

julia> foo($x)

julia> foo_parallel1($x)

julia> foo_parallel2($x)

x                       = rand(1_000_000)

foo(x)                  =  map(log, x)
foo_parallel1(x)        = tmap(log, x)
foo_parallel2(x)        = tmap(log, eltype(x), x)

  3.254 ms (2 allocations: 7.629 MiB)

  1.494 ms (568 allocations: 16.958 MiB)

  337.724 μs (155 allocations: 7.642 MiB)



julia> foo($x)

julia> foo_parallel!($x)

OhMyThreads � DGGLWLRQDOO\� SURYLGHV� WKH�RSWLRQ� WR� FRQWURO� WKH�ZRUN�GLVWULEXWLRQ� DPRQJ� WDVNV�� 7KLV� LV

GRQH�WKURXJK�WKH�NH\ZRUG�DUJXPHQWV� nchunks �DQG� chunksize ��ZKLFK�DUH�LQWHUQDOO\�LPSOHPHQWHG�YLD

WKH�SDFNDJH� ChunkSplitters ��6SHFLíFDOO\�� nchunks �FRQWUROV�WKH�QXPEHU�RI�VXEVHWV� LQ�WKH�SDUWLWLRQ�

ZKLOH� chunksize � VHWV� WKH� QXPEHU� RI� HOHPHQWV� SHU� WDVN�� 1RWH� WKDW� nchunks � DQG� chunksize � DUH

PXWXDOO\�H[FOXVLYH�RSWLRQV��VR�WKDW�RQO\�RQH�RI�WKHP�FDQ�EH�XVHG�DW�D�WLPH�

7R�LOOXVWUDWH�WKH�XVH� nchunks ��ZH
OO�VHW�LWV�YDOXH�HTXDO�WR� nthreads() ��%\�VHWWLQJ�D�QXPEHU�RI�FKXQNV

HTXDO�WR�WKH�QXPEHU�RI�ZRUNHU�WKUHDGV��ZH
UH�DGRSWLQJ�DQ�HYHQ�GLVWULEXWLRQ�DPRQJ�WDVNV��VLPLODU�WR

KRZ� @threads � RSHUDWHV�� 7R� VHW� WKH� VDPH� QXPEHU� ZLWK� chunksize �� ZH
OO� PDNH� XVH� RI� WKH� îRRU

GLYLVLRQ� RSHUDWRU� ÷ �� 7KLV� LV� D� ELQDU\� RSHUDWRU� WKDW� URXQGV� D� GLYLVLRQ� GRZQ� WR� WKH� QHDUHVW� LQWHJHU

WRZDUGV�]HUR��

julia> @btime foo($x)

julia> @btime foo($x)

Do-Block Syntax

:KHQ� tmap �UHTXLUHV�SDVVLQJ�PRUH�FRPSOH[�IXQFWLRQV��ZH�FDQ�VWLOO�XVH

DQ� DQRQ\PRXV� IXQFWLRQ�� ,Q� WKLV� FDVH�� WKH� do-block syntax� FRPHV� LQ

KDQG\��,W�HQDEOHV�WKH�FUHDWLRQ�RI�PXOWL�OLQH�IXQFWLRQV��PDNLQJ�FRGH�PRUH

UHDGDEOH��%HORZ��ZH�VKRZ�DQ�H[DPSOH�

x                       = rand(1_000_000)
output                  = similar(x)

foo!(output,x)          =  map!(log, output, x)
foo_parallel!(output,x) = tmap!(log, output, x)

  3.303 ms (0 allocations: 0 bytes)

  334.747 μs (150 allocations: 13.188 KiB)

1

x      = rand(1_000_000)

foo(x) = tmap(log, eltype(x), x; nchunks = nthreads())

  339.006 μs (155 allocations: 7.642 MiB)

x      = rand(1_000_000)

foo(x) = tmap(log, eltype(x), x; chunksize = length(x) ÷ nthreads())

  355.825 μs (164 allocations: 7.643 MiB)

http://localhost:8000/PAGES/03c_functions/#do-syntax


ARRAY COMPREHENSIONS

OhMyThreads � DOVR� SURYLGHV� DQ� DOWHUQDWLYH� WR� tmap � YLD� DUUD\� FRPSUHKHQVLRQV�� 8QOLNH� WKH� VWDQGDUG

LPSOHPHQWDWLRQ� LQ� Base �� WKH� YHUVLRQ� IURP� OhMyThreads � FRPELQHV� D� PXOWLWKUHDGHG� YDULDQW� RI

collect � ZLWK� D� JHQHUDWRU�� 6LPLODUO\� WR� tmap �� VSHFLI\LQJ� WKH� RXWSXW
V� HOHPHQW� W\SH� LV� QHFHVVDU\� WR

SUHYHQW�SHUIRUPDQFH�ORVVHV�

julia> foo($x)

julia> foo_parallel1($x)

julia> foo_parallel2($x)

REDUCTIONS AND MAP-REDUCTIONS

OhMyThreads � DOVR� RìHUV� PXOWLWKUHDGHG� YHUVLRQV� RI� reduce � DQG� mapreduce �� 7KH\
UH� UHVSHFWLYHO\

UHIHUUHG� WR� DV� treduce � DQG� tmapreduce �� 7KHVH� IXQFWLRQV� LQWHUQDOO\� KDQGOH� WKH� UDFH� FRQGLWLRQV

LQKHUHQW�LQ�UHGXFWLRQV�DQG�DGGUHVV�SHUIRUPDQFH�LVVXHV�OLNH�IDOVH�VKDULQJ��1RWDEO\��XQOLNH� map ��WKHVH

x = rand(1_000_000)

function foo(x)
    
    output = tmap(a -> 2 * log(a), x)

    return output
end

x = rand(1_000_000)

function foo(x)    
    
    output = tmap(x) do a
                2 * log(a)
             end

    return output
end

x                = rand(1_000_000)
output           = similar(x)

foo(x)           = [log(a) for a in x]
foo_parallel1(x) = tcollect(log(a) for a in x)
foo_parallel2(x) = tcollect(eltype(x), log(a) for a in x)

  3.231 ms (2 allocations: 7.629 MiB)

  1.489 ms (568 allocations: 16.958 MiB)

  336.948 μs (155 allocations: 7.642 MiB)



IXQFWLRQV�FDQ�DFKLHYH�RSWLPDO�SHUIRUPDQFH�ZLWKRXW�UHTXLULQJ�D�VSHFLíHG�RXWSXW�W\SH�

julia> foo($x)

julia> foo_parallel($x)

julia> foo($x)

julia> foo_parallel($x)

FOREACH AS A FASTER OPTION FOR MAPPINGS

7KH�SDFNDJH�DOVR�RìHUV�DQ�LPSOHPHQWDWLRQ�VLPLODU�WR�IRU�ORRSV�WKURXJK�WKH�IXQFWLRQ� tforeach ��6LQFH

ZH� KDYHQ
W� FRYHUHG� WKH� VLQJOH�WKUHDGHG� YHUVLRQ� foreach �� ZH� EHJLQ� E\� SUHVHQWLQJ� LW�� 7KH� IXQFWLRQ

IROORZV� D� V\QWD[� LGHQWLFDO� WR� map �� DQG� LV� XVXDOO\� LPSOHPHQWHG� XVLQJ� D� do-block syntax�� DV� VKRZQ

EHORZ�

julia> foo($x)

x               = rand(1_000_000)

foo(x)          =  reduce(+, x)
foo_parallel(x) = treduce(+, x)

  86.102 μs (0 allocations: 0 bytes)

  29.542 μs (513 allocations: 43.047 KiB)

x               = rand(1_000_000)

foo(x)          =  mapreduce(log, +, x)
foo_parallel(x) = tmapreduce(log, +, x)

  3.385 ms (0 allocations: 0 bytes)

  389.624 μs (511 allocations: 43.000 KiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    for i in eachindex(x)
        output[i] = log(x[i])
    end

    return output
end

  3.329 ms (2 allocations: 7.629 MiB)

http://localhost:8000/PAGES/03c_functions/#do-syntax


julia> foo($x)

julia> foo($x)

'HVSLWH� WKH� VLPLODULWLHV� RI� tforeach � DQG� tmap �� tforeach � LV� PRUH� SHUIRUPDQW�� )XUWKHUPRUH�� LW

GRHVQ
W�LQFXU�D�SHUIRUPDQFH�SHQDOW\�ZKHQ�WKH�RXWSXW�W\SH�LVQ
W�VSHFLíHG�

julia> foo($x)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    foreach(i -> output[i] = log(x[i]), eachindex(x))
        
    

    return output
end

  3.251 ms (2 allocations: 7.629 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    foreach(eachindex(x)) do i
        output[i] = log(x[i])
    end

    return output
end

  3.265 ms (2 allocations: 7.629 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    for i in eachindex(x)
        output[i] = log(x[i])
    end

    return output
end

  3.281 ms (2 allocations: 7.629 MiB)



julia> foo($x)

julia> foo($x)

julia> foo($x)

-XVW� OLNH� tmap �� tforeach � RìHUV� WKH� NH\ZRUG� DUJXPHQWV� nchunks � DQG� chunksize � WR� FRQWURO� WKH

ZRUNORDG�GLVWULEXWLRQ�DPRQJ�ZRUNHU�WKUHDGV��)RU�WKH�LOOXVWUDWLRQ��ZH�XVH�D�GLVWULEXWLRQ�DQDORJRXV�WR

the one used above�IRU� tmap �

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    tmap(eachindex(x)) do i
        output[i] = log(x[i])
    end

    return output
end

  1.868 ms (571 allocations: 24.589 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    tmap(eltype(x), eachindex(x)) do i
        output[i] = log(x[i])
    end

    return output
end

  582.144 μs (158 allocations: 15.272 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    tmap(eltype(x), eachindex(x)) do i
        output[i] = log(x[i])
    end

    return output
end

  582.144 μs (158 allocations: 15.272 MiB)



julia> foo($x)

julia> foo($x)

POLYESTER: PARALLELIZATION FOR SMALL OBJECTS

Warning!

$OO�WKH�FRGH�VQLSSHWV�EHORZ�DVVXPH�\RX�H[HFXWHG� using Polyester �WR

ORDG�WKH�SDFNDJH�

2QH�NH\�OLPLWDWLRQ�RI�PXOWLWKUHDGLQJ�LV�LWV�RYHUKHDG�GXH�WR�WKH�FUHDWLRQ�DQG�VFKHGXOLQJ�RI�WDVNV��7KLV

LVVXH� FDQ� UHQGHU� SDUDOOHOL]DWLRQ� LPSUDFWLFDO� IRU� VPDOOHU� FRPSXWDWLRQDO� WDVNV�� DV� WKH� FRVW� RI� WKUHDG

PDQDJHPHQW� ZRXOG� RXWZHLJK� DQ\� SRWHQWLDO� SHUIRUPDQFH� JDLQ�� &RQVLGHULQJ� WKLV�� WKH� DSSOLFDWLRQ� RI

PXOWLWKUHDGLQJ�LV�FRPPRQO\�UHVHUYHG�IRU�REMHFWV�VXïFLHQWO\�ODUJH�WR�MXVWLI\�WKH�FRVW�

7KH� Polyester � SDFNDJH� DGGUHVVHV� WKLV� OLPLWDWLRQ� E\� LPSOHPHQWLQJ� WHFKQLTXHV� WKDW� UHGXFH� WKH

RYHUKHDG��,Q�WKLV�ZD\��LW�EHFRPHV�SRVVLEOH�WR�SDUDOOHOL]H�REMHFWV�WKDW��RWKHUZLVH��ZRXOG�EH�GHHPHG�WRR

VPDOO� WR� EHQHíW� IURP�PXOWLWKUHDGLQJ�� ,PSRUWDQWO\�� WKH� SDFNDJH� UHTXLUHV� H[SUHVVLQJ� WKH� FRGH� WR� EH

SDUDOOHOL]HG�DV�D�IRU�ORRS�

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    tforeach(eachindex(x); nchunks = nthreads()) do i
        output[i] = log(x[i])
    end

    return output
end

  340.708 μs (154 allocations: 7.642 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    tforeach(eachindex(x); chunksize = length(x) ÷ nthreads()) do i
        output[i] = log(x[i])
    end

    return output
end

  358.567 μs (161 allocations: 7.643 MiB)



7R� LOOXVWUDWH� WKH�EHQHíWV�RI� WKH�SDFNDJH�� OHW
V� FRPSDUH� LWV�SHUIRUPDQFH� WR� WUDGLWLRQDO�PHWKRGV�� 7KH

IROORZLQJ� H[DPSOH� FRQVLGHUV� D� IRU�ORRS� ZLWK� ���� LWHUDWLRQV�� D� UHODWLYHO\� ORZ� QXPEHU� IRU� DSSO\LQJ

PXOWLWKUHDGLQJ�� ,QGHHG�� WKH�íUVW� WDE�VKRZV� WKDW�DQ�DSSURDFK�EDVHG�RQ� @threads � LV� VORZHU� WKDQ� LWV

VLQJOH�WKUHDGHG� YDULDQW�� ,Q� FRQWUDVW�� Polyester � DFKLHYHV� FRPSDUDEOH� SHUIRUPDQFH� WR� WKH� VLQJOH�

WKUHDGHG�YDULDQW��GHVSLWH�WKH�ORZ�QXPEHU�RI�LWHUDWLRQV��7R�XVH� Polyseter ��ZH�VLPSO\�QHHG�WR�SUHí[

WKH�IRU�ORRS�ZLWK�WKH� @batch �PDFUR�

julia> foo($x)

julia> foo($x)

julia> foo($x)

x = rand(500)

function foo(x)
    output = similar(x)
    
    for i in eachindex(x)
        output[i] = log(x[i])
    end
    
    return output
end

  1.552 μs (1 allocations: 4.062 KiB)

x = rand(500)

function foo(x)
    output = similar(x)
    
    @threads for i in eachindex(x)
        output[i] = log(x[i])
    end
    
    return output
end

  9.362 μs (122 allocations: 16.672 KiB)

x = rand(500)

function foo(x)
    output = similar(x)
    
    @batch for i in eachindex(x)
        output[i] = log(x[i])
    end
    
    return output
end

  992.000 ns (1 allocations: 4.062 KiB)



)RU� ODUJHU� REMHFWV�� LW
V� ZRUWK� QRWLQJ� WKDW� Polyester � PD\� QRW� QHFHVVDULO\� RXWSHUIRUP� �RU

XQGHUSHUIRUP�� DOWHUQDWLYH� PHWKRGV�� ,Q� VXFK� FDVHV�� LW
V� UHFRPPHQG� EHQFKPDUNLQJ� \RXU� SDUWLFXODU

DSSOLFDWLRQ�

REDUCTIONS

Polyester � DOVR� VXSSRUWV� UHGXFWLRQ� RSHUDWLRQV�� 7KHVH� FDQ� EH� LPSOHPHQWHG� E\� SUHSHQGLQJ� WKH� IRU�

ORRS� ZLWK� WKH� H[SUHVVLRQ� @batch reduce=(<tuple with operation and variable reduced>) �

1RWDEO\��3RO\HVWHU
V�LPSOHPHQWDWLRQ�KDV�EHHQ�GHVLJQHG�WR�DYRLG�FRPPRQ�SLWIDOOV�RI�UHGXFWLRQV��VXFK

DV�GDWD�UDFHV�DQG�IDOVH�VKDULQJ��HQVXULQJ�ERWK�FRUUHFWQHVV�DQG�SHUIRUPDQFH��7KH�IROORZLQJ�H[DPSOH

LOOXVWUDWHV�LWV�DSSOLFDWLRQ�

julia> @btime foo($x)

julia> @btime foo($x)

:H�FDQ�DOVR�LQFRUSRUDWH�PRUH�WKDQ�RQH�UHGXFWLRQ�RSHUDWLRQ�SHU�LWHUDWLRQ��DV�GHPRQVWUDWHG�EHORZ�

x = rand(250)

function foo(x)
    output = 0.0
    
    for i in eachindex(x)
        output += log(x[i])
    end
    
    return output
end

  745.289 ns (0 allocations: 0 bytes)

x = rand(250)

function foo(x)
    output = 0.0
    
    @batch reduction=( (+, output) ) for i in eachindex(x)
        output += log(x[i])
    end
    
    return output
end

  543.889 ns (0 allocations: 0 bytes)



julia> @btime foo($x)

julia> @btime foo($x)

julia> @btime foo($x)

LOCAL VARIABLES

x = rand(250)

function foo(x)
    output1 = 1.0
    output2 = 0.0
    
    for i in eachindex(x)
        output1 *= log(x[i])
        output2 += exp(x[i])
    end
    
    return output1, output2
end

  1.241 μs (0 allocations: 0 bytes)

x = rand(250)

function foo(x)
    output1 = 1.0
    output2 = 0.0
    
    @batch reduction=( (*, output1), (+, output2) ) for i in eachindex(x)
        output1 *= log(x[i])
        output2 += exp(x[i])
    end
    
    return output1, output2
end

  630.302 ns (0 allocations: 0 bytes)

x = rand(250)

function foo(x)
    output1 = 1.0
    output2 = 0.0
    
    @batch reduction=( (*, output1), (+, output2) ) for i in eachindex(x)
        output1  = output1 * log(x[i])
        output2  = output2 + exp(x[i])
    end
    
    return output1, output2
end

  641.075 ns (0 allocations: 0 bytes)



Polyester �DOVR�WUHDWV�YDULDEOHV�DV�ORFDO�SHU�LWHUDWLRQ��XQOLNH� @threads �

julia> foo($x)

julia> foo($x)

julia> foo($x)

function foo()
    out  = zeros(Int, 2)
    temp = 0

    for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 1
 2

function foo()
    out  = zeros(Int, 2)
    

    @threads for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 1
 2

function foo()
    out  = zeros(Int, 2)
    temp = 0

    @threads for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 2
 2



julia> foo($x)

SIMD + MULTITHREADING

Warning!

$OO�WKH�FRGH�VQLSSHWV�EHORZ�DVVXPH�\RX
YH�DOUHDG\�ORDGHG�WKH�SDFNDJH

ZLWK� using LoopVectorization �

:H
YH�DOUHDG\�FRYHUHG�WKH�SDFNDJH� LoopVectorization � LQ� WKH�section about SIMD instructions��:H

QRZ�UHYLVLW�WKLV�SDFNDJH�WR�GHPRQVWUDWH�LWV�DELOLW\�WR�FRPELQH�6,0'�ZLWK�PXOWLWKUHDGLQJ��7KH�IHDWXUH�LV

DFKLHYHG�WKURXJK�LQWHJUDWLRQ�ZLWK�WKH� Polyester �SDFNDJH�

7KH�SULPDU\�DSSURDFK�WR�LPSOHPHQWLQJ�WKH�IXQFWLRQDOLW\�LQYROYHV�WKH� @tturbo �PDFUR��ZKLFK�SURYLGHV

D� SDUDOOHOL]HG� YHUVLRQ� RI� @turbo �� 8QOLNH� WKH� # threads � PDFUR�� ZKHUH� WKH� DSSOLFDWLRQ� RI� 6,0'

RSWLPL]DWLRQV�LV�OHIW�WR�WKH�FRPSLOHU
V�GLVFUHWLRQ�� @tturbo �DXWRPDWLFDOO\�DSSOLHV�6,0'�

7R� LOOXVWUDWH� WKH� EHQHíWV� RI� @tturbo �� OHW
V� FRQVLGHU� DQ� H[DPSOH� VFHQDULR�ZKHUH� 6,0'� LVQ
W� DSSOLHG

DXWRPDWLFDOO\�E\� @threads ��GHVSLWH�WKDW�WKH�RSHUDWLRQ�LV�ZHOO�VXLWHG�IRU�WKLV�SXUSRVH�

function foo()
    out  = zeros(Int, 2)
    temp = 0

    @batch for i in 1:2
        temp   = i; sleep(i)
        out[i] = temp
    end

    return out
end

2-element Vector{Int64}:
 1
 2

http://localhost:8000/PAGES/10c_simd


julia> foo($x)

julia> foo($x)

julia> foo($x)

7KH� # tturbo � PDFUR� LV� DOVR� DYDLODEOH� DV� D� EURDGFDVWLQJ� YHUVLRQ�� $OWKRXJK� WKH� IRU�ORRS

LPSOHPHQWDWLRQ�FRXOG�EH�PRUH�SHUIRUPDQW� LQ�VRPH�VFHQDULRV�� WKH�EURDGFDVWLQJ�YDULDQW�VLJQLíFDQWO\

VLPSOLíHV� WKH� V\QWD[�� )XUWKHUPRUH�� LW
V� SDUWLFXODUO\� XVHIXO� IRU� SDUDOOHOL]LQJ� EURDGFDVWLQJ� RSHUDWLRQV�

x = BitVector(rand(Bool, 100_000))
y = rand(100_000)

function foo(x,y)
    output = similar(y)

    for i in eachindex(x)
        output[i] = ifelse(x[i], log(y[i]), y[i] * 2)
    end

    output
end

  587.694 μs (2 allocations: 781.297 KiB)

x = BitVector(rand(Bool, 100_000))
y = rand(100_000)

function foo(x,y)
    output = similar(y)

    @threads for i in eachindex(x)
        output[i] = ifelse(x[i], log(y[i]), y[i] * 2)
    end

    output
end

  80.625 μs (123 allocations: 793.906 KiB)

x = BitVector(rand(Bool, 100_000))
y = rand(100_000)

function foo(x,y)
    output = similar(y)

    @tturbo for i in eachindex(x)
        output[i] = ifelse(x[i], log(y[i]), y[i] * 2)
    end

    output
end

  57.225 μs (2 allocations: 781.297 KiB)



VLQFH� QR� EXLOW�LQ�PDFUR� FXUUHQWO\� H[LVWV� IRU� WKLV� SXUSRVH�� %HORZ��ZH� SURYLGH� D� VLPSOH� H[DPSOH� WKDW

GHPRQVWUDWHV�WKH�LPSURYHPHQW�LQ�UHDGDELOLW\�DFKLHYHG�E\�XVLQJ�WKLV�YDULDQW�

julia> foo($x)

julia> foo($x)

FLOOPS: PARALLEL FOR-LOOPS (OPTIONAL)

Warning!

$OO�WKH�FRGH�VQLSSHWV�EHORZ�DVVXPH�\RX
YH�DOUHDG\�ORDGHG�WKH�SDFNDJH

ZLWK� using FLoops �

:H�FRQFOXGH�WKLV�VHFWLRQ�ZLWK�D�EULHI�RYHUYLHZ�RI�WKH�SDFNDJH� FLoops ��7KH�SUHVHQWDWLRQ�LV�ODEHOHG�DV

RSWLRQDO� VLQFH� LWV� XVH� EH\RQG� VLPSOH� DSSOLFDWLRQV� FRXOG� UHTXLUH� some workarounds�� 0RUHRYHU�� LW

DSSHDUV�QRW�WR�EH�DFWLYHO\�PDLQWDLQHG�

7KH�SULPDU\�PDFUR�SURYLGHG�E\�WKH�SDFNDJH�LV� @floop ��H[FOXVLYHO\�GHVLJQHG�WR�SDUDOOHOL]H�IRU�ORRSV�

$Q�H[DPSOH�RI�LWV�XVDJH�LV�SURYLGHG�EHORZ�

x      = rand(1_000_000)

function foo(x)
    output = similar(x)

    @tturbo for i in eachindex(x)
        output[i] = log(x[i]) / x[i]
    end

    return output
end

  525.304 μs (2 allocations: 7.629 MiB)

x      = rand(1_000_000)

foo(x) = @tturbo log.(x) ./ x

  524.273 μs (2 allocations: 7.629 MiB)

https://juliafolds.github.io/FLoops.jl/stable/howto/avoid-box/


julia> foo($x)

julia> foo($x)

@floop � FDQ� DOVR� EH� XVHG� IRU� UHGXFWLRQV� E\� LQFOXGLQJ� @reduce � DW� WKH� EHJLQQLQJ� RI� WKH� OLQH�ZLWK� D

UHGXFWLRQ� RSHUDWLRQ�� 7KH� PDFUR� DGGUHVVHV� WKH� LQKHUHQW� GDWD� UDFH� RI� UHGXFWLRQV� DQG� DYRLGV� IDOVH

VKDULQJ�LVVXHV�

julia> foo($x)

x = rand(1_000_000)

function foo(x)
    output = similar(x)

    for i in eachindex(x)
        output[i] = log(x[i])
    end

    return output
end

  3.353 ms (2 allocations: 7.629 MiB)

x = rand(1_000_000)

function foo(x)
    output = similar(x)
    
    @floop for i in eachindex(x)
        output[i] = log(x[i])
    end
    
    return output
end

  388.563 μs (157 allocations: 7.645 MiB)

x = rand(1_000_000)

function foo(x)
    output = 0.0

    for i in eachindex(x)
        output += log(x[i])
    end

    return output
end

  3.396 ms (0 allocations: 0 bytes)



julia> foo($x)

julia> foo($x)

FOOTNOTES

 For example, 5 ÷ 3  would return 1 .

x = rand(1_000_000)

function foo(x)
    chunk_ranges    = index_chunks(x, n=nthreads())
    partial_outputs = zeros(length(chunk_ranges))
    
    @threads for (i,chunk) in enumerate(chunk_ranges)
        for j in chunk
            partial_outputs[i] += log(x[j])
        end
    end
    
    return sum(partial_outputs)
end

  1.314 ms (122 allocations: 13.234 KiB)

x = rand(1_000_000)

function foo(x)
    output = 0.0
    
    @floop for i in eachindex(x)
        @reduce output += log(x[i])
    end
    
    return output
end

  370.835 μs (252 allocations: 17.516 KiB)

1.


