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Notation

This is a derivation

[ This is some comment )

This is a comment on advanced topics which are not part of the course (you can ignore it without loss of continuity

regarding the text)

e The symbol “:=" means “by definition”.

e [ denote vectors by bold lowercase letters (for instance, x) and matrices by bold
capital letters (for instance, X).

e To differentiate between the verb “maximize” and the operator “maximum”, I
denote the former with “max” and the latter with “sup” (i.e., supremum). The
same caveat applies to “minimize” and “minimum”, where I use “min” and “inf”,
with the latter indicating infimum.

e “iff” means “if and only if”

e cxp () is the function e”.

e Random variables are denoted with a bar below. For instance, z.

These notes contain hyperlinks in blue and red text. If you are using Adobe Acrobat

Reader, you can click on the link and easily navigate back by pressing Alt+Left Arrow.
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1 Introduction

This note introduces the constant elasticity of substitution (CES) demand system.
This demand system is widely used not only in International Trade, but also in several
other fields such as Macroeconomics.

The popularity of the CES stems from its tractability for theoretical and empirical
analysis. Additionally, it is based on homothetic preferences, whichn ensure several

convenient properties.’

2 Setup

We consider an industry that consists of a differentiated good. This good comprises a
discrete set of varieties Q := {1,2,..., M}, where each variety w € 2 is characterized by
its price p,, and a parameter z, > 0 referred to as variety w’s appeal.

We interpret appeal as broader concept than quality, capturing any non-price aspect
of w (objective or subjective) that increases the attractiveness of a variety.

Demand is derived from the decisions of a representative consumer, who allocates
an exogenous expenditure y to the industry and has preferences represented by a CES

utility function:

el

U [(ch)weﬂ} = [Z (Zw)g (Qw)gcl] - ) (1)

we
where 6 > 0, 0 > 1, and q,, is the quantity demanded of w. The parameter ¢ is known
as the elasticity of substitution, where the assumption o > 1 ensures that varieties

are (imperfect) substitutes.

Depending on the value o, the CES gives rise different utility functions as special cases:
e If 0 — oo, then U is the linear utility function.
e If 0 — 0, then U is the Leontief utility function (perfect complements).
e If 0 — 1, then U is the Cobb Douglas utility function.

IThere are two common demand systems used in Economics for empirical work: the CES and the
Logit demand. The latter is primarily used in Industrial Organization and resembles the CES in several
respects. This is why a deep understanding the CES will help you if you ever use the Logit.
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It is common to find alternative representations of the CES, as any monotone transformation still represents the

same preferences. For instance, under the assumption that z,, = 1 for all w € Q, CES is also presented as:

U [(QW)weQ] = Z ‘I§a
weN

Ull@wweal = D47 | -

weN

The latter functional form is equivalent to (1) when assuming p := 07_1 We chose to express the CES demand in

terms of o, as it expresses results in terms of the elasticity of substitution.

.

2.1 Optimal Choices

The consumer’s optimization problem is

o—1
o—1

max U [(q)ue] = | (2)7 (@)% | subjecttoy=> pa  (2)

(%)weﬂ weD we

Solving this problem, the optimal quantity demanded of variety w is

1 —o
Q= y%, (3)

where P is a price index defined by

e DR i B (4)

The CES utility function has no corner solutions and has a unique interior solution. To characterize the solution

through the first-order conditions, note that maximizing [Zweﬂ (zw)g (qw) — ] o is equivalent to maximizing
D weq (zw)g (qw)6771 . Hence, the Lagrangian is

Z = Yuea (@)7 @) 57 +A(Y = Tyeqpuds),

where A is the Lagrange multiplier.

The first-order condition for variety w is

5 1 -1
(7w) @ (qw)™@ —Apw =0

o

= =1 (q) T = —Apw (2)
= (1) 7w =— N7 (po) 7 (20)°

where we have simplified the notation by directly referring to the optimal solution as q.,.

s
o

There are M first-order conditions, one for each w € Q. Take w’,w” € Q, and divide their corresponding first-order

dw’ _ (zw’ )6 (pw’ )_U = Puw’qu’ _ (zw’ )6 (pw’ )1_U
qu Z!! P! P’ gy Rt D!

conditions:
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Now, fix w’ and sum over w’,
Z P’y Z Py \1 77
w/€Q P D1t - w'€Q P,
8 l1-0o
1 _ (1 1 5 1-o
= i Swearwts = (5) (727) " Swea o)’ ()~

P Ayt

Using that y = >~ /cq Pu’q.’ and defining P := [ZWIEQ (2,)° (pw/)lf"]

_1
o , we get qu =y (zw)6 (Pw)™? Po-L.

Likewise, the expenditure on variety w is defined by r, := p,q., where r stands for

revenue. It is given by

()" (Pu)'~°
Pl-o ’

Tw =

This expression allows us to identify w’s market share, which is formally defined by

S, 1= %‘*’ and given by

Sw - ]leio. )

a2 () ®

Market shares play a crucial role for models based on the CES demand, as several

key expressions can be rewritten in terms of them. Indeed, market shares can create a

direct link between the model and the data.

3 CES as Representation of Differentiated Goods

The CES demand we presented allows for goods that are both horizontally and vertically

differentiated. Next, we analyze each form of differentiation separately.

3.1 Horizontal Differentiation

To simplify the explanation of horizontal differentiation, let’s assume that all varieties
have equal appeal, denoted z, = 1 for each w € . When a good is horizontally
differentiated, each variety is perceived as unique by the consumer. This means
that there is no notion of one variety being superior or inferior to another—varieties are
simply different from each other.

Furthermore, CES preferences exhibit strict convexity, a property that is known as

love for variety when the number of varieties is endogenous. This feature describes
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the agent’s attitude towards varieties that are distinct: the consumer prefers diversifying
consumption across varieties, rather than only consuming a strict subset of them. Given
love for variety, any new variety that becomes available will be consumed.

This approach typically applies to scenarios where individuals enjoy having different
meals daily or prefer diversifying their clothing colors. This is in contrast to individuals
having strong preferences for a few specific meals or colors, who may also be reluctant

to trying new varieties introduced to the market.

~

To show that the CES represents strictly convex preferences, we need to show that indifference curves are strictly
convex.
Indifference curves are the combinations of goods that provide the same utility. To derive them, we use that

ou
U= > —dq
e 94w

[ed

o—1\ 511 o-1
ou =\ == =1
where Bay (Zweg qw?’ qQuw

Fix the utility, so that dU = 0. Moreover, suppose that dg,,» # 0 and dq,,» # 0, with dg,, = 0 for any w € Q\ {w’,w’}.

Then,
L\ 7t RN
0=1[{> a’ Qo | daw + | [ D aw” Quorr | dgurr-

weN weN

1
dqw/ — qUJ/l - ;
dg, - qu’ ’

From this we get,

and therefore jq“” < 0.
g,

Finally, indifference curves are convex since

1

dng/ _ 1 1 (qw//>_; S0
(dqw//)2 T Q1 q.’ ’

The intensity in which a consumer perceives varieties as different is governed by the
elasticity of substitution, . This parameter measures the degree of substitution of a
variety relative to the rest of varieties.

As the parameter o is constant for all varieties, the degree of substitution remains
the same, regardless of the number of available variety. This implies that we rule out
crowding effects: when a firm enters an industry and introduces a new variety, the degree
of substitution among the varieties is unchanged.

To formally show the role of o, consider two varieties [ and m. Indifference curves

da _ (q_m>
de q

are then given by

al=

Graphically:
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In particular, the indifference curve when an agent does not consume the variety m
(i.e., gm — 0) is
Oq

lim = —00
am—0 ¢y,

The equation indicates that the consumer is willing to give up an infinitely large amount
of variety [ to consume a positive quantities of m. This implies that the agent finds
any variety valuable, thus reflecting a preference for diversification. In particular, it
determines that the consumer will always consume a new variety, regardless of the price
charged.

The fact that the introduction of new varieties is valuable can be shown in an al-
ternative way. Suppose that the agent is consuming an identical quantity ¢ of each

variety:

o

Uy = <Z€lﬂ;1) - )

we

= M71q.
Let’s compare this to a scenario where the consumption per variety is halved, but the
number of varieties is doubled. Formally, the number of varieties becomes 2M and the

quantities per variety g , so that

el

Uy = (2M)7T

Do)
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Using that o > 1, it is easy to see that

(2M)7T = > M=1g,

B )

and therefore Uy > U;. The result clearly illustrates the principle behind love of variety:
the agent prefers a basket with a wider range of varieties, over one containing more of

the original varieties.

3.2 Vertical Differentiation

When a good is vertically differentiated, the agent perceives some varieties as superior to
others. This is typically seen with computers, where higher processing speeds are always
preferred by consumers, all else being equal.

The intensity in which a variety is preferred is captured by the parameter z,. For-
mally, (1) indicates that a higher z, yields more utility from consuming variety w.

The fact z, enters directly into the utility function explains why the variable is
referred to appeal, rather than simply quality: it encompasses all non-price aspects that
impact a consumer’s decision. As such, appeal represents not only objective features
that overhaul a variety, but also psychological factors. Overall, the model assumes that
the consumer derives more utility from consuming w when z, is higher, and we remain

agnostic about why this occurs.

The terms (2w),,cq, capture vertical differentiation in relative terms, rather than absolute terms. This means that
what matters for variety w is z,, in comparison to (Zw)n\w' This can be easily observed by noting that any monotone
transformation of the utility function still represents the same preferences. Hence, we could work instead with the

following utility function

[Cuea Go)? (@) 7|7
(Zw’eﬂ Zw/)

This means we can express the utility function through a normalized parameter z,, := E,Zi‘;z, € (0,1), such that
w’' € w

U [(q"-’)weﬁ] =

U [(Qw)weﬂ] = |:Z (Ew)g (%J)U”_l:| .

weN

The degree to which vertical aspects influence consumption is governed by the pa-

rameter 9. This parameter directly influences the appeal elasticity of demand, which is
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given by
dlng,
— =0(1—- .
dln z, o s)

Note that when firms have a negligible market share, as occurs in models of monopolistic

.. 1
competition, glﬂ—zz =0

We express q., as a function g, [pw, 2w, P ((pw/,zw/)wlen)]. Taking logs of (3),

Ingo =Iny+dlnzy, —olnp, — (1 —0o)InP,

and so
dl OlnP
Dy 5 (1-0) 220
dln z, Oln z,
Taking logs of (4),
1 _
InP= 1_o In Z (Zw)5 (pw)l “I s
weN
and taking the derivative with respect to z,
dlmP & (2)° (pu)* =7

dlnz, l—o Sea (7)° ()77

Finally, using (5), we determine that
OlnP )

= S y
Oln 2z, 1—0 7

dlnge, _ _
and so gy = 0(1—sw).

- N\

In the literature, there are more specific versions of the CES that account for vertical differentiation. They can be
understood as special cases by defining § accordingly, implicitly assuming a given importance of appeal aspects for
consumers.

One of these ways is by defining (1) with 6 = o — 1, so that utility becomes

U[(@w)uea) = | D (o) 7

weN
Variety w’s optimal demand implies an expenditure on w given by

(pw/zw)lio
Pl—o ?

o —

1
where P := [Zweﬂ (pw/zw)lf"] 1=

This variant of the CES utility captures scenarios where consumers decide according to the price per unit of

quality provided by the variety.

.
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4 Price Elasticity of Demand

The price elasticity of variety w is defined by

_dew/q. _ dlng,
dp.,/po dlnp,,’

w T

where ¢, (pw, P) is given by (3). Since P depends on p,, due to (4), we get

B Olng, OJlng, 0InP
dlnp, OInPdlnp,|’

€w 1=

which equals

e, =0—(0—1)s,. (6)

Taking logs of (3),
Ing, =lny+dlnzy, —oclnp, — (1 —0)nP,

and so

Taking logs of (4),

InP = lialn [Z (20)° (Pw)l_a} ;

and derivating with respect to p.,
dlmP 1 (1-0)(2)° (p)™°
oo 1-0F 0 (@) @u)' "7

OlnP _ (Zw)a (pw)l_g

Onpu  Y,eq ()’ () ™7

Finally, using (5), we determine that
OlnP

dlnp,

Sw

and the result follows.

Equation (6) implies that a firm with higher market share faces a less elastic demand.
Thus, the CES parsimoniously captures market power through a firm’s market share.
Likewise, (5) reveals that a lower price or a higher appeal commands a higher market

share.

OlnP

Note that s, affects the price elasticity through the term Hinp

= s,. Moreover,
we know that the price index represents the aggregate conditions of the market. Both
aspects entail that the strength of firm w’s impact on the industry conditions depends

on its market share.
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This fact has important implications for models with a continuum of varieties. In

that case, the effect of w’s price on the price index is negligible, implying that
Ew =0

Consequently, when the number of varieties is infinite, the price elasticity of demand

equals the elasticity of substitution.

5 Welfare

It can be shown that the CES utility function represents homothetic preferences, thereby
exhibiting various additional properties. One of them is that the indirect utility function
can be expressed as real income, .

Formally, this means that we can always define real numbers Q and P, such that
QP = y and where Q is the indirect utility function V. In the particular case of the
CES, Q and PP are given by

Q= Zwiq}l] N
Lwe2

P= Z(Zw)(S (pw)l_U] 7 ’
Lwe

where Q uses the optimal demands given by (3).

The fact that QP = y justifies why Q is referred to as a quantity index and P as
a price index: QQ can be interpreted as a representative basket of varieties, whereas P
would be the necessary income to buy one unit of this basket.

QP = y additionally implies that

where QQ equals the consumer’s indirect utility function. This establishes that one unit
of utility corresponds to one unit of Q, so that V' = 1 is equivalent to Q = 1. Based
on this result, P also reflects the consumer’s valuation of the basket, as it constitutes

the minimum expenditure that is necessary to achieve one unit of utility. In
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formal terms, Q = 1 when income is given by y = P, implying that V' = 1.2

We can prove directly the indirect utility function equals real income. The indirect utility function V' corresponds
to the utility function evaluated at the optimal quantities:

o—1
o

V= [Suea )? @) ]

s -\ @ |
EBUCH y) ]

=V = (5 ) [Zuen ()’ )] 7

1 _o
Given that P’ := [ZwEQ (ZW)(S (pw)l—a] ! and hence [Zweﬂ (Zw)(s (pw)l_a] 7Tt = P_U, then V = (]P’l%”) IP=% =

¥ and the result follows.

5.1 Welfare Determinants

To keep matters simple, suppose that the prices and quality of each variety are the same.

Formally, let p,, = p and z, = Z for each w. Then, the price index given by (4) is

l1—0o
d o
P= Z(Zw> (pw)l )
we)
= M7 (7)™ D,
Therefore, welfare is
% = @ = 1 Y 5 ) (7)
M7= (2,)™ D,

where the powers of M and Z, are negative since we suppose o > 1.

One unit of the quantity index (i.e., one basket of goods) represents one unit of real
income, and hence one unit of utility. Likewise, the price index represents the necessary
income to obtain one unit of utility, thereby representing the consumer’s valuation for
one unit of the basket. An implication of this is that the lower the price index, the
lower the income you need to obtain one unit of utility. Consequently, a lower

price index reflects a higher consumer’s valuation of the basket.

2The price index also plays another role. To see this, denote the Lagrange multiplier of the opti-
mization problem (2) by A*. Remember that \* := ‘?)—V due to the Envelope Theorem, and so A* is the
marginal utility of income: the impact on optimal utility of one additional unit of income. The relation
between A\* arises since \* = g, so that g is the marginal utility of income.

10
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Due to this result, the determinants of the price index completely identify the factors
determining the valuation of the basket. Applying logarithms to the definition of the

price index,

1
P = In M + Inz, +Inp,,
-0 l—0o
so that
aallr?]%; < 0: a higher number of varieties decreases the price index, and is hence

welfare improving. It reflects that a basket with more varieties is more valuable,

as it represents a more diversified basket.

) glglgp < 0: a higher appeal of varieties decreases the price index, which increases
welfare.
o 2P ~ . a higher price of varieties increases the price index, which reduces

Olnz,

welfare.
Note that o affects the impact of the number of varieties on welfare, as o captures the
intensity in which the consumer loves variety. Specifically, applying logs to Q and taking

the derivative,
OmQ 1
OlnM o—-1

This establishes that the impact of M on Q is lower when ¢ is higher. The outcome
reflects that consumer perceives varieties as less differentiated when o is higher. In
the limit, where 0 — oo, the utility function becomes linear, representing a scenario

0lnQ -0
)

where varieties are seen as perfect substitutes. This explains why —J
OlnM Jo—o00

as consumption diversification has no value when varieties are perfect substitutes—the

consumer’s sole concern is total consumption, without caring about whether one or

multiple varieties are consumed.

6 A Continuum of Goods

While we have assumed a discrete number M of varieties, it is standard to work with a

continuum of varieties. This entails that the number of varieties is infinite, with every

11
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point in the interval [0, M| representing a different variety.?

The assumption is in particularly adopted in models of monopolistic competition,
implying that every variety is negligible for an industry’s aggregate conditions. In terms
of the CES, this is captured by saying that no firm in isolation is capable of affecting
the price index.

Formally, the utility function is

The optimization problem is now

M
max U := (/ (20)
(qw)wE[O,M] 0

with the same solution as before

o

_ o—1 M
(qw)Tl dw) subject to y = / Do dw,
0

Qe

()" (p) ™7

qw - y ]Pl_o. bl

but with the difference that the price index in the continuum version is

P = [ / e a]

Likewise, the indirect utility function is the same as in the discrete case:

- N

The optimization problem can be used the solution for the discrete case, and then extending it for a continuum of
goods. Alternatively, we can use either calculus of variation or optimal control.

Regarding the former, consider the solution g, and an additive perturbation dq.,. This implies that the Lagrangean
can be expressed in terms of g, + dqw by,

o—1
L= fOM (zw)g [qw +6q0] @ dw+ A (Y = fOM Pow [qw + 0qw] dw)

5 o—1_
92 = 221 (2,)7 [quw +6g0] @ ' qu — Aqwpw =0

o
Evaluating the solution at § = 0,

= 52] = 7 ()7 0] e = Aups =0

= %Jls:o = ”T_l (zw)g [qo,,]gTil_1 — Apw =0 for all w € [0, M]

which gives the same expression as the first-order condition we derived.

Consider the optimal-control problem. Suppose we define an auxiliary variable Y (w), which is the residual income

after consuming good w. The variable Y is constrained to Y% (0) = Y and Y2 (M) = 0. Hence, we can express

3Tt is common to say that there is as a continuum of goods with measure M. This is analogous to
say that in the interval [0, 1] there are an infinite number of goods, but the length of the line is equal to
1 and so the measure of goods equals one.

12
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R
the control variable as % = —pwqw, since each good reduces the residual demand. The Hamiltonian is

H = (20)7 (@) 5T + A (—puds)

So taking the first order conditions

% = 0771 (zw)% (qw)aTil_1 — Apw = 0 for each w € [0, M],
which provides the same solution.

One convenient feature of the continuum case is that no firm in isolation can influence

aggregate variables. For instance, the price elasticity of demand for w is

B Olng, OJlng, 0InP
Olnp, OInPolnp,|"

€y 1=

dlnP

» 3105~ = 0 and therefore
N Pw

But, since each firm is negligible for the aggregate conditions

€, = 0.

7 CES from a Random Utility Model (OPTIONAL)

Our previous derivation of the CES demand relied on a representative consumer with
love for variety. However, this is not the only approach to derive a CES demand. More-
over, each of these approaches gives rise to alternative interpretations of the demand
parameters.

In particular, we will show that the CES demand can also emerge from a random
utility model, where the desire for diversification stems from an ideal-variety interpre-
tation. This framework assumes heterogeneous preferences among consumers, leading
them to demand different varieties in equilibrium. Thus, the aggregate demand exhibits
a diversified consumption.

For instance, this reflects what occurs in the football jersey market, where we could
segment a country’s population based on their favorite team (e.g., Barcelona, Real
Madrid, Sevilla). Aggregating the individual demands, all jerseys would be demanded,
resulting in diversified aggregate consumption.

To formalize this idea, consider a continuum of agents with mass L, and a set of
varieties 2 := {1, 2, ..., N}. Each consumer makes two choices: which variety to consume
and the quantities of it. Unlike the representative-consumer approach, consumers are
constrained to buy only one variety, although they can buy as much as they wish

of the variety chosen. This feature explains why the particular random-utility model

13
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considered is known as involving discrete-continuous choices.
The population of consumers exhibits heterogeneous preferences for each variety.

This is formalized by an indirect utility of variety w given by
V(y,pn) =Iny —Inp, +¢, for each w € Q,

where ¢, is a random variable. We suppose that each ¢, is iid Gumbel distributed,
with standard deviation ug where p > 0.* Note that a higher value for ;1 increases the
variance, and hence represents greater dispersion of tastes within the population. This
entails that p reflects the degree of heterogeneity in the preferences of consumers.

Conditional on choosing w, the quantity consumed can be obtained by Roy’s identity:

_ 8V(y7pw)/8pw

Qo = = aV(ypa/y » MPplying that

Qo (Pary) = -

Pw
Once we determine the quantity consumed for each w, we need to determine which variety
will be chosen. To do this, let «,, (p) denote the proportion of consumers selecting variety
w when prices are p. This term also corresponds to the probability of w yielding the

highest indirect utility. Formally,
a, (p):=Pr(lny —Inp, + pe, > Iny —Inp, + pe,) (Vo' € Q).

By properties of the Gumbel distribution, «, (p) has the following closed-form solution:

In p, _1
a, (p) = o <Th? = a, (p) = (p,) * —.
Scaexp (M) e ()
Thus, the aggregate demand is defined by
Qu (P, y) = Law (P) gu (P y) »
which equals
(o)

(p) * y
Qw(pay):L 1_:>Qw(pay>:Ly
Zw’eQ (pw')_ﬁ Pu Zw'eQ (pw’)

==

4The results we show would have been identical if we had defined the indirect utility function by
V (y,pw) :=Iny — Inp, + pg,, and assume that g, is iid and with a Gumbel distribution that has zero
mean and unit variance.

14
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A direct link to the CES demand can be established by defining o := HT“, which deter-

mines Q) (p,y) = Ly%. In this model, o does not correspond to the elasticity

eQ(pw/)
of substitution. Instead, u measures the degree of taste heterogeneity within the popu-

lation. In particular, g—z > 0, so that a higher o reflects less heterogeneity.

15
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